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Abstract. A new class of positive hybrid linear systems is introduced. The solution of the hybrid system is derived and necessary and
sufficient condition for the positvity of the class of hybrid systems are established. The classical Cayley-Hamilton theorem is extended for
the hybrid systems. The reachability of the hybrid system is considered and sufficient conditions for the reachability are established. The

considerations are illustrated by a numerical example.

1. Introduction

In positive systems inputs, state variables and outputs take on-
ly non-negative values. Examples of positive systems are in-
dustrial processes involving chemical reactors, heat exchang-
ers and distillation columns, storage systems, compartmental
systems, water and atmospheric pollution models. A variety
of models having positive linear systems behaviour can be
found in engineering, management science, economics, social
sciences, biology and medicine, etc.

Positive linear systems are defined on cones and not on lin-
ear spaces. Therefore, the theory of positive systems is more
complicated and less advanced. An overview of state of the art
in positive systems theory is given in the monographs [1,2].
Recent developments in positive systems theory and some new
results are given in [3]. The realization problem for positive
discrete-time and continuous-time systems without and with
delays was considered in [1,2,4,5-9].

The reachability, controllability and minimum energy con-
trol of positive linear discrete-time systems with delays have
been considered in [10].

The relative controllability of stationary hybrid systems
has been investigated in [11] and the observability of linear
differential-algebraic systems with delays has been considered
in [12].

The main purpose of this paper is to introduce a class of
positive 2D hybrid systems. A solution to the hybrid system
will be derived and necessary and sufficient condition for the
positivity will be established. The classical Cayley-Hamilton
theorem will be extended for hybrid systems and sufficient
conditions for the reachability will be established.

To the best knowledge of the author the positive hybrid
systems has not been considered yet.

2. Equations of the hybrid systems and their
solutions

Let R™"™™ be the set of n X m matrices with entries
form the field of real number R and Z, be the set of non-
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negative integers. The n x n identity matrix will be denoted
by I,.
Consider a hybrid system described by the equations

&1 (t,1) = Anixi(t,4) + Araxa(t,9) + Bru(t, i),

la

wa(t, i+ 1) = Agyw1(t, 1) + Agewa(t,4) + Bault, i), (1b)
i€ 7.

y(t, ’L) = Clxl(t, ’L) + ngg(t, ’L) + Du(t, ’L) (Ic)

where  @(t,i) = 613—(5’”, z1(t,i) €  R™,

z2(t,3) € R"™, wu(t,i) € R™, y(t,i) € RP and

A117 Alg, A21, AQQ, Bl, BQ, Cl, 02, D are real matrices with
appropriate dimensions.
Boundary conditions for (1a) and (1b) have the form

$1(0,’L) = zl(i), 1€ ZJr and $2(t,0) = ZL'Q(t), te RJr 2)

Note that the hybrid system (1) has a similar structure as
the Roesser model [2,13,14].

Theorem 1. Solutions to the Eqgs. (1a) and (1b) with given
boundary conditions (2) have the forms

$1(t, 2) =
®(t)21(0) + Pra(t) + Qru(t, 0)
O(t)x1(i) + Z Pi(Ap Py + Agp)i k1
An®(0)ar (B) + (A Qe + Ba)ult, )
+Pt(A21Pt + A22)l$2(t) + Qtu(t, Z) fOT

for
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i—1
wa(ti) = Z (A1 Py + Agy)i—F1 Ag1w1(t, k) + Agowa(t, k) + Bau(t, k)
k—1
k=0 4
3b _ k—j—1
[Aor®(#)an () + (As1 Qs + Ba)u(t, k)] (3b) = A {®(t)xr (k) + ZO Pi(Ag Py + Agp) 7
i=

+(Ag1 Py + Aga) ' ao(t)

for i=1,2,..

where ®(t) = eA11t and the operators P; and @); are defined
by:

¢
Px = /@(t — 7)A12z(T)dT,

0
t

Qir = /@(t — 7)Byx(T)dr

0

“

Proof. The proof will be accomplished by induction with re-
spect to i.
From (1a) we have

x1(t,1) = ®(t)x1 (2) + Puxa(t, i) + Quul(t, ) 5)

From (1b) for ¢ = 0 we have

X9 (t, 1) = Aglwl(t, 0) + Aggwg(t) + Bg’u(t, 0) (6)

and from (5) for i =0

21(¢,0) = @(t)x1(0) + Paa(t) + Qru(t,0) @)

Substitution of (7) into (6) yields

SCQ(t, 1) = A21¢(t)$1 (0)+

8
+(A21 P + Ag)za(t) + (A21Q¢ + B2)u(t,0) ®

The same result we obtain from (3b) for ¢ = 1.
Likewise substituting (8) into the equation (obtained from (5)
fori=1)

x1(t,1) = ®(t)z1 (1) + Piza(t, 1) + Qru(t, 1)

we obtain

$1(t, 1) = PtAgl(I)(t)l‘l (0) + @(t)xl(l)—i—

+P,(A21 P+ Agz)za(t) + Pi(A21Qy + Ba)u(t,0)+
+Qtu(ta 1)

The same result we obtain from (3a) for ¢ = 1. Therefore,

the hypothesis is true for ¢« = 1. Assuming that the hypothesis
is true for ¢ = k we shall show that it is also true for i = k+1.

Using (3a) and (3b) for ¢ = k > 1 we may write
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[A21®(t)21(j) + (A21Q1 + Ba)u(t, j)]

+P(An Py + Agy)*ao(t) + Quu(t, k)Y

+A22{]§ (A21 Py + Ag2)* 77 A2 D(1)21 ()

+(A21é220+ Ba)ul(t, j) + (A21 Py + Asa) w(t)]} + Bault, k)
= i (A1 Py + Agp)* ™

=0
[A21®(t)z1(j) + (A21Q:¢ + Ba2)ul(t, j)]
+(A21Pt + A22)k+1$2 (t) = X9 (t, k + 1)
Likewise using (5), (3b) and (3a) for ¢ = k > 1 we obtain

()1 (k+ 1) + Pao(t, b+ 1)+ Quu(t, k+ 1) =
k
O(t)zr(k+1) + P{d (A1 P+ Agp)*
j=0
[A21®()21(5) + (A21Q¢ + Ba)u(t, j)]
+(A21Pt + AQQ)k+1$2(t)} + Qtu(t, k + 1)

k
=0(t)r1(k+ 1)+ > Pi(An Py + Ag) 7 [Ag1 @ ()1 ()
§=0
+(A21Qt + B2)U(taj)] + Pt(A21Pt + A22)k+1x2 (t)
+Qeu(t, k+1) = a1 (t, k+1)

This completes the proof. [

3. Positive hybrid systems

Let R?*™ be the set of n x m real matrices with nonnegative
entries and R} = R’}

Definition 1. The hybrid system (1) is called internally pos-
itive if x1(t,7) € RY', x2(t,i) € RY?, and y(t,i) € RY,
t € Ry, i € Z; for arbitrary boundary conditions z1 (i) €
RY', i€ Zy, xo(t) € R?, t € Ry and inputs u(t,4) € RY,
teRy,i€e 2.

Let M, be the set of n x n Metzler matrices (real matrices
with nonnegative off-diagonal entries).

Theorem 2. The hybrid system (1) is internally positive if
and only if

A € Mnl,Alg S R11Xn271421 € Ri2><n1,1422 S Ri2><n2,
Bl S Rilxm,Bg S RT_:_me,

Ci1 € R*™ Cy € RE*™, D € REX™
€

Bull. Pol. Ac.: Tech. 55(4) 2007
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Proof. Sufficiency. It is well-known [1] that ®(¢) = e411t €
R’j_lx”l if and only if Ay is the Metzler matrix. Thus, from
(3), (4) and (1c¢) it follows that if the condition (9) is satisfied,
then z1(t,7) € RY', xa(t,i) € RY?, and y(t,i) € RY for
all $1(Z) € Rnl, 1'2(t> S RiQ and U(t,l) S RT, t e R+,
1€ Zy.

Necessity. Let u(t,0) =0, 22(t) = 0,t € Ry and 21(0) = e;
(the ith column of the identity matrix I,,,). From (la) for
1 =0,t € Ry and (7) we have &1(¢,0) = A11D(¢t)e; > 0 and
the trajectory does not leave the orthant R”* only if i1 (0,0) =
Apre; € R, what implies a;; > 0 for i # j and A;; has to
be a Metzler matrix, i.e. A11 € My, . For the same reasons for
x1(0) = 0, 22(0) = 0, £1(0,0) = Byu(0,0) € R, what im-
plies B; € R"**™ since u(0,0) € R’ may be arbitrary. Simi-
larly, for 21(0) = 0, (0,0) = 0, £1(0,0) = A1222(0) € R
what implies A;o € R} since x2(0,0) may be arbi-
trary. From (lc) for 22(0) = 0, »(0,0) = 0 we have
y(0,0) = C121(0) € RE, what implies C; € RE™, since
x1(0) € RY" may be arbitrary.

The proof for Agq, Asg, Bo, Co and D is similar. [

Definition 2. The hybrid system (1) is called externally pos-
itive if y(¢,4) € RY for all inputs u(t,i) € R}, t € R4,
1 € Z and zero boundary conditions (2).

From comparison of Definition 1 and 2 it follows that
every internally positive hybrid system (1) is also externally
positive.

The output of the system with zero boundary conditions
(2) for the input u(t,7) = 0(t), where §(t) is the Dirac im-
pulse is called the impulse response g(t,i) of a single-input
single-output hybrid system (1). Assuming that only one in-
put is equal to §(¢) and the remaining inputs are zero we may
define the matrix of impulse responses g(t,i) € RP*™ of the
hybrid system (1).

Theorem 3. The hybrid system (1) is externally positive if
and only if its matrix of impulse response is nonnegative

g(t,i) e RE"" fort € Ry, i € Z,. (10)

Proof. The necessity of the condition (10) immediately fol-
lows from Definition 2. From (Ic) and (3) for x1(i) = 0,
x2(t) =0 and u(t,i) = 0(t), t € R4, i € Z4 we have

g(t,i) =
(C1Py + C3) (A1 P + Ago)' ™ (A21®(t) By + B2(2))
+®(t)By + Dé(t), t € Ry, i € Z4
(11)
t
since Q,6(t) = [ ®(t — 7)B16(7)dT = O(t) By
0
(eAut — Inl)AilAlg ’Lf det Aqq 7é 0
d P, = ?
an K f 6A11TA12d7- Zf det All =0
0

From (1c¢), (3) and (11) it follows

Bull. Pol. Ac.: Tech. 55(4) 2007

y(t,i) = Clxl(t, ’L) + Cgmg(t,i) + Du(t, ’L) =

i1 12
=S gl - yult. k) (2
k=0

If the condition (10) is satisfied, then from (12) we have
y(t,7) € RE for all u(t,i) € R}, t € Ry, i € Zy. This
completes the proof. [J

4. Extension of the Cayley-Hamilton theorem
for hybrid systems

The equations (la) and (1b) for By = 0 and By = 0 take the
form

r1(t,1) = A t,1 A t,1
1 ( ,Z') 121 ( ,Z)f 1222(t, 1) CleR.icZ.
.I‘Q(t, 1+ 1) = Aglml(t,l) + Aggmg(t, ’L)

13)

Using the Laplace transform with respect to ¢ and Z trans-

form will respect to ¢ for (13) and eliminating from the equa-
tions z5(s, z), we obtain

(I, — A1 — Aro[In,z — Asg] P Agi]zi(s,2) =0 (14)

Let d(z) = det[[,,z — Aas] be the characteristic polyno-
mial of the matrix Asy and B(z) = Adj[I,,z — Aao] be the
adjoint matrix. Then we have

[Ln, s — A1 — A1a[Ip, 2 — Ago] "t Aoy ]t

= [d71(2)[(In, s — An1)d(2) — A1aB(2)A21)] ™1 (15)
= d(2)[(In,s — An)d(2) — A12B(2)An] ™"
and
H(s,z) =d(s,z) Z Zq)ijs_(”l)z_(jﬂ) (16)
i=0 j=0
I{(S7 Z) = Adj[([nls — Au)d(z) — AlgB(Z)Agl]
N-1M-1 17
= Z Z Hklskzl ( )
k=0 1=0
d(s,z) =det[(In, s — A11)d(z) — A12B(2)As1]
N M
1
= Zzaklskzla (anm =1) {19
k=0 1=0
[(Inls — All)d(z) — A12B(Z)A21]71
(19)

- i i Bjy5~ (D =G+

i=0 j=0
Knowing the coefficient matrices Hy;, k = 0,1, ..., N —1;
Il =0,1,....M — 1 of (17) and the coefficients ay;, k =
0,1,...,N;1=0,1,..., M of (18), we may find the matrices
O, fori =0,1,...,M; 5 =0,1,..., N, as follows.
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Comparison of coefficients at the same powers of s and z  Using (20) we obtain

of the equality (16) ylelds HN—l,]\/I—l = (1)00, HN_L]\/[_Q = 1 0
Do1 +an,m—1Poo, Hy—2,0m-1 = P10 +an—1,mPoo... Do = Hin = 0 1|
Qoo = Hy-_1,m-1, 2 0 10
@19 = Ho1 — a12Pgo = -3
Doy = Hy_1,m-2 — an,pm—1Poo, (20 0 1 0 1
®19o=Hy_2,m-1 —an-1,mPoo-.. 1 0
Theorem 4. The matrices ®;;, defined by (19) satisfy the = 0o -2 |’
following equations
Dy = H ® IR Y I
= —Q =
ii o . 01 10 21 %*00 1 0 1
ARl PE4v l+w = -
k=0 1=0 2D |10
for v, w=-1,0,1,... (v+w# —2) 0 1|’
where ay; are the coefficient of the polynomial (18). @1y = Hoo — a12Po1 — a21 P10 — a11Poo
. . . . -3 0 10 1 0
Proof. Note that the adjoint matrix (17) is a polynomial ma- = -3 +2
trix in s and z with nonnegative powers. Comparison of the 0 -1 0 1 0 -2
matrix coefficients at the powers s~(“t1) and 2z~ (®+1 of the 10 1 0
equality (16) yields (21). +7 0 1 = 0 BE
The equation (21) is an extension of the classical Cayley- B
Hamilton theorem for the hybrid system (13). In particular Bor — > o — 3 -1 0 1 0
case from (21) for v = w = 0, we obtain 21 = mar®n = ol = o -1 |o 1
N M 2 0
Z Z apPr; =0 22 Ty 2|’
k=0 (=0
; ; ; -1 0 -1 0
Example 1. Consider the system (13) with the matrices By = —ag By — Brg = 2 .
0 -1 0o -2
-1 0 0
Anl 9 7A12[1], | -1 0
Aoy =0 1], A =11 1o Lo
Dog = —a12P10 — ap2Poo = —3 -2
In this case we have 20 120 02700 0 -2 0 1
1 0
d(S, Z) = det[([nls — Au)d(z) — AlgB(Z)Agl] = [ 0 4 ] s
(z—1
= det (S+)()(Z ) 201 1] d P i1} 2 Lo Lo
. . = —Qa —a — .
(s+2)(2—1) 02 21Po1 — a20®Poo 0 1 0 1
=(sz—s+z—1)(sz—s+2z—-23)
1 0
=222 2522+ 3522+ 52+ 222 —Tsz+4s—52+3 :l 1,
Poy = —a12P12 — a21 P21 — a20P20 — ap2Po2 — a10P10
H(s,z) = Adj[(In,s — A11)d(2) — A12B(2) A2 ] —a11P11 — ao1Po1 — aooPoo
— — -1 2 1 1
_ | 87 s+2z—3 0 __3 0 49 0 B 0 9 0
0 sz—s+z—1 0 0 0 2 0 4 0 1
1 0 +710+20 (25)_’_7710 47104_510
= sz s z —
0 1 0 -1 0 1 -1 -2 0 1

354 Bull. Pol. Ac.: Tech. 55(4) 2007
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From (22) we have

2 2

Z Z a1 P = 3Poo—5Po1 + 4P — TPy
k=0 1=0

+2Pgg + Pog + 3P1o — 2Poq + Py

1 1 -1
=3 01 s R 0
01 0 1 0 -2
-1 0 10 10
—7 2
[o N R +[0 4]

+3

-1 0 9 20 n 3 0

0 0 0 2 0 1
oo

o oo

5. Reachability of the hybrid systems

Consider the hybrid system (1) with zero boundary conditions
(ZBC) (2).

Definition 3. A state
Ty = [ Tif
ZTaf
of the positive hybrid system (1) with ZBC is called reachable

in time ¢ if there exists an input u(t,7) € R for t € [0, %],
1 € Z4 such that

zi(ty,0) | _ | wuy
2(ts,2) 2
If every state xy € R'}*™™ is reachable then the system
(1) is called reachable.

€ Rt (26)

27)

A matrix is called monomial if its every row and its ev-
ery column contain only one positive entry and the remaining
entries are zero.

Let us assume that
Al) the matrix

t
Ry = /@(T)BlBlT@T(T)dT
0

(28)

is monomial,
A2) the vector

Bull. Pol. Ac.: Tech. 55(4) 2007

ty
Zop = xof — Aoy /(I)(tf — T)A12
0
7 (29)
[A2y /@(T — 11)Bru(m1,0)dm + Bou(r,0)d7]

0
71422 [Aglxlf + BQU(tf, 0)]

has nonnegative components, 25 € R™2,
where

u(t,0) = B ®(t; — t)R; 'wiy, te0,tg].  (30)

Theorem 5. The state (26) satisfying the condition Zo5 € R’}
of the positive hybrid system (1) with ZBC is reachable in
time ¢y if the assumption Al) is met,

rank[P(ts) + Ba, &a25] = rank[P(ty) + Ba] 31
and the equation
ty
0

has a nonnegative solution u; € R’

Remark 1. If the matrix P(t;) 4 B, is square then it should
be monomial.

Proof. If the matrix (28) is monomial then R;l € RV™M
and the input (30) steers the state of the subsystem (1a) from
ZBC to the desired final state x1. Using (5) for 2 = 0 and
(30), (28) and ®(t) = e11? we obtain

ty
z1(ty,0) = /<I>(tf — 7)Biu(T,0)dr
0
ty
:/eAll(tf*T)BlBlTeAlTl(tf*T)dTRlexlf
0
ty
= /eA“TBlBlTeAlTlfd'rR]?Izlf =15
0

From (1b) for ¢ = 0 and ¢t = ¢, we have

X9 (tf, 1) = Agll‘lf + Bgu(tf, 0) (33)
since x2(ty,0) = z2(tf) = 0 and x1(tf,0) = z15.
Using (30) for ¢t = ¢ and (33) we may find z2(t¢,1).
355
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From (5) for i = 1, t = t; and z1(1) = 0 and using (4) we
obtain

ty
/@(tf — 7)Armo (T, 1)dT
0

zl(tfv 1) =

tf

+/<I>(tf — 7)Bru(r,1)dr
0
tf

= /(I)(ﬁf — T)Alg[Aglwl(T, 0) + BQU(T, 0)]dT

(34)

f
O(ty — 7)Biu(r,1)dr

+

0
ty
=Z1(ts, 1) + /<I>(tf — 7)Byu(r, 1)dr
0

where

ty
i‘l(tf, 1) = /q)(tf - T)A12[A21£C1(7',0) + BQU(T,O)]dT
0
ty

- /@(tf A

0
r

[A2; / ®(7 — 11)Biu(11,0)dT1 + Bou(r,0)]dr

0
(35)

is known for given (30).
Let

u(t,1) =uy for t € [0,ts]. (36)

Then from (1b) for i = 1, ¢ = ¢; and (34) we obtain

SCQ(tf, 2) = Aglxl(tf, 1) + AQQZ‘Q(tf, 1) + BQU(tf, 1)
= AnZ1(ty, 1) + Azwa(ty, 1)

t
+(A21 /(I)(T)dTBl + Bg)ul
0

and the Eq. (32).

If the assumptions A1) and the condition (31) are met and
Eq. (32) has a nonnegative solution, then u; € R'[".

This completes the proof.

356

Remark 2. Let the matrix

ty

W = /‘I)(T)BldT (37
0

be monomial and u(t,0) = ug for ¢t € [0,¢y].
Then the input vector ug € RY' can be computed from
the formula

ug = Wflsclf (38)
which follows from the equality
ty
Tif = /(I)(T)Bl’u,(T, 0)dr = Wyuo. (39)
0

Remark 3. Note that the reachability depends only on the
matrices Ay, Bi, k,0 = 1,2 and it is independent of the
remaining matrices of the system (1).

Example 2. Consider the hybrid system (1) with

-1 0 1
A11—l 0 2],1412— ,A21—[1 2};
1 0
Am=12.Bi=| ,BQ_{1 2}.
(40)

Compute the input u(t,:) for ¢ € [0,¢/], i =0,1,¢, =1
which steers the state of the system from ZBC to the final

state
1
Ty = [ e 1 = 1
x
2 50
The matrices (40) satisfy the condition (9).
Taking into account that

—t
_ JAnt _ € 0
o(t)y=¢e = [ o ]

0 e (41)

and using (28) and (30), we obtain the monomial matrix

ty
Ry = / ®(7)By B " (1)dr
0
1—e2

1
6727 0 0
_ _ 2
_/[ 0 64716”_ , Lo
0 4

(42)

Bull. Pol. Ac.: Tech. 55(4) 2007
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and the input

u(t,0) = B{ ®(t; — t)R} 'wif

_ 1—e2
_ et o 2 0 1
- 0 e2¢t-D 0 1—e* 1
) 4
[ 2! '
_ 1—e2
= € , tel0,1
de 2 or [ ]
L 1—e4
(43)
From (29), (41) and (43) we have
tf
S&Qf = SCQf — Agl /(I)(tf — T)Alg
0
[A21 /<I>(T — 71)Biu(7,0)dm + Bau(r,0)]dr
0
—AQQ[Agl.Tlf + Bgu(ﬁf, 0)]
1
e‘rfl
e } /
2f |: [ e2(‘1'71) 1
0
- 2e~! -
e =T 0 71 — 6726
[ I 2 } / [ 0 e2(m1—7) ] 4e=2 271 "
0 1— 674
2¢~1 .
1—e2
+|: 1 2 :| 46_2 . dr
1—e 4
2¢~! 1
_ 1—e-2
2 |[1 2] +[1 2] 18 2
1—e4
= 1 4,5e7% —17.5
= o+ oy (15672 - 7,)
1 —4 -3
(44)

Note that the vector (44) satisfies the condition 25 € R'}?.
In this case

(45)

[1—671 1—e2 }

Bull. Pol. Ac.: Tech. 55(4) 2007

Taking into account (44) and (45) it is easy to check that
the condition (31) is met and equation (32) of the form

[2—6_1 3—e? |up = oy

has many solutions, for example

Uy =
[ e 843056 %—4e7°—335e *+4e 3 —14,5e " 2+12,5 1

Z—c T(1—e ?)(1-c 1)
~ |7
~| |

1
Note that using (37) and (38), we obtain

ty

Wy = /@(T)BldT = (et — I, VA By

et=1 0 1 0
a 0  e2-1 0 -2

-1

and

1—e ! 0

-1
1
0 0,5(1 —e~2) 1
1 1 :
0 0,5(1—e2) 1 0,5(1—e2)

6. Concluding remarks

A new class of positive hybrid linear systems has been intro-
duced. Necessary and sufficient condition for the positivity of
the hybrid linear systems has been established. The classical
Cayley-Hamilton theorem has been extended for the hybrid
systems. The reachability of the hybrid systems has been de-
fined and sufficient conditions for the reachability have been
established. The considerations have been illustrated by nu-
merical examples.

Extension of the presented reachability conditions for suit-
able controllability and observability conditions is possible
but is not trivial [2,13].

An open problem is extension of the considerations for 2D
hybrid systems described by models with structure similar to
the Kurek model [2,15,16].

UQZWf_lwle [
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