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Abstract. The positivity of fractional descriptor linear continuous-time systems is investigated. The solution to the state equation of the systems
is derived. Necessary and sufficient conditions for the positivity of fractional descriptor linear continuous-time systems are established. The

considerations are illustrated by numerical examples.
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1. Introduction

A dynamical system is called positive if its state variables take
nonnegative values for all nonnegative inputs and nonnegative
initial conditions. The positive linear systems have been inves-
tigated in [1-3] and positive nonlinear systems in [4-8].

Examples of positive systems are industrial processes in-
volving chemical reactors, heat exchangers and distillation
columns, storage systems, compartmental systems, water and
atmospheric pollution models. A variety of models having pos-
itive linear behavior can be found in engineering, management
science, economics, social sciences, biology and medicine, etc.

Positive linear systems with different fractional orders have
been addressed in [9-11]. Descriptor (singular) linear systems
have been analyzed in [6, 12—-16] and the stability of a class of
nonlinear fractional-order systems in [4, 17, 18]. Fractional pos-
itive continuous-time linear systems and their reachability have
been addressed in [19]. Application of Drazin inverse to anal-
ysis of descriptor fractional discrete-time linear systems has
been presented in [20]. The robust stabilization of discrete-time
positive switched systems with uncertainties has been addressed
in [21]. Comparison of three methods of analysis of the de-
scriptor fractional systems has been presented in [22]. Stability
of linear fractional order systems with delays has been analyzed
in [23] and simple conditions for practical stability of positive
fractional systems have been proposed in [24]. The stability
of interval positive continuous-time linear systems has been
addressed in [25].

In this paper the positivity of fractional descriptor continu-
ous-time linear systems will be investigated.

The paper is organized as follows. In section 2 the basic
definitions of Drazin inverse of matrices are recalled and the
solution to the state equation of the systems is derived. The
necessary and sufficient conditions for the positivity of the frac-
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tional descriptor linear continuous-time systems are established
in section 3. Concluding remarks are given in section 4.

The following notations will be used: R — the set of real
numbers, R"*" — the set of nxm real matrices, R’*" — the set
of nxm real matrices with nonnegative entries and R” = R,
M, — the set of nxn Metzler matrices (real matrices with non-
negative off-diagonal entries), /, — the nxn identity matrix.

2. Fractional descriptor linear continuous-time
systems

Consider the fractional descriptor linear system

EZX =Ax+Bu, 0<a<l,

o

(1a)

= Cx, (1b)
where x = x(¢) € R", u = u(t) € R", y = y(t) € R’ are the
state, input and output vectors and E, A € R"™", B € R,
Cec R and

« IR : d
‘5 [, i@ = 20 g
dt Fla—1) 5 (t=1) dr
is the Caputo derivative of the order «,
T(x)=[e 1" ldt, (1d)
0
is the gamma function.
It is assumed that
det[Es — A] # 0 for some s € C ()
where C is the field of complex numbers.
In this case the equation (1a) has unique solution [16, 22].
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Definition 1. For any matrix £ € [EA — A]flE € R™" there
exists a unique Drazin inverse E” € ™" defined by the con-
ditions

EPE = EE®, (3a)
EPEEP = EP, (3b)
EPE+T! = E#, (3¢)
where p is the smallest nonnegative integer such that
rank E# = rank E# ! (3d)

and A is chosen so that the matrix [EA — A] is invertible. It is
well-known [12, 22] that for

P=EPE and A=EP[EA—A]"'A (4)

the following relations hold

P=P for k=2,3, ..., (5a)
PA=AP=A, (5b)
Px(t)=x(t), t>0. (5¢)

Premultiplying (1a) by the matrix E°[EA — A]f1 we obtain

ij —Ax—i—éu,

¢

(6a)
where
B=EP[EAr—A"'B. (6b)

Applying Laplace transform (L) to the equation (6a) and taking
into account that

.c[dax] — $%X(5) — s 'x(0), x(0) = Pc = im P,

dt” (7
¢ € R" — arbitrary
we obtain
[Ps* — A]X(s) = Ps®'x(0) + BU(s), ®)
where

X(s)= L[x(0)] = Tx(t)eﬂ’dt, U(s)=Llu@®)]. )
Note that '

[Ps* — A]X(s)

[1,s% — Al PX(s) = 10
I,s%—

[

since by (5b) and (5¢) A = AP and PX(s) = X(s).
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Taking into account (10) from (8) we obtain

X(s) = [1,5% — A] ' Ps*'x(0) +

o (11)
+ [1,5* = A] BU(s).
It is easy to show that [17]
A1 alA
[1,s“—A] = Ats Do, (12)

Substituting (12) into (11) we obtain
X(s) = Z Afg ket Dy (0) + z AfBs F ey (s) (13)
k=0 k=0
since Px(0) = x(0).

Applying to (13) the inverse Laplace transform (E’l) and
the convolution theorem we obtain

x(f) = @y (1) Pc + f ®(¢ — 7)Bu(r)dr,

(14a)
0
where

ONG)! OoAﬁ*l[fHaH)] o Al 14b

1) = S = S
0 Z;) ]Z:‘)F(ka—i—l) (146)

x o A"kt(k+l)a71
O()=S AL s k0] = . (14¢)

k:zo kgo C[(k+1)a]

since L[t = T(ar+1)s @Y,
Therefore, the following theorem has been proved.

Theorem 1. The solution x(z) of the equation (1a) is given by
(14).

Example 1. Consider the fractional descriptor system (1) with

0 0 0 1 0
E= , A= , B=
NS

b

(15)
1 for t>0,
x(t) = U x(0)eRE, 0<a<.
0 for t< O,
The system satisfies the assumption (2) since
0 -1
det[Es — A] = = 5. (16)
—-s S

Choosing 4 = —1 and using (15) we obtain

Bull. Pol. Ac.: Tech. 67(2) 2019
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_ Lo Jo =170 o] [-11
E=[EA—A"E= = :

1 -1 [-11] oo

_ o -11'fo 17 Jo -1
A=[EA—A]"'A= = .

0 -1

1 -1 0 0
In this case the Drazin inverse matrix E” of E given by (17)
has the form

(17

ED:E=|_1 1]. (18)
0 0
Using (4a), (6b), (17) and (18) we obtain
=[]
P=EFE"F= = (19a)
0 0 0 0
and
A:EDAzll 1”0 1]:[0 0],
0 0]10 -1 0 0
B=EP[EA—A]'B= (19b)
S PR KRN
Lo ol —1] [1] o]
Taking into account (19) from (14) we obtain
_oo Akghe o 1 0
(DO(t)_kZ:’)r(ka-H)_Iz_lO 1], (20a)
a—1
0 Aktka ta—l i—-(a) 0
®0=2 ety T R
[(a)
and
t A
x(t) = ©y(t)x + [ (¢ — 7)Bu(r)dr =
0
(t_T)a—l
:ll O]XO ] I'(a) . [—1]&:
['(a)
7(t_z_)a71
1 0 L —
:[o 1]“5 R
0
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3. Positivity of fractional descriptor
linear systems

The following lemma will be used in the further considerations.

Lemma 1. For the fractional linear system

d%z

e Mz, Me R"", 0 <a<1 (22)
the following implication holds true
Fz(0) € R? then Fz(t) € R’ @3

for F€ R and >0

if and only if there exists a Metzler matrix H € M), such that

FM = HF. (24)
Proof. Premultiplying (22) by the matrix F we obtain
d’z
F = FMz. 25
dt” )

The equation (25) has the solution Fz € R” for ¢ > 0 if and
only if (24) holds true. In this case the equation

d%z

dt”

F = HF?

(26)

has the solution Fz € R2, ¢+ > 0 if and only if H € M, O

First let us consider the autonomous fractional descriptor
system

d%z

= Ax
dt®

@7

obtained from (la) for Bu = 0.
Definition 2. The autonomous fractional descriptor system (27)
is called (internally) positive if v for # > 0 and any admissible

initial conditions x(0) € R’ (x(0) € RY).

Theorem 2. The fractional descriptor system (27) is positive if
and only if there exists a matrix G € R™" such that

H=A+G(I,- P)eM,, (28)
where A and P are defined by (4).

Proof. By Lemma 1 the system (27) is positive if and only if
there exists a Metzler matrix A € M, such that

A= HP. (29)
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The splutior} of equation (29) is given by (28) since by (5b) and
(5a) AP=A, P> = P and

HP = AP + G(I,— P)P = AP = A. (30)
This completes the proof. O

Note that the system (27) can be positive even when the
matrix A is not a Metzler matrix.

IfAe M,, then we have the following corollary.

Corollary 1. The fractional descriptor system (27) is positive if
A € M,. In this case we may choose in (28) G = 0.

Example 1. Consider the system (27) with

1 -1 -1 2
E = , A= , O<a<l. 31
0 0 0 -1
The assumption (2) is satisfied and for A = 0 we have
— 1 21 -1 I -1
E=[-A""E= = ;
0 1//0 0O 0 0
(32)
_ -1 0 — — 1 -1
A=[-A]"'A= , EP=E= .
0 -1 0 0
Using (4) and (32) we obtain
— = 1 -1
P=E"E= :
00
(33)

A S|

Note that the matrix A defined by (33) is a Metzler matrix.
Therefore, by Corollary 1 the system (27) with (31) is positive.

Example 2. Consider the system (27) with

11 12
E= , A= L 0<a<l1. (34
00 0 -1

The assumption (2) is satisfied and for A = 0 we have

_ . [1 2“-1 1] [—1 1]
E=[-A"E= = :
0 1j][0 0 0 0

A=[-A]"'A = , EP=E= .
0 -1 00

(35)
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Using (4) and (35) we obtain

B b T O .
P:EDE:[O Ol,A:EDA:lO 01. (36)

Note that the matrix A given by (36) is not a Metzler matrix.
Using (28) and (36) we choose the matrix

1)

H=A+G(l,-P)=

Lo o)+l o 1o

is a Metzler matrix.
In general case the positivity of the fractional descriptor
system (1) is defined as follows.

(37

so that the matrix

(3%

Definition 3. The fractional descriptor system (1) is called
(internally) positive if x(f) = R and y(r) € R%, t > 0 for
any admissible initial conditions x(0) € R/ (x(0) € im P) and
u(t) e R7, t>0.

Theorem 3. The fractional descriptor system (1) is positive if
and only if there exists a matrix G € R™" such that (28) holds
true and

BeR™™M CeRP (39)

Proof. The proof of (28) is the same as of Theorem 2. Note that

t
[o(t—7)Bu(t)dr € R}, t>0
0

(40)

if and only if B€ R"" since u(t) € R", t > 0 is arbitrary.
Similarly, y(¢) € R?, t > 0 if and only if C &€ RZ*" since
x(t)= R/, t > 0 can be arbitrary. O

4. Concluding remarks

The positivity of fractional descriptor linear discrete-time has
been investigated. The solution to the state equation of the
fractional descriptor linear continuous-time systems has been
derived (Theorems 1). Necessary and sufficient conditions for
the positivity of the fractional descriptor linear continuous-time
systems has been established (Theorems 2 and 3). The consid-
erations have been illustrated by numerical examples.
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