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Abstract: One of important methods used for diagnostics of a transformer’s active part is 
Frequency Response Analysis (FRA). It allows to determine the mechanical condition of 
windings, their displacements, deformations and electric faults, as well as some problems 
with internal leads and connections, core and bushings. Still pending problem is interpre-
tation of measurements results. One of approaches is application of computer modeling 
to simulate various failure modes and connected with them changes in FRA response. 
The paper presents two types of models, one based on lumped parameters with RLC ele-
ments, and one based on distributed parameters with TLM method. Both methods give 
similar results, comparable to real measurements of simulated coil. 
Key words: diagnostics, transformer, winding, frequency response analysis – FRA, 
lumped parameters method, transmission line method 

 
 
 
 

1. Introduction 
 
 The computer modeling is a very helpful tool in many fields of science and engineering. 
It allows to create many variants of simulated phenomena or test setup and therefore save time 
and costs related to creation of physical models. However, their application needs involving 
many details of real processes and dependencies. One of fields, where computer modeling is 
developing very fast and has found a real need of application, is modeling of frequency re-
sponse (FR) of transformer windings. Despite the fact that the first study on frequency 
response analysis can be found in 1978 [5], measurements of FR on power transformers have 
been introduced into industrial practice approx. ten years ago as Frequency Response Analysis 
method (FRA). This method is used for detection of mechanical faults in windings and core of 
a transformer. At the current stage of its development the measuring technique has been 
standardized [1], however there are still many problems considering interpretation of test 
results. FRA is a strictly comparative method, which means that FR measured along frequency 
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(usually in the range from 20 Hz to 2 MHz) has to be compared either to previous results, or 
similar units, or another phases of given transformer. The best is the first option, nevertheless 
for old units there are no fingerprint data available. Two remaining options may lead to dif-
ferent measurement mistakes and the recorded data is influenced by transformers’ construc-
tional details [9].  
 Because of limitations mentioned above there is a wide field for introducing computer 
models. By simulating real object and faults of different types it is possible to improve further 
analysis of industrial test results, because the simulation may give information on how FR 
depends on faults inside the active part of transformer. However, preparation of a computer 
model giving the same response as a real transformer is very difficult, as it is imperfect due to 
used simplifications and limitations of numerical calculations [3]. 
 There were many different approaches used in modeling of FR. At the beginning the 
electric network models were used [4]. The efficiency of these models depended on the num-
ber of elements used in the model: capacitances, inductances, resistances and magnetic 
couplings. To prepare model giving FR similar to even simple single winding it was necessary 
to use very complex network consisting of many RLC elements. It needed a lot of calculations 
and the effect still was not satisfactory. Another approach was to introduce finite elements 
(FEM) calculations, which allowed to find values of electric parameters in faster and more 
detailed way. Early FEM models [2] were constructed for entire discs, and not for individual 
wires of the winding. Today, it seems as most effective approach to prepare algorithms 
allowing to calculate frequency response directly from electrical values obtained on the base 
of 3D finite elements calculations. The final result is then obtained directly and it makes 
possible modeling of quite complex objects, however, this approach requires very strong 
computers, particularly for 3D computation [5, 7]. For these reasons authors focused on a mixed 
method. It consists of the analysis of the electromagnetic field of the windings with circular-
cylindrical symmetry and therefore using 2D coordinate system, evaluation of RLC para-
meters of the single wires in a wide frequency range, and then applying these parameters in 
the network model. Two network models are developed, the first one basing on simple RLC 
modeling, the other one incorporates transmission line method (TLM) for modeling of single 
wires. 
 
 
 

2. RLC model 
 
 The simplest approach to RLC modeling is based on creating network of lumped para-
meters. These parameters are calculated from simplified equations and are limited to relation-
ships between closest elements [4]. The solution can be carried out with standard software for 
circuit simulations, eg. SPICE or Micro-Cap. The example of such model is given on Figure 1. 
 Preparation of such model was very cumbersome, and did not give satisfactory results. The 
model proposed by authors takes into consideration relationships between all turns in the 
winding. It is based on the schematic branch shown on Figure 2. 
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Fig. 2. Model of the single wire with 
interconnections to other wires 

 

 
Fig. 3. Serial connection of two wires 

 
 Wires serial connection is shown in Figure 3. On this stage the algorithm does not allow 
parallel connections inside the winding. The proposed network model takes into account 
mutual inductances, as well as mutual capacitances between all wires, no matter how far apart. 
 For the model the following equations system is given: 
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 The size of this equations system is 2Hnumber_of_turns and its matrix is dense populated.  
 All RLC parameters are obtained from 2D analysis of electromagnetic field. Such ap-
proach allows more detailed calculations of field penetration into conducting wires by high 
frequency, than 3D modeling, because the number of finite elements may be much higher. 
Application of finite element method for the computation of lumped parameters seems still to 
be competitive versus analytical methods proposed in [6], which do not consider skin effect 
and proximity effect in the wires. 
 Both effects reduce the wires inductance about 10% at high frequency. Of course, appli-
cation of 2D model results in some limitations coming from assumption that the winding is 
circular-symmetrical. 
 Calculation are done by commercial FEM package – ANSYS Maxwell. This program cal-
culates impedance matrices used in RLC models. Self- and mutual capacitances determination 
is based on solving given electrostatic field equation: 
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  ( )( ) ,,Φ0 ρεε −=∇⋅∇ zrr  (2) 

where: Φ is a scalar potential of electric field inducted with charge having its density ρ, ε0 and 
εr vacuum permittivity and relative environment permittivity.  
 To obtain self- and mutual inductances there was solved 2D electromagnetic field equa-
tion: 

  ( ) ,1
sj JAA =+×∇×∇ γω

μ
 (3) 

where: A is a magnetic vector potential, ω – supply current pulsation, μ and γ magnetic per-
meability of environment and its conductivity. Js is current density in windings. The induction 
values are obtained from magnetic field energy WAV calculated from two models i and j with 
supply current having peak value IPeak in given turns: 
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B and H are vectors of induction and field intensity of magnetic field, having two spatial 
components in analyzed case. Self- and mutual capacitances have been obtained by energizing 
proper turns with voltage and calculating electric field energy Wij: 
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D and E are vectors of electric induction and electric field intensity, having two components 
in analyzed case. Turns resistance values were received from active power losses P in them 
due to current flow having density J: 
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where: IPeak is supply current peak value and γ – turn conductivity.  
 A very similar treatment of this problem may be found in [11]. The analyzed area was 
discretized with about 64k triangular elements. For better approximation at the boundary, the 
balooning method is applied.  
 To illustrate skin- and proximity effects in the turns, the current density for one disc of the 
winding in Figure 4 is plotted. 
 
 

3. Transmission line method – TLM 
 
 Distributed parameter networks were studied many years ago. Transmission line models 
are included in the most popular simulators, as SPICE. The history of transmission line 
models and model of AC motor may be found in [10].  
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Fig. 4. Current density in one disc of the winding, frequency 1 kHz 

 
 
 Our work bases on the concept presented in [8]. Since the frequency of excitation current 
when using FRA reaches over 1 MHz and the length of primary winding of HV transformer is 
several hundred meters, it is comparable to wave length 300 m at the frequency of 1 MHz. 
From this reason good results may be obtained taking into consideration the wave effects. 
 

 
 

Fig. 5. Transmission line model of a simple winding 

Uin 
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Fig. 6. Serial connection of wires modeled as transmission lines 

 
 
 

 Each turn from Figure 5 can be replaced by the element of transmission line. The turns are 
placed at one plane, what makes possible to use two dimensional models in finite element 
analysis. Currents and voltages are marked as in the following formulas: 
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Z and Y are matrixes of self and mutual impedances and admittances per unit of winding 
length x. Resistance matrix contains only self-resistances of turns. Equation (7) represent 
coupled differential equations, which are difficult to solve in presented form. Therefore 
matrixes Z and Y are decomposed to their diagonal form: 
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 In the paper [8] it is proposed to obtain Qi from decomposition of ZY matrixes product, 
while Qu is determined as Qu = Z  ·Qi. In consequence there is always unitary matrix Zd, 
because Zd = Qu

!1 · Z · Qi = [1]. Authors of this paper suggest to determine both matrixes, Qi 
and Qu, by eigendecomposition of: 
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 Matrices Z and Y are symmetric. For their product it means Z · Y = (Y · Z)T. If the 
decomposition of Y · Z is known, the decomposition of Z · Y may be easily obtained from 

  
( ) ( ) ( )

( ) ( ).andi.e. T
i

1
i

T1
iu

1
uDDu

T
iDD

T1
i

T1
iDDi

T

QQQQ

QYZQQYZQQZYQZYYZ

==

⋅⋅⋅=⋅⋅⋅=⋅⋅⋅=⋅=⋅

−−

−−−

 (10) 

In such case, for model without couplings between turns, its matrixes Zd and Yd are diagonal 
and do not change. Such decomposition allows to decouple telegraph equations. 
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 From Equations (11) it can be seen that UQU 1−= um , and .1IQI −= im  The solution of these 
equations is carried out in known way leading to a chain matrix of single element k of a trans-
mission line: 
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where: 
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Z
ZYZ =⋅=β  l – length of a turn. 

 Values of propagation coefficient β and wave impedance Zc of each turn k are determined 
on the base of diagonal elements k,k of decomposed matrixes Zd and Yd. Single turns can be 
now joined together, to create winding: 
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where Am,xx are diagonal matrixes containing necessary elements taken from the matrix of 
single elements (12). Um(0) and Im(0) are values at the beginning of turns. When replacing 
decomposed voltages and currents by their original values, it is obtained: 
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and following system of equations for the whole winding: 
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which can be simplified to: 
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 According to indicators introduced on Figure 6, vectors of voltages and currents contain 
components presented in Equation (17). To calculate transfer function of the winding, it is not 
necessary to know voltage Uinter and current Iinter vectors inside the winding, as well as current 
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Iout. All is needed are values of voltages Uin and Uout. 
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It was assumed that supply voltage is Uin = 1V. To determine voltages, system of equations is 
converted to form presented on Figure 7b: 
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and finally to (19), which gives necessary value of Uout: 
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 Figure 7a presents matrixes and vectors from Equation (17), while Figure 7b shows cor-
responding structure used in Equations (18) and (19). 
 
 

 

Fig. 7. Structure of the matrices in Equations system (17) and (18), (19) 
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4. Comparison of simulation results to measurement 
 
 In order to evaluate proposed models a practical measurement experiment has been per-
formed. A part of a real transformer winding was used for FR measurements, at the beginning 
in ‘healthy’ condition (baseline measurement), then after introducing forced deformations. 
Because of the axial symmetry of the model, only axial deformations were considered. They 
were based on changing the gap between discs. There were performed several versions of 
deformation measurements and corresponding models, one of them is discussed below. All of 
them gave similar conformity of measurement and simulation results. Fig. 8 shows the view of 
winding used in the experiment. All measurements were taken with commercial device 
FRAnalyzer from Omicron. 

 

Fig. 8. The winding under investigation 
with introduced axial shift 

 The first step was to compare FR of the winding coming from the measurement and the 
model in a ‘healthy’ state. It can be seen on Figures 8 and 9 – respectively a module and 
a phase shift of transfer function. Both models – RLC and TLM – show good conformity in 
the whole frequency range. Slight differences are in the shift along the frequency starting on 
the main resonance at 4 · 105 to 5 · 106, and in the damping in the same range. Possible source 
of this inaccuracy is in imperfection of test object, because the discs of the winding might 
have been placed asymmetrically and there is also influence of surrounding environment on 
e.g. capacitances. Nevertheless all resonances are represented in model’s FR. 

 

Fig. 9. Comparison of results before deformation 
of winding (module of transfer function) 
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Fig. 10. Comparison of results before deformation 
of winding (phase shift of transfer function) 

 
 

 

Fig. 11. Introduced axial displacements of the winding: a) base, b) Def 1, c) Def 2 
 
 In the next step two deformations were introduced according to Figure 11. The impact of 
a deformation on the measurement is presented on Figure 12.  
 

Fig. 12. Sensitivity to axial shift – measurement
(module of transfer function) 

 
 
 The main resonance is shifted to lower frequency, the shape of small resonances on 
capacitive slope approx. 1 MHz is also affected, as well as the whole region above 500 MHz. 
Similar effect is observed in the case of both models, presented on Figure 13 – RLC and 
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Figure 14 – TLM. The kind and direction of shape changes are the same if compared to 
measurement, only the scale differs. This might be the result of factors mentioned above – 
asymmetry of the real object and the influence of test environment. 
 

Fig. 13. Sensitivity to axial shift – RLC model 
(module of transfer function) 

 
 From comparison of measurement results to RLC and TLM simulations it can be conclu-
ded that both methods give good conformity to real phenomena. In industrial power transfor-
mers important range of FR is placed in lower frequencies – deformations usually influence 
a frequency range from 10 kHz to 500 kHz, which makes the problem easier for further 
modeling. Presented models worked properly even to 10 MHz. 
 

Fig. 14. Sensitivity to axial shift – TLM model 
(module of transfer function) 

 
 

5. Conclusions 
 
 Results shown in the paper were obtained for the winding removed from the core. Because 
the presence of the core by high supplying frequency has no influence on windings’ para-
meters, we expect similar results when taking into account magnetic parts. Our model was 
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limited to 60 wires, which is only the part of a real winding. It has been caused by the cal-
culating capabilities of the Maxwell package concerning evaluation of impedance matrix. 
 Both presented methods, RLC and TLM modeling, deliver comparable results. Observing 
the phase shift of transfer function slightly better exactness of TLM method in high frequency 
range can be remarked. 
 The described methods can be applied to the analysis of transformers with a large number 
of turns. In this case we expect difficulties in determining capacitances and inductances of the 
wires using commercial packages. In many cases, the circular-cylindrical symmetry allowing 
for 2D analysis can be used. However, since the aim of future work is to analyze the defor-
mation of the windings, it will need the full 3D field analysis. 
 Practical application of these models would allow preparation of tools simulating various 
failures in transformer’s active part and their influence on FRA curve. By obtaining models 
giving response very close to the real measurement it would be possible to perform such 
simulations for many constructions of transformers, in various connection set-ups and there-
fore prepare a lot of data for automated assessment tools, e.g. neural networks. 
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