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Abstract. New necessary and sufficient conditions for the asymptotic stability of positive 2D linear systems with delays described by the
general model, Fornasini-Marchesini models and Roesser model are established. It is shown that checking of the asymptotic stability of
positive 2D linear systems with delays can be reduced to the checking of the asymptotic stability of corresponding positive 1D linear systems
without delays. The efficiency of the new criterions is demonstrated on numerical examples.
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1. Introduction

The most popular models of two-dimensional (2D) linear sys-
tems are the models introduced by Roesser [1], Fornasini-
Marchesini [2, 3] and Kurek [4]. The models have been ex-
tended for positive systems in [5-8]. An overview of 2D lin-
ear systems theory is given in [9-13], and some recent result
in positive systems has been given in monographs [8, 14].
Reachability and minimum energy control of positive 2D sys-
tems with one delay in states have been considered in [7].
The choice of the Lyapunov functions for positive 2D Roess-
er model has been investigated in [15].

The notion of internally positive 2D system (model) with
delays in states and in inputs has been introduced and neces-
sary and sufficient conditions for the internal positivity, reach-
ability, controllability, observability and the minimum energy
control problem have been established in [16].

The realization problem for 1D positive discrete-time sys-
tems with delays has been analyzed in [17, 18] and for 2D
positive systems in [19].

The internal stability and asymptotic behavior of 2D pos-
itive systems have been investigated by Valcher in [6].

The stability of 2D positive systems described by the
Roesser model and synthesis of state-feedback controllers
have been considered in the paper [20]. The asymptotic sta-
bility of positive 2D linear systems has been investigated
in [21].

In this paper new necessary and sufficient conditions for
the asymptotic stability of positive 2D linear systems with
delays described by the general model, Fornasini-Marchesini
models and Roesser model will be established. It will be
shown that the checking of the asymptotic stability of pos-
itive 2D linear systems with delays can be reduced to the
checking of the asymptotic stability of corresponding positive
1D linear systems without delays.

The paper is organized as follows. In Sec. 2 basic defini-
tions and theorems concerning the positive 1D and 2D linear
systems are given. In Sec. 3 basic theorems concerning the
asymptotic stability of 2D linear systems are presented. New
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necessary and sufficient conditions for the asymptotic stabil-
ity of the positive 2D systems with delays are established in
Sec. 4. Concluding remarks are given in Sec. 5.

The following notation will be used. R™*™ denotes the
set of n X m real matrices. The set of real n X m matrices
with nonnegative entries will be denoted by R’*™ and the
set of nonnegative integers will be denoted by Z. The n xn
identity matrix will be denoted by I,,.

2. Preliminaries
2.1. Positive 1D systems. Consider the linear discrete-time
system:
ZTir1 = Az; + Buy
y; = Cx; + Duy,

RS ZJr )

where z; € R", u; € R™, y; € RP are the state, input and
output vectors and, A € R"*", B € R"*™, C € RP*",
D € RP*™,

The system (1) is called (internally) positive if z; € R},
y; € RY, i € Z, for any 29 € R} and every u; € RT,
1€ 2.

Theorem 1 [8, 14]. The system (1) is positive if and only if
AeRy", BeRY™, CeRY™™, DeRV™. (2

The positive system (1) is called asymptotically stable if
the solution

x; = Alxzg, 3)
of the equation
Tip1 = Az, A€ RV, e Zg, ()
satisfies the condition
lim z; =0 for every o€ RY. 5)

Theorem 2 [8, 14]. For the positive system (4) the following
statements are equivalent:

1. The system is asymptotically stable,
., Zp of the matrix A have moduli
less than 1, ie. |zx| <1fork=1,...,n,
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3. det[l,, — zA] # 0 for |z] < 1,
4. p(A) < 1, where p(A) is the spectral radius of the matrix
A defined as p(A) = max {|zx|}-

Theorem 3 [8]. The positive system (4) is asymptotically sta-
ble if and only if one of the following conditions is satisfied:

1. All coefficients of the characteristic polynomial of the ma-
trix A=A-1,

w4 (2) = det {Inz — /q = 2" 4Gy 12"+ a1z +ao

(6)
are positive.
2. All principal minors of the matrix
air a2 Qin
_ G21 Q22 - G2
A=I,—A=| ) . (N
ap1  Gp2 [
are positive, i.e.
a a —
@] >0, " TP >0,...,detA>0. (8)
Q21 Q22

Theorem 4 [8]. The positive system (4) is unstable if at least
on diagonal entry of the matrix A is greater than 1.

2.2. Positive 2D systems. Consider the general model of 2D
linear systems

Tiv1g+1 = Aoty + Ai1ig1; + Astijy1 + Boui 9a)

+Biuiy1,j + Bou ji1,

Yij = Cxij+ Dusj  i,j € Zy, (9b)

where z; ; € R", u;; € R™, y;; € RP are the state, in-
put and output vectors at the point (z,5) and Ay € R™*™,
Bk c Rnxm,

k=0,1,2, CeRP™ De RP*™.

Boundary conditions for (9a) have the form

zig€R", i€Z, and m; €R", jeZ.. (10)

The model (9) is called (internally) positive if x; ; € R}
and y;; € RY, 4,j € Z, for all boundary conditions
zi0 € R, 1 € Zy, mo; € R}, j € Z, and every input
sequence u;; € R, 4,5 € Z.

Theorem 5 [8]. The general model (9) is positive if and on-
ly if
A € Rixn, By, ERixm, k=0,1,2,
n Xm
CeR™, DeRV™.
Substituting in (9a) B; = By = 0 and By = B we ob-
tain the first Fornasini-Marchesini model (FF-MM) and sub-

stituting in (9a) Ap = 0 and By = 0 we obtain the second
Fornasini-Marchesini model (SF-MM).

(1)
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The Roesser model of 2D linear systems has the form

al A Ar s Bu |
v = o | T u; i, (12a)
Tij+1 Aot Ag | | o} Bss
ah
Yij = [Cl Cz} ol +Duij i,j€Zy,  (12b)
4,9
where ; € R™ and 7} ; € R" are the horizontal and ver-

tical state vectors at the pbint (4,7), u;; € R™ and y; ; € RP
are the input and output vectors and Ay, € R™>*™ [k, [ =
1,2, By1 € RMX™  Boy € R™*™ (1 € RP*™, (Cy €
RP*™ D e RPX™,

Boundary conditions for (12a) have the form

13)

The model (12) is called (internally) positive Roesser

model if xfj € R, a}; € R andy; 5 € RY, i,j € Z,

for any nonnegative boundary conditions

ah, €R™,j€Z, and a)y€R™, i€ Z,.

af, ERY, jE€Zy, aly€RPE, i€Zy (14
and all input sequences uiejRT, 1,] € Z4.

Theorem 6 [8]. The Roesser model is positive if and only if

A A B
11 12 c Rixn7 11 c Rixm,
Ao Az B (15)
[ Chp Cy :| ERﬁ_X”, DERixm, n =mnjp+ ng.
Defining
h
T j= [ xZ’J ‘| ,
xy
0 0 A A
A= , Ay=| T L (16
Ay Ago 0 0
0 B
B, = . By=| "
BQQ 0

we may write the Roesser model in the form of SF-MM

Tit1,j+1 = Ai1Tip1j + Aoy j41 + Biuiyr,; + Batg j41.
17)

3. Asymptotic stability of the positive 2D
systems without delays
The positive general model (9a) is called asymptotically stable

if for any bounded boundary conditions z; o € R}, i € Z,
wo; € R, j € Zy and zero inputs u; ; =0, 4,5 € Z,

lim z;; =0 for all

i,j—00

Ti0 € Ri, Zo,; € Ri, 1,] € Z4.

(18)
Theorem 7 [21]. For the positive general model (9) the fol-
lowing statements are equivalent:

1. The positive general model (9) is asymptotically stable

2.
det (In — A()ZlZg — Alzg — Agzl) 75 0 (19)
for V(Zl,ZQ) S {(21722) : |Zl| <1, |2’2| < 1},
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3. There exists a strictly positive vector A € R’} such that
[A0+A1 +A2 —In])\ << O, (20)

4. The sum of entries of every row (column) of the adjoint
matrix Adj [I,, — Ag — A1 — As] is strictly positive, i.e.

(Adj [I, — Ao — A1 — As])1,, >> 0,

T A (2D
(1nAd.7 [In - AO - Al - A?] >> 0)7
where 11" = [1...1] and T denotes the transpose.
5. The positive 1D system
A+ A4, A
Tit1 = Il+ ? OO T 1€ 2y (22)

is asymptotically stable.

In particular case for Ay = 0 we have the following corol-
lary.
Corollary 1. [21]. The positive 2D SF-MM (17) is asymptot-
ically stable if and only if the positive 1D system

Tiy1 = (A1 + AQ) T, 1€ Z+7 (23)

is asymptotically stable.

Corollary 2. [21]. The positive 2D Roesser model (12) is
asymptotically stable if and only if the positive 1D system

An
Aoy

A12

T, 1€ Z+,
Az

(24)

Ti41 =

is asymptotically stable.

4. Asymptotic stability of the positive 2D
systems with delays

4.1. 2D Roesser model with delays. Consider the autono-
mous positive 2D Roesser model with ¢ delays in state

) 1 al

i+1, _ —k, ..

SRl =Y A R e Zy, (©25)
Tij+1 k=0 ij—k

where 2, € R* and z}; € R}* are the horizontal and

vertical state vectors at the point (, ) and

[ Ak, Ak
Ay = L2, k=01 (26)
i Az Az
Defining the vectors
r.h
i i
h v
_h i—1,j _ 4,j—1
Lij = . ) 55;)] = . ) (27
h v
L Ti—q,j Tij—q
we can write (25) in the form
=h =h
W =AW, e Zy, (29)
Tij+1 Tij
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where
r —1 —1
A(l)l A%l e Atlzl Atlzl A(1)2 A%Z e A(112 A(112
In, 0 - 0 0 0 o --- 0 0
0 0 In, 0 0 0o 0 0 0
A= —T =T c RN>< N
A21 A21 Agl Agl A(2)2 A22 ACZZZ ACZZZ
0 0 0 0 |In, 0 0 0
0 0o - 0 0 0 0 - In, 0

N = (g + 1)(n1 +n2)
(29)

Therefore, the 2D Roesser model with ¢ delays (25) has
been reduced to the 2D Roesser model without delays but
with higher dimension. Applying to the model (28) Theorem
6 we obtain the following theorem.

Theorem 8. The 2D Roesser model with ¢ delays (25) is posi-
tive if and only if Ay € R{" ™20 Hm2) for ko — 0,1, ¢
or equivalently A € RY ™",

From Corollary 2 applied to the model (28) we have the
following theorem.

Theorem 9. The positive 2D Roesser with ¢ delays (25) is
asymptotically stable if and only if the positive 1D system

(30)
with the matrix A defined by (29) is asymptotically stable.
To check the asymptotic stability of the positive 2D sys-

tem (25) we may use any of the conditions of Theorems 2
and 3.

Tiy1 = AZCZ', 1€ Z+7

Example 1. Check the asymptotic stability of the positive 2D
Roesser model (25) for ¢ = 1 and with the matrices

[ 0.1 0.2 0 ]
Ao=1 0 01 | 03],
0 0 0.2
- - (31)
0.2 01 | 02
A= 0 01 | 02
0 0 0.2 |

To verify the asymptotic stability we shall use the condi-
tion 2) of the Theorem 3. The matrix (7) in this case has the
form

L—AY —Ay A AL
y S —I I 0 0 _
—AY AL LAY, A
0 0 -1 I
(09 —02 —-02 —-01 0 —02]
0 0.9 0 -01 —-03 -0.2
-1 0 1 0 0 0
0 -1 0 1 0 0
0 0 0 0 0.8 —0.2
L0 0 0 0 -1 1
(32)
135



www.czasopisma.pan.pl P N www.journals.pan.pl

=

T. Kaczorek

The principal minors of the matrix (32) are positive since

M; =0.9,
M, | 09 02 s,
0 09
0.9 —0.2 —0.2
Ms=| 0 09 0 |=0.63,
-1 0 1
09 —02 —02 —0.1
0 09 0 —0.1

=0.7,
1 0 1 0

0 -1 0 1

Ms = 0.8M;,
Mg = 0.6M.

Therefore, the condition 2) of Theorem 3 is met and the
positive Roesser model (25) with (31) is asymptotically stable.

The same result we obtain using other conditions of The-
orems 2 and 3.

In a similar way the considerations can be extended for
the positive 2D Roesser model of the form

h q1 Qg2 h
Liv15 | _ ZZA Li kj—1
v - kl 20 i )
4,j+1 k=0 1=0 i—k,j—l1 (33)
ivj € Z+7
where z! ; € R™ and z7, € R"™ are the horizontal

and vertical state vectors at the point (i,7) and Ay €
R(ritn2)X(nitnz)

4.2. 2D general model with delays. Consider the au-
tonomous positive 2D general model with ¢ delays in state

q

0 1
Litl,j4+1 = E (Akxi—k,j—k + ApTip1—k,j—k
Pt (34)

+ A5k jr1-k) 6] € Z4,

where z; ; € R is the state vector at the point (4, ) and
Al e RY", k =0,1,...,¢; t = 0,1,2. Defining the vec-

tor
_ s _
Ti—1,5—1
Ti—2 i— -~
T = 22 € RNa
(35a)
Ti—q,j—q
N=(g+1)n
136

and the matrices

AY A9 Agfl Ag
1, 0 0 0
Ag=1| 0 I, 0 0 1,
i 0 0 1, 0 l
Ay Al A}kl A}I
0 o --- 0 0
A = 0 0 0 0o |, (35b)
i 0 0 - 0 0 l
AR A3 Ag_l Ag
0 0 0 0
Ay = 0 0 0 0o |,
i 0 0 - 0 0 l
we can write (34) in the form
Tip1,41 = Zofi,j + Z1Tz'+1.,j + szi,jﬂ
(36)

1,] € Z4.
Therefore, the general model with ¢ delays (34) has been
reduced to the 2D general model without delays but with

higher dimension. Applying to the model (36) Theorem 5 we
obtain the following.

Theorem 10. The general 2D model with ¢ delays (34) is
positive if and only if A} € R}*" for ¢t = 0,1,2 and
k=0,1,...,q or equivalently A, € RY*" for t =0,1,2.

From the condition 5) of Theorem 7 applied to the model
(36) we have the following theorem.

Theorem 11. The positive 2D general model with ¢ delays
(34) is asymptotically stable if and only if the positive 1D
system

A+ Ay Ay

T, 1€ L4, 37
I 0 + (37)

Tiy1 =

is asymptotically stable, where the matrices A; for t = 0, 1,2
are defined by (35b).

To check the asymptotic stability of the positive 2D gen-
eral model with delays (34) we may use any of the conditions
of Theorems 2 and 3.

For Ay = 0 from Theorem 11 we have the following
corollary.

Corollary 3.
The positive 2D SF-MM with g delays (34) is asymptoti-
cally stable if and only if the positive 1D system

Tip1 = [A1+ Ao Ty, i€ Zy, (38)

is asymptotically stable.
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Example 2. Consider the positive model (34) for ¢ = 1 with
the matrices

(39)

02 0.1 |0 02
o 01| ! 0 ¢
(a,b,c > 0)

Find the values of the coefficients a, b, ¢ for which the
positive model is asymptotically stable.

Using (35b) we obtain

a 01 0 0
— [ay A1 o 0200
=1, o 1 0 00|
0 1 0 0
01 02 02 0.1
_ AL Al 0 b 0 01
A1: - B
0 0 0 0 0 0
0 0 0 0
00 0 02
_ A2 A2 000 ¢
Ay = -
0 0 000 0
000 0

To stability analysis of the system we use Theorem 11.Tak-
ing into account that

Iy, — A — Ay —A
Loy — A= 2 1 2 0| _
_IZn IQn
(09 —02 -02 03 —a —01 0 0]
0 1-bv 0 —(0.14¢) 0 =02 0 0
0 0 1 0 -1 0 0 0
B 0 0 0 1 0 0 0 0
-1 0 0 0 1 0 00
0 -1 0 0 0 1 0 0
0 0 -1 0 0 0 10
| 0 0 0 -1 0 0 0 1 |
and using the condition 2) of Theorem 3 we obtain
0.9 -0.2
My =09, M;= 0 1-p 1" 0.9(1-10) > 0,

Bull. Pol. Ac.: Tech. 57(2) 2009

09 -02 -0.2
My=| 0 1-b 0 |[=09(1-b)>0,
0 0 1
09 -02 -0.2 -0.3
1-0 —(0.1
M, = 0 0 (0.1+¢) _
0 0 1 0
0 0 0 1
=0.9(1-b) >0,
09 -02 -0.2 —-0.3 —a
0 1-b 0 —(01+c) 0
Ms=1] 0 0 1 0 -1 |=
0 0 0 1 0
-1 0 0 0 1
=(0.7—-a)(1 —b) >0,
09 -02 =02 -0.3 —a —0.1
0 1-b 0 —(0l+¢ 0 —02
Mg — 0 0 1 0 -1 0 _
0 0 0 1 0 -1
-1 0 0 0 1 0
0 -1 0 0 0 1

= (0.7—a)[0.7 = (b+¢)] > 0,
Mg = M7 = MG-

Therefore, the positive model (34) with (39) is asymptot-
ically stable if and only if 0 < a < 0.7and 0 < b+ ¢ < 0.7.

In a similar way the considerations can be extended for
the positive 2D general model of the form

q1  q2

0 1
Tig1,j41 = E E (Aklxifk,jfl+Akﬂ7ifk+1.,jfl
k=0 1=0

2
+ ATk i)

(40)
iaj € Z+7

where x;; € R’} is the state vector at the point (3,j)
and A}, € R", t = 0,1,2 and k = 0,1,...,¢q1; | =
O,l,...7QQ.

5. Concluding remarks

The asymptotic stability of positive 2D linear systems with
delays described by the general model, Fornasini-Marchesini
models and Roesser model has been addressed. New neces-
sary and sufficient conditions for the asymptotic stability of
positive 2D linear systems with delays have been established.
It has been shown that the checking of the asymptotic stabil-
ity of positive 2D linear systems with delays can be reduced
to the checking of the asymptotic stability of corresponding
positive 1D linear systems without delays. The efficiency of

137



www.czasopisma.pan.pl P N www.journals.pan.pl
=

T. Kaczorek

the new criterions has been demonstrated on two numerical
examples.

An extension of these considerations for 2D positive
continuous-time linear systems is an open problem.
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