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FRACTIONAL SYSTEMS

Applying a fractional coil model

for power system ferroresonance analysis
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Abstract. This paper addresses the problem of modeling the nonlinear coil used for ferroresonant circuit analysis. The effect of ferroresonance
is described and a general modeling approach is presented. The hysteresis modeling problem is also shortly discussed, on the example of a
ferromagnetic coil. A brief overview of available literature and contributors to this area are provided. A series RLC circuit supplied from an
AC source is discussed. The application of the fractional derivative in the modeling of an iron core coil is presented and suggestions of model
implementations are given. The computations performed are illustrated by means of waveform data obtained from computer simulations and
compared with those obtained from measurements performed in a specially prepared laboratory setup.
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1. Introduction

Reliable computations and simulations of a power system un-
der failure-free and failure conditions depend directly on the
credibility of the model against the real system. The variety of
potential events in the power system requires flexibility from
the models the variability of its structure and parameters is
concerned. One of the methods for determining the above-
mentioned structures and parameters is their estimation based
on a recorded steady state and dynamic waveforms of elec-
trical quantities, especially during routine measurements, for
instance, when launching or performing maintenance tests [1].

Determination of the mathematical model parameters is
done by means of an approximation of the recorded measure-
ment waveforms through equations defining the model.

In the estimation process, an error is computed (e.g.
mean-square error as in the study presented herein) between
the measured (approximated) and computed (approximating)
waveforms. Minimization of the objective function formulat-
ed in such a way is a nonlinear problem which can be solved
by numerical methods [2, 3].

One of the problems that require reliable models of a real
object and careful analyses along with multivariate simula-
tions is the phenomenon of ferroresonance [4].

The term “ferroresonance” describes a wide variety of
interactions taking place between capacitors and iron-core in-
ductors and resulting in high overvoltages or overcurrents.
This term also refers to an oscillating phenomenon occur-
ring in an electric circuit containing at least a voltage source,
a nonlinear inductance, a capacitance and a damping element
of some sort. In a circuit consisting of these elements, any
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change in the parameters of any electrical component can lead
to sudden current and voltage changes at the terminals of other
components [5, 6].

Ferroresonance is a phenomenon which particularly affects
power networks. Modern power systems contain multiple ca-
pacitances and nonlinear inductances. Operating conditions
vary widely and this results in an almost endless amount of
possible scenarios where ferroresonance may emerge [7].

Ferroresonance generally occurs during system imbalance,
usually during switching events where capacitances are con-
nected in series or in parallel with a transformer’s magnetiz-
ing inductance. This is possible for any transformer core con-
figuration. The capacitive effect may be due to underground
cable or transmission line capacitances, capacitor banks, cou-
pling capacitances between double circuit lines or even volt-
age grading capacitors in HV circuit breakers [6, 7].

Ferroresonance can cause electrical equipment damage
(failures in transformers, cables, and arresters) and severe
power quality problems. Ferroresonant overvoltage, overcur-
rent and the distortion level in waveforms all depend on many
aspects such as individual circuit sensitivity to parameter val-
ues and initial conditions [8]. Values such as residual re-
manence in the transformer core, initial capacitor charge or
source phase shift can affect initiation of the phenomenon and
will influence the final response. In addition, the nonlinear in-
ductance characteristic, which is due to the hysteresis curve
of the transformer, greatly affects ferroresonance overvoltage.

Due to the potential cost of damage caused by this phe-
nomenon, issues related to it need attention and support in the
form of simulation analysis and improvement of tools in this
area [5, 6].

Over the years, the phenomenon of ferroresonance has
been widely researched. The main areas of interest have fo-
cused on improving methods of analysis and prediction as
well as iron core coil models. Still, a vast amount of work
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is needed in order to improve the understanding of ferroreso-
nance.

The objectives of this paper are as follows:

• investigation of steady state and dynamic circuit behavior
under ferroresonance conditions and exploration of possi-
bilities arising from the application of new mathematical
and numerical tools in the description of the nonlinear core
coil,

• application of waveforms obtained from measurements for
validation of the iron core coil model applied,

• development of a fractional derivative model used in mod-
eling of the hysteresis effect and its consequences in fer-
roresonance analysis,

• simulations of a ferroresonance circuit (including the frac-
tional coil model) and verification of obtained results
against measurement data.

2. State of the art in ferroresonance analyses

2.1. Ferroresonant modes. To prevent the consequences of
ferroresonance, it is necessary to understand the phenomenon
and to be able to predict and identify it. The correct clas-
sification of ferroresonance is needed to choose the proper
mathematical approach. Basing on a literature survey, one can
distinguish four ferroresonant modes [4, 9, 10]:

• fundamental mode, where voltages and currents are period-
ic (with a period T , equal to the source voltage waveform
period) and can contain a varying number of harmonics,

• subharmonic mode, where signals are periodic with a pe-
riod nT, which is a multiple of the source voltage period;
this state is also known as subharmonic n or harmonic 1/n,
and its harmonic content is normally of odd order,

• quasi-periodic mode (also called pseudo-periodic), where
signals are not periodic. The harmonic spectrum is discon-
tinuous,

fundamental mode subharmonic mode

quasi-periodic mode chaotic mode
Fig. 1. Graphical representation of ferroresonant modes [4]

• chaotic mode, where the signals display irregular and un-
predictable behavior.

Figure 1 includes a graphical representation of the above-
mentioned ferroresonant modes.

2.2. Analysis tools. Ferroresonance as a phenomenon is so
complex that it cannot be analyzed or predicted by means of
computation methods based on linear approximation. Because
of nonlinearities and hysteresis, a ferroresonant circuit is usu-
ally analyzed using time-domain methods. Typically, a numer-
ical integration method is used [6, 11–13].

Ferroresonant behavior can be identified by means of
many techniques, ranging from traditional fast Fourier trans-
form (obtaining the frequency spectrum) to modern nonlinear
theory techniques.

Some sophisticated analyses have been performed with the
use of Poincaré maps and bifurcation theory [6, 14] for the
classification and prediction of ferroresonance. As for simu-
lation tools, one can mention e.g. EMTP-based analysis [5, 6]
and the harmonic balance approach [15].

Continuously performed studies and a wide range of meth-
ods and tools already developed seem to only confirm that the
ferroresonance phenomenon is diverse and interesting.

The structure and parameters of the model, as a simplified
mathematical reflection of the real and complex phenomenon,
should allow for updates based on measurements that are rel-
atively simple to perform. This work focuses on this issue.

3. Ferroresonance circuit approach

The ideal starting point for ferroresonance analysis is the dis-
cussion of a simple circuit (see Fig. 2a) where ferroresonance
can appear. The basic circuit elements required for the fer-
roresonance effect to occur are: a voltage source, nonlinear
inductance, some capacitance and a damping element. More-
over, the RLC circuit structure presented herein may later be
adapted to many problems appearing when modeling a power
system (Fig. 2b, where an RLC circuit constitutes a fragment
of a simplified model of a power system) [7].

A ferroresonant circuit, composed of a linear resistor, ca-
pacitor and nonlinear coil, has been set up in a laboratory
(this is discussed in detail in Sec. 6).

The most characteristic features of the ferroresonant cir-
cuit are those related to a given frequency [4]:

• resonance is possible over a wide range of capacitance val-
ues (C),

• frequency of the voltage and current waveforms may be
different than that of the sinusoidal voltage source,

• it is possible to have several stable steady state solutions
for a particular set of conditions, depending on the initial
conditions of charge and flux (in capacitive and inductive
elements, respectively),

• jump phenomenon can occur where the circuit moves from
one stable state to another as a result of changes in para-
meter values.
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a)

b)

Fig. 2. Concept circuit with ferromagnetic coil (a) and an exemplary
power system model circuit with ferroresonance situation (b) [7]

Circuit analysis consists in the observations of changes in
the response of the circuit caused by an increase in the source
voltage. Figure 3 presents the source voltage and coil voltage
responses in a steady state and during ferroresonance (tran-
sient state). The results were obtained using a sampling step
∆t = 0.1 µs. Measurements for the analysis are discussed
further in Sec. 6.

a)

b)

Fig. 3. Measured waveforms of the coil voltage (solid lines) and
source voltage (dotted lines) in a steady state (a) and when ferrores-

onance occurs (b)

4. Modeling the nonlinear coil

The ability to simulate ferroresonance depends primarily on
the accuracy of the iron core coil model used in computer
simulation.

Modeling the magnetic core of the coil for ferroresonance
analysis requires:

• selection of a frequency range for the transients,
• implementation of an adequate representation of losses,
• minimization of the number of components in order to

minimize probability of insufficient or inaccurate model-
ing, and to reduce simulation time,

• idealization of some components if the simulated system is
too complex, since such simplification will facilitate com-
puter simulation [16].

This paper deals with the modeling of the magnetic core of
a coil that may involve slow-front transients. Therefore, the
transformer’s iron-core and any other ferromagnetic nonlin-
ear inductances are modeled in a standard manner. In EMTP
(electromagnetic transient program) typical models for such
analyses suffer from low accuracy. Advanced models require
detailed measurements for the estimation of their parameters,
while manufacturer data sheets and basic measurements (e.g.
during routine maintenance checks) usually constitute the on-
ly source of data. An accurate representation of the losses
(which are nonlinear and frequency dependent) is also a re-
quired feature of an appropriately accurate model.

The problem of modeling a coil with a ferromagnetic core
is related to an accurate resemblance of behavior which re-
sults from a number of complex phenomena such as hysteresis
and eddy currents losses [17].

Hysteresis is a special type of dynamic nonlinearity. It can
be found as a research topic in both science and engineering.
This is mainly due to the fact that in most applications hystere-
sis effects have a harmful or at least negative impact on device
performance, therefore they should be appropriately included.
Mathematicians, physicists and engineers have all proposed
numerous models to describe hysteresis phenomena.

Some well-known hysteresis models (four of which orig-
inate from the magnetic hysteresis modeling problem) are
[18–20]:

• the Jiles-Atherton model [21],
• the Preisach model [21, 22],
• the Chua model [12],
• the Coleman-Hodgdon model [23],
• the Bouc-Wen model [24] (this model was originally used

in vibration mechanics).

Different models are often restricted to particular applica-
tions. They also must be investigated keeping in mind their
potential use (availability) as well as their complexity and
difficulty of implementation [21]. Some apparently accurate
models may prove inadequate when used in circuit simula-
tion because of discontinuities which can cause convergence
problems and therefore, alter the simulation results. For many
known models used in circuit simulators, it is difficult to iden-
tify the correct correspondence between the parameters of a
real device and model parameters [25].

The author also aims to investigate simpler models for fer-
romagnetic coils at this point. Two models are studied in this
paper and presented in the section that follows.
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5. Ferromagnetic coil fractional model

A frequently applied conventional model of the ferromagnetic
coil [26, 27] is shown in Fig. 4.

Fig. 4. Classical (conventional) model of the ferromagnetic coil

The model does not contain additional capacitances as it
is applied for circuits with supply voltages with a dominant
50–60 Hz frequency [7, 28].

It has been shown in some initial studies [29–31] that up
to a certain saturation of the hysteresis the model can accu-
rately resemble the behavior of a nonlinear coil. In a study
performed in parallel to the one presented herein [32], this
analysis has been complemented by trials aiming at resem-
bling hysteresis but for different supply voltage levels and for
greater saturation. The results for the model (for smaller and
greater saturation of the hysteresis) have been presented in
Fig. 5.

a)

b)

Fig. 5. Waveforms of coil current and voltage for the conventional
coil model: small iron core saturation (a) and large iron core satura-

tion (b)

Better accuracy can be obtained by applying a simple
model based on the fractional derivative, which was first in-
troduced in the previously mentioned parallel study [32]. This
has been presented in Fig. 6. Fractional derivatives have many
applications including circuit theory [28, 33, 34, 35] but also
e.g. control theory, due to fractional PID controllers [36], heat
conduction analyses [37] and continuum mechanics [38].

Figure 7 presents the symbol applied for the nonlinear,
fractional coil.

a)

b)

Fig. 6. Waveforms of coil current and voltage for the fractional coil
model: small iron core saturation (a) and large iron core saturation (b)

Fig. 7. The symbol applied for FNC (fractional, nonlinear coil)

The definition of the fractional derivative that has been
applied in the analysis is that of Caputo [39] for the order:

C

t0
Dα

t f(t) =
1

Γ(1 − α)

t
∫

α

f (1)(τ)

(t − τ)α
dτ (1)

with Γ(·) being the gamma function:

Γ(x) =

∞
∫

0

e−ttx−1dt. (2)

The fractional differential equation describing the element
is as follows:

C

t0
Dα

t ΨL = uL. (3)

The dependency between Ψ and iL is given by a nonlinear
function Ψ(iL) defined through (iL, Ψ ) value pairs.

The variable Ψ (when α 6= 1) is an artificial variable with
the unit of Wb · sα−1.

6. Test circuit and measurements performed

The measurements have been performed in a specially de-
signed laboratory setup (Fig. 8a). This allows to observe the
response in a circuit with a saturable inductor. The elements
of the circuit have been deliberately adjusted to assure that one
can observe the ferroresonance phenomenon for high enough
supply voltage. The voltage and current waveforms on all cir-
cuit components were recorded for selected levels of the sup-
ply voltage. During the measurements, the coil operated in
saturation conditions of the magnetic core.
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a)

b)

Fig. 8. Ferroresonance test circuit measurements: laboratory set-
up (a), screenshot of exemplary measurement records (b)

Digital interference and event recorder RZ1 (designed by
Kared [40]) were used for the collection of measurements
(Fig. 8b).

Figure 9 presents waveforms of the current through the
circuit and the coil voltage collected for high enough supply
voltage, which resulted in ferroresonance.

a)

b)

Fig. 9. Exemplary waveforms of current and voltage of the nonlinear
coil

From both waveforms one can classify the phenomenon as
subharmonic ferroresonance (in reference to the modes men-
tioned in Sec. 2). The period in which the phenomenon occurs
is much greater than the base frequency of the source voltage
(n ≈ 38).

7. Computation results

The computations required for the analysis have been per-
formed at Matlab [41]. They consist of two stages:

• the estimation part, where the parameters of the circuit el-
ements are obtained,

• the transient circuit analysis part, where a time dependent
problem is solved.

The estimation part has taken into account a set of steady
state measurements (each performed for a different level of
the supply voltage). Capacitance C has been estimated by
applying linear least squares regression.

The parameter α and the (iL, Ψ ) value pairs for the non-
linear coil have been obtained by means of a trust region
dogleg algorithm [42] (which is implemented at Matlab). The
hysteresis obtained for the measurement set with the greatest
supply voltage is depicted in Fig. 10 along with the results
that can be obtained for the model introduced in Sec. 5.

Fig. 10. Hysteresis modeling results for the fractional model

Resistance R has been handled differently than the para-
meters for the coil and capacitor, because of it taking a certain
range of values depending on the level of the supply voltage
and (hence) the current through the circuit. For the obtained
measurement samples the u − i dependency is depicted in
Fig. 11. The variability has been no doubt caused by temper-
ature dependency of the R parameter.

The varying resistance values have been recorded and kept
for the second part of the computations. The other parameters
of the circuit (concerning the capacitor and nonlinear coil)
have been assumed as constant.
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Fig. 11. Current-voltage dependency of resistive element along with
representations of iL · Rmin and iL · Rmax

The transient circuit simulation aimed to recreate the phe-
nomena occurring in the real circuit. The analyzed circuit is
depicted in Fig. 12. The time dependent problem was made
up from the ordinary differential equation for the capacitor,
the fractional differential equation for the coil (3) and the
nonlinear equation:

Ψ = Ψ (iL) (4)

with the equation emerging from Kirchhoff’s voltage law.

Fig. 12. Considered ferroresonance circuit

In the time stepping solver, zero initial conditions have
been assumed. In order to handle the differential equation for
the capacitor, an implicit method using BDF (backward dif-
ferentiation formulae) has been applied. To deal with the frac-
tional time derivative of the nonlinear coil model, the method
known as SubIval [43–45] has been applied. It is implemented
in the DLL available in [46], which can be applied at Matlab.

The above-mentioned methods simplified the requirements
of the solver in such a way that a system of equations needed
to be solved for each time step has been developed.

At the beginning of the simulation process 5 periods have
been computed to obtain a steady state for a constant R value.
Then the R variability was recreated according to the values
recorded from the measurements.

The time functions obtained for the current and coil volt-
age are presented in Fig. 13 along with their comparison
against the measurement results.

The values obtained through the transient solver are close
to the measurement data. An assessment of these results’ accu-
racy has been performed according to the following formula:

ε =

√

√

√

√

n
∑

i=1

(fi(m) − ft(s))2 ·
100%

nFmax
, (5)

where fi(m), fi(s) – voltage or current value for the i-th time
instance, Fmax – maximum value of the respective waveform.
The index m denotes measured values, while s denoted those
obtained in the time dependent simulations.

a)

b)

Fig. 13. Comparison between coil current and voltage time functions
(obtained from measurements and simulations)

The values for this error definition – for the coil voltage
uL and the current iL – are given in Table 1. Additionally, the
errors are also given for when the integer-order model of the
nonlinear coil is applied.

Table 1
Error values illustrating the mismatch between measured and simulated

waveforms of the nonlinear coil current and voltage

Model type Fractional-derivative Integer-order

Coil voltage uL waveform error, % 0.30 1.27

Coil current iL waveform error, % 0.44 1.51

8. Concluding remarks

A study concerning a ferroresonance circuit has been con-
cluded. A simple series circuit has been studied, consisting of
voltage supply, resistance, a capacitor and an iron core coil.
This simple circuit represents the first step in a larger study,
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though it can already resemble a fragment of a real configu-
ration in a power system (as discussed in Sec. 3).

The study has relied much on measurements that have
been performed in a specially prepared laboratory setup (with
the iron core working in saturation conditions).

The model of the iron core coil has been taken into ac-
count as a significant part of the study (the modeling of non-
linear coils has been discussed in Secs. 4 and 5), where a mod-
el using the Caputo fractional derivative has been introduced.

The parameters of the circuit consisted of the recorded
history of changes of resistance R, capacitance C (assumed
as constant) and the parameters for the fractional, nonlinear
coil model:

• (iL, Ψ ) value pairs,
• α, being the order of the fractional derivative.

The circuit parameters have been obtained through esti-
mation procedures (in Matlab).

After obtaining the parameters, a time-dependent solver
applying the backward differentiation formulae (for first or-
der differential equations) and a method known as SubIval
[43–45] (a numerical method for fractional differential equa-
tions) have both been used for simulations.

The results obtained are promising as the values obtained
have been very close to those obtained through measurements.
This can be concluded through the observation of waveforms
(Fig. 13) and through the error defined by (5).

Future research will be directed at:

• potential improvements to the model of the nonlinear coil
using the Caputo fractional derivative (the research will
aim to avoid greater complexities in modeling in order not
to generate problems for numerical solvers),

• addition of some features to the simulations that have so
far been simplified, e.g. the resistance change has been
simulated by recreating recorded values, while it would be
best if the above-mentioned temperature dependence were
found in the solver,

• cases where other ferroresonance modes can be observed.
Because the fractional model has proven to give such satis-
factory results, these studies can also be supported by the-
oretical analyses for resonances in fractional circuits [47].
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