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Abstract

If the most parsimonious behavioral model between an observed behavior, Y,
and some factors, X, can be defined as f(Y|X1, X2), then fr, will measure the
impact in behavior of a change in factor X;. Additionally, if fz,z, # 0, then the
impact in behavior of a change in factor X is qualified, or moderated by Xs,. If
this is the case, X is said to be a moderating variable and f5, 2, is said to be the
moderating effect. When Y is modeled via a logistic regression, the moderation
effect will exist regardless of whether the index function of the logit specification
includes a moderation term or not. Thus, including a moderation terms in the
index function will help the researcher more precisely qualify the moderation
effect between X7 and X>. The question that naturally arises is whether the
researcher must include the moderation term or not. In this document, we
provide the conditions in which moderation terms will naturally arise in a logistic
regression and introduce some modeling guidelines. We do so by introducing a
general framework that nests models with no moderation terms in three scenarios
for the independent variables, commonly found in applied research.
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1 Introduction

In economics, as well as in other social and behavioral sciences, it is often necessary
to model the behavior of economic agents reacting to different stimuli. The
empirical applications of such studies have a wide range and cross many domains,
including modeling labor force participation decisions (Faridi, Malik, and Basit,
2009; Theeuwes, 1981; Molina, Saei, Lombardia, 2007; Hyslop, 1999; Mroz, 1987),
predicting opinions on legislation (Theilmann and Wilhite, 1987; Segal, Westerland,
and Lindquist, 2010), understanding occupational choices of individuals (Boskin,
1974; Hansen, Wahlberg, and Faisal, 2010), qualifying the effectiveness of methods
of teaching (Spector and Mazzeo, 1980), and explaining migration and relocation
decisions (Nakosteen and Zimmer, 1980; Tunali, 1986). In the most general framework
of predicting or modeling observed economic behavior, the objective is to account
for the expected behavior of an observed response, Y, by relating the probability
of observing that behavior to a set of explanatory variables, X, through some link
function, usually the logit or the probit. It is then of interest to the researcher to
understand the factors that determine the choice. In a two-variable case situation,
where the most parsimonious behavioral model between an observed behavior, Y, and
some sociodemographic characteristics or factors, X, can be defined as f(Y|X1, X2),
then f,, will measure the impact in behavior of a change in factor X, while f,, will
do the same for the factor Xsy. Additionally, if f;,,, # 0, then the impact in behavior
of a change in factor X; is qualified, or moderated by Xs5. If this is the case, X5 is
said to be a moderating variable and f;,,, is said to be the moderating effect. It is
this moderating factor that is of particular interest to researchers in order to qualify
the marginal effect of a variable interest when controlling for additional information
on the individual.

In logistic regression, the moderation effect will exist regardless of whether the index
function of the logit specification includes a moderation term or not. The inclusion of
the moderation term allows the researcher to more accurately and reliably assess the
marginal effect of X; on Y as well as to more precisely qualify the moderation effect
between X; and Xs5. The question that naturally arises is whether the researcher
must include the moderation term or not in the logit regression model. In this
document, we provide the conditions in which moderation terms will naturally arise in
a logistic regression and introduce some modeling guidelines. We do so by presenting
a general framework that nests models with no moderation terms in three scenarios
for independent variables, commonly found in applied research: continuous and
continuous explanatory variables; continuous and dichotomous explanatory variables;
and dichotomous and dichotomous explanatory variables variables. We show that in
logistic regression, moderation terms appear to be the rule, rather than the exception,
as long as the explanatory variables are non-independent. For this reason, we suggest
researchers using logistic regression to follow a general-to-specific approach and
exclude the moderation term only if warranted by likelihood ratio testing. The rest of
this document is organized as follows: section [2| presents the modeling framework for
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logistic models, section [3] derives three models where the moderation terms naturally
arise from the probabilistic structure of the data, section [4] provides the results of
simulation analysis to test the existence of moderation terms. Section [5| summarizes
this document and provides some modeling guidance.

2 Binary choice and the logit model

Consider a stochastic vector {Y;, X;, i = 1,..., N} whose joint density (probability)
function takes the form f(Yi,...,Yn,X1,...,XnN;9). For the moment, let
{Y;, i=1,...,N} be a random variable distributed Bernoulli, with E(Y;) = p
and Var(Y;) = p(1 —p); and let {X; = (X14,...,XK,), t=1,...,N} be a vector
of K random variables of unspecified distribution but with a proper joint density
function f(X;,12). By construction, (Y;, X;) has identical distribution. Imposing
independence to this joint distribution allows us to represent the density of (V;, X;)
as

N
fFOX0) =] (Vi Xise) (1)
i=1
Applying Bayes’ theorem to yields f(Y;|X;)f(X:) = f(X;|Y3)f(Y:). Using this
result, and the fact that Y; can only take two values, it is possible to establish the
following ratio (see Arnold, Castillo, and Sarabia, 1999 and Bergtold et al., 2010):

fXYi=1Lm) fYi=1ip) _ f(Yi=1Xs¢) [ (Xiseha) @)
F(XalYi=0m) f(Yi=0;p)  f(Yi=0[Xi;91) f(Xi592)

Notice that the appropriateness of is conditional upon the existence and
compatibility of the conditional density functions f(Y;|X;) and f(X;|Y;) but not
on the existence and compatibility of f(X;,12). Since f(Y;|X;;11) is Bernoulli
distributed (see Chen and Liu, 1997; Spanos, 1999) with density function
FYG|Xi1) = g(Xi1)Ye[1 — g(Xi;41)] Y, substituting this into equation
yields,

fXalYi=Tim)m _ 9(Xis¢n)
f(XilYi=0m)mo 1 —g(Xis¢1)’
where 7; = p/(1 — p)'~7 for j = 0,1. Thus (see Kay and Little, 1987),

1 f(Xq|Y; = 1;m) __exp{h(Xi;m)}
Tof(XilY; = 0;m) + m f(Xa|Yi =1;m)  1+exp{h(Xi;;m)}

(3)

9(Xi31h1) = (4)

where h(X;;m) =1n % +k, and Kk = Inm; —Inmy. Thus, a proper statistical
model in which the dependent variable is binary and the conditional relationship
is Bernoulli naturally establishes the logistic cumulative density function as the

transformation function and requires the use of logit specifications to model the

59 A.A. Romero
CEJEME 6: 57-68 (2014)



www.czasopisma.pan.pl P N www.journals.pan.pl
TN

Alfredo A. Romero

statistical dependency of Y; on X;. As mentioned above, this does not rule out
the possibility of using other transformation functions and obtaining similar results.
It is clear from (4) that the functional form of the index function h(-) depends entirely
on the conditional distribution of X; given the two outcomes of Y;. This probabilistic
dependence is the basis for the derivation of logistic regressions with moderation
terms.

At this point, an illustration of the use of probabilistic dependencies and the derivation
of logistic specifications is in order. Consider the following case, let a stochastic
vector {Y;, X;,i=1,...,N} be such that not only Y is a binary choice random
variable but also X is limited to taking only two values, High and Low (This
is the case of the Tetrachoric Correlation. For a more detailed illustration see
Romero (2011)). In this case, X is also Bernoulli distributed with density function
F(XY: =45,m) = pf"’(l — pj)}~Xi, where 7, is an appropriate set of parameters.
Substituting into yields,

exp fo + 1z

EY;|X;=x;) = , 5
i i) 1+ exp fo + Br11 ®)

where 8y = k + In }:Zé, B1=1In 2—[1) —1In }:Z;, and kK = Inm; — Inmy. Notice then that
the index function contains a linear combination of X that is completely derived from

the statistical properties of f(Y;), f(Yi|X:), and f(X;|Y;).

3 Where do moderation terms come from?

In the least squares tradition, when Y is a continuous random variable that
can be modeled using regression analysis, the existence of a moderating effect
requires the introduction of moderation terms (also known as interaction terms to
econometricians) in the regression equation (Hayes and Matthes, 2009). In this
case, for f; ., to be not zero, the regression equation must include the factor or
focal variable (z1) and the moderating variable (x3) entering as linear terms into
the equation, as well as the cross product of the variables as the moderation factor
(x122). Thus, in least squares modeling, the moderation term and the moderation
effect are the same. However, when Y is a dichotomous random variable that can be
modeled via a logistic regression, there exists a separation between the moderation
term and the moderation effect, since the latter will exist regardless of whether the
index function of the logit specification includes an moderation term or not (Mood,
2010). That is, in logistic regression, if Y and X, are not independently distributed,
fz1zs # 0 even if X and Xy are uncorrelated. In other words, while the inclusion of
moderation terms is not a necessary condition for the existence of moderation effects,
the addition of the moderation terms in the index function allows the researcher to
more precisely and reliably qualify the moderation effect between X; and X5. Not
only that, failure to do so will result in statistically misspecified models and produce
biased, and perhaps, inconsistent estimators of the marginal effect of X; and X5 on
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Y and the moderation effect between X; and X5 because of the problem of statistical
omitted variable bias (Mood, 2010).

It is not surprising that moderation terms are used widely in applied econometrics
for their importance in qualifying the marginal effect of variables of interest in
the observed response. Unfortunately, most applied researchers misinterpret the
coefficient of the moderation term in nonlinear models. Nevertheless, in this document
we will not provide a framework for computing interaction effects nor will we illustrate
their appropriate interpretation. Excellent research papers on those subjects have
been put forth by Ai and Norton (2003); Norton, Wang, and Ai (2004); and Hayes and
Matthes (2009). In the logistic regression literature, it is commonplace to establish
and assess the existence and magnitude of moderation terms by simply adding a
multiplicative factor of two explanatory variables and test its statistical significance
via a likelihood ratio test or a similarly appropriate metric. Nevertheless, based on
the discussion in section 2, whether a specification of the index function contains or
not an moderation term will depend completely on the statistical properties of the
joint distribution of {Y;, X;,i =1,..., N} and the related marginal and conditional
densities. In what follows, we present three general models of moderation terms that
nest index functions without moderation terms. Table [I] presents the three cases
studied.

Table 1: Modeling Framework

Model X1 X1
(1) Continuous - Discrete |Bernoulli Distributed | Exponential Distributed
(2) Discrete - Discrete Bernoulli Distributed | Bernoulli Distributed
(3) Continuous - Continuous | Normally Distributed | Normally Distributed

The first model considers non-independent explanatory variables where one variable
is continuous, takes non-negative values, and is positively skewed (say education,
age, household income, home prices, etc.); whereas the other variable is dichotomous
(say gender, employment status, etc.). The second model considers both explanatory
variables to be dichotomous. The third model considers a situation where one variable
is continuous and normally distributed (say real prices, capital-labor ratios, well-
behaved test scores, etc.).

3.1 Model 1: Exponential-Bernoulli

Model Let X7 given Y = j be Bernoulli distributed; X5 given Y = j be exponentially
distributed, and assume X; and X, are not independent (this assumption will be
relaxed below). Although there is no explicit functional form for the joint distribution
of f(X1,4, Xo;|Y; = j;m), it is still possible to parameterize this distribution through
sequential conditioning since:

F(X1,, X0V =g4im) = fF(Xoul X1, =LY = 550 f(X1,:0Y: = g;nf)
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; thus, assuming X, given X; = [ and Y = j be exponentially distributed, the joint
distribution of (X, X5) given Y = j is (see Bergtold et al., 2010),

Ty, -z 4
) X T i 1,4 1 _ X T i 1,4
f( X1, Xo4|Ys = jim) = {pj exp [— 2 }} {( ;) exp {— 2 }} (6)
0]‘1 Gﬂ ojo Hj

Substituting this into yields (the derivation of this and the subsequent
specifications is available upon request),

exp {fo + Bix1; + Poxa + F3T1,i%2}

E(Yi|X; = 2;) = ,
Vil Xi 2 1+expBo + f121,s + Bowo, + Bax1,iT2,i

(7)

Clearly, the probabilistic structure of the data requires the addition of moderation
terms to the logit-link function. In this situation, failure to add them to the
specification will lead to omitted variable bias as long as the explanatory variables
are not independently distributed. If they indeed are independently distributed, that
is, if 8;1 = 00, the resulting specification becomes logit(8y + S121,; + B2x2,), where
the moderation term is no longer needed, and is logit(-) represents the logit function.

3.2 Model 2: Bernoulli-Bernoulli Model

Let X7 and X5 given Y = j be bivariate Bernoulli distributed. Furthermore, assume
that X; and X, are not independently distributed (we will relax this assumption
below). Using the sequential conditioning procedure illustrated in Model 1, we have

f(Xl,iaXZ,i|Yi = j3771) = f(Xz,i|X1,z‘ =1Y;, = j;nll)f(Xl,iD/i = j§77/1/), (8)

where X; given Y = j is Bernoulli(p;) and X, given X; = [ and ¥ = j is
Bernoulli(pj1). In this case, the explicit functional form of this joint density becomes,

1—"51,7;

F(X10 XY =Gim) = {pi7"(1—pjr)t =2} {Pjg (1- PjO)lizg’i}
1—x1 4
P 1—pj)

)

9)

z1z(

where j = 0,1. Substituting @ into yields the following logit specification,

exp {fo + Bix1; + Poxa; + F3T1,i%2}

EY;|X;, =x;) = )
(¥ilX: 2 1+ exp{fo+ Bix1,; + Poxa; + f321,:%2,:}

(10)

where, once again, the probabilistic structure of the data requires the addition of
moderation terms to the logit-link function. Allowing X; and X3 to be independently
distributed implies p;; = p;o for j = 0, 1. If this is the case, the above derivation yields
logit(Bo + B1x1,; + P2x2,:), where once again, the moderation term is no longer needed.
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3.3 Model 3: Normal-Normal model

Fortunately, explicit functional forms for the multivariate normal distribution exist.
This allows us to model the joint conditional distribution of X; and X, given Y = j
directly. Let (X1, X2) be jointly normally distributed with means fi,,, and p,;
dependent upon Y. Let the variance-covariance matrix also be heterogeneous with
respect to Y. Assuming non-zero correlation between X; and X5 (and assumption
that will be relaxed below), and substituting the heterogeneous bivariate normal
density into yields the following conditional mean equation for the logit model:

_exp{fo+ iz + oo + Bax i + axi ; + Psad )}
1+ exp {fo + Bra1i + Pawai + Paw1 o + Paai; + Bsa3,; )

E(Y;|X; = x) (11)
From this general specification, specific functional forms, commonly found in the
literature, can be derived. For instance, a standard model with no squared terms

in the X’s but cross products can be obtained if py = \/02 (p? —1)+02  and

T11 10

Oy = 0220. In this case, the logit-link reduces to logit( 8o+ 6121,;+B2%2,:+05%1,i%2,:),
which is the standard moderation term specification.

Given the above three models, one might be inclined to think that moderation terms
should always be added in logistic models since their existence is warranted by
dependence between the explanatory variables, and non-independence between the
regressors is likely; especially if the data is not generated through an experimental
framework. This is, however, not necessarily so for it is possible to have a logit-link
specification that is linear with no moderation terms and yet have non-independent
regressors. To show this, and using again model 3, if the variance-covariance matrix is

2 2

not heterogeneous with respect to Y, but X; and X; are correlated (i.e., o3, =03, ,
2

Oy = 0320, and p; = pg # 0), then the logit-link function reduces to

logit(Bo + S1x1,i + Bax2,:), with neither squared terms nor moderation terms.

4 Simulation analysis

We conducted Monte Carlo simulation analysis to illustrate how the specific
probabilistic dependence between the variables in the model determines whether the
logit-link function will include an moderation term or not. For Models 1 and 2,
we conducted two simulation scenarios: one where the resulting model includes an
moderation term and one where it does not. Alongside the usual descriptive statistics
related to the simulations, we also provide the result of testing the existence of the
moderation term by calculating the percentage of times we will reject a model without
and moderation term, when indeed the model requires one, via a likelihood ratio test.
It is our modeling recommendation that, since the existence of an moderation term
seems to be the rule, rather than the exception, especially when the covariates are non-
independent, that the researcher follows a general to specific approach when modeling
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them and then drop the aforementioned term if the likelihood ratio test warrants
it. For Model 3, we exploit the flexibility of the normal specification and provide
three different simulation scenarios: a model with moderation terms and squares of
the explanatory variables; a model with moderation terms and linear terms of the
explanatory variables; and a model where the explanatory variables enter linearly in
the logit-link function and neither cross-products nor quadratic terms exist, although
the covariates are not independently distributed. All the simulations where conducted
using Matlab software with a sample size of T' = 200 and R = 10,000 replicas.
Additional sample sizes (T' = 100,500,1000) were also estimated to verify convergence
of the distribution of the estimated to normality, and are available upon request.

4.1 Model 1: Exponential-Bernoulli model

Moderation Terms: The stochastic process {(Y;, X;),i=1,..., N} was generated
letting m = .75; p1 = .5; pg = .6; po1 = .6; poo = .5; p11 = .4; and p1g = .75. The
simulation results are summarized in Table 2. The table includes the true parameters
warranted by these probabilistic structure as well as the sample statistics of the
estimated parameters and the percentage of times we will reject a model without
and moderation term, when indeed the model requires one.

No Moderation Terms: The stochastic process {(Y;, X;),i =1,..., N} was generated
letting m = .7; p1 = .5; po = .6; po1 = .6; poo = .6; p11 = 4; and p1p = 4.
The simulation results are also summarized in Table 2. Notice that this specification
imposes independence between the regressors and thus requires no moderation term,
as shown by the true parameters of this model. In this situation, we would expected
the percentage of rejections to be higher than in a model that does require the
moderation terms, as it is indeed the case.

Table 2: Summary Results of Monte Carlo Simulation for Model 1

Sample Statistics
Parameter True Parameters Mean St. Dev. Min. Max. Percentage of Rejections
Model With Moderation Terms

Bo 0.9163 0.9029 0.3774 -0.5301 2.6624
B1 0.4055 0.4517 0.5068 -1.8926 2.4806 0.3151
B2 0.6667 0.7858 0.5806 -1.0176 5.9852
B3 -1.5 -1.6505 0.7719 -7.0428 1.4742
Model Without Moderation Terms
Bo 1.7272 1.762 0.4006 0.3814 3.884
51 -0.4055 -0.4094 0.5261 -2.6322 1.8707 0.9413
B2 -0.8333 -0.8418 0.616 -3.8591 3.4295
B3 0 -0.025 0.8022 -4.0798 3.022
A.A. Romero 64
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4.2 Model 2: Bernoulli-Bernoulli Model

Moderation Terms: The stochastic process {(Y;, X;),i=1,..., N} was generated
letting my = .7; p1 = .7; po = 4; po1 = .6; poo = .5; p11 = .4; and p1p = .75. The
simulation results are summarized in Table 3. The table includes the true parameters
warranted by these probabilistic structure as well as the sample statistics of the
estimated parameters and the percentage of times we will reject a model without
and moderation term, when indeed the model requires one.

No Moderation Terms: The stochastic process {(Y;, X;),i=1,...,N} was
generated letting my = .7; p1 = .7; po = 4; po1 = .6; poo = .6; p11 = 4; and
p1o = .4. The simulation results are also summarized in Table 3. Once again, notice
that this second set of parameters imposes independence between the regressors and
thus requires no moderation term. This can be seen on column 2 of the second panel
of Table 3. Again, just as expected, the percentage of rejections for this reduced
model is higher.

Table 3: Summary Results of Monte Carlo Simulation for Model 2

Sample Statistics
Parameter True Parameters Mean St. Dev. Min. Max. Percentage of Rejections
Model With Moderation Terms

Bo -0.539 -0.5627 0.4159 -2.4849 1.0296
B1 2.3514 2.4207 0.5574 0.5013 5.5835 0.182
B2 1.0986 1.1326 0.5155 -0.8023 3.541
B3 -1.9095 -1.9671 0.7118 -5.0251 0.9247
Model Without Moderation Terms
Bo 0.5596 0.5827 0.3539 -0.9555 2.8622
51 1.2528 1.2807 0.5201 -1.1024 4.0775 0.9486
B2 -0.8109 -0.8473 0.4876 -2.9469 0.9555
B3 0 0.0117 0.6911 -3.2021 2.8556

4.3 Model 3: Normal-Normal Model

Moderation and Squared Terms: The stochastic process {(Y;, X;),i =1,..., N} was
generated letting m; = .75. For Y = 1: py, = 4; pg, = 25 04, = 1; 04, = 3; and
p=—05 ForY =0: pg, =35 oy = 0z, = 2; 05, = 4; and p = —.75. The
simulation results are summarized in Table 4. The table includes the true parameters
warranted by these probabilistic structure as well as the sample statistics of the
estimated parameters and the percentage of times we will reject a model without
cross-products and squared terms, when indeed the model requires them.
Moderation Terms: The stochastic process {(V;, X;),i =1,..., N} was generated
letting my = .75. For Y = 1: pg, = 45 pg, = 25 04, = V2 0z, = 2; and p = 0.8.
For Y = 0: pig, = 3; flay, = 1; 04, = 1; 04, = v/2; and p = 0.5292. The simulation
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results are also summarized in the middle panel of Table 4. Notice that this model
does not require the quadratic terms of the general specification. The reason is not
related to any independence between the variables but rather to a judicious selection
of the probabilistic structure of the data.

No Moderation Terms: The stochastic process {(Y;, X;),i=1,...,N} was
generated letting m; = .75. For Y = 1 py, =45 pigy = 25 04, = 1; 04, = 2; and
p=006. ForY =0: py, =3 fg, = 1; 05, =1; 04, = 2; and p = 0.6. The simulation
results are summarized in the lower panel of Table 4. Notice that homogeneity
of the variance-covariance matrix is a necessary condition for the quadratic and
moderation terms to disappear from the specification. Nevertheless, independence
of the regressors is not a sufficient condition, as it was for the previous two models.

Table 4: Summary Results of Monte Carlo Simulation for Model 3

Sample Statistics

Parameter True Parameters Mean St. Dev. Min. Max. Percentage of Rejections
Model With Moderation and Squared Terms

Bo -19.2245 -20.89 4977 -46.09 -5.9805

b1 9.2024 9.955  2.294 25951 22.01

B2 2.4603 2.6509 0.7123 0.4885 6.5304 0.0035
B3 -0.4881 -0.5259 0.1554 -1.3869 0.0055

Ba -0.9762 -1.056  0.2582 -2.4683 -0.1711

Bs -0.0853 -0.0901 0.0321 -0.2782 0.0486

Model With Moderation Terms and No Squared Terms

Bo -2.6123 -2.5905 2.3607 -13.14 13.4779

b1 1.0938 0.9678 1.5711 -10.67 7.4045

B2 -0.0781 -0.0193 0.6048 -2.219 4.8785 0.9999
B3 0 -0.0292 0.2105 -1.6713 0.7824

Ba 0 0.038 0.2619 -0.9626 2.0878

Bs 0 0.0123 0.0624 -0.2302 0.3456

Model Without Moderation Terms

Bo -2.6123 -2.5905 2.3607 -13.14 13.4779

b1 1.0938 0.9678 1.5711 -10.67 7.4045

B2 -0.0781 -0.0193 0.6048 -2.219 4.8785 0.9999
B3 0 -0.0292 0.2105 -1.6713 0.7824

Ba 0 0.038 0.2619 -0.9626 2.0878

Bs 0 0.0123 0.0624 -0.2302 0.3456

5 Conclusion and guidelines

Logistic regression with moderation terms are of particular interest to social scientists
modeling behavior of economic agents for they allow researchers to more precisely
qualify the marginal response of the explanatory variables and the moderating
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relationships between them. Since the moderation effect exists whether the index
function of the logit specification includes a moderation term or not, it is crucial that
the researcher accounts for their existence to avoid statistical omitted variable bias of
the estimates and unreliability of inferences. In this document we demonstrated that
whether the logistic regression includes a moderation term or not depends entirely
on the probabilistic structure of the data, especially when the covariates are not
independently distributed. However, given that non-independence is not a sufficient
condition of their existence, we recommend researchers follow a general to specific
approach when using the logistic regression, only eliminating the moderation terms if
warranted by likelihood-ratio testing.
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