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operator by Caputo-Fabrizio operator. This operator was pro-
posed in [6], it was presented also in [15], its use to modeling 
of heat transfer was considered for example in [31].

The paper is organized as follows: at the beginning elemen-
tary ideas and definitions are mentioned. Next the proposed by 
author, state space model using CF operator is given and its 
elementary properties are discussed. Finally, the experimental 
verification of the proposed model is presented.

2.	 Preliminaries

A presentation of elementary ideas is started with a definition 
of a noninteger-order, integro-differential operator. It was given 
for example in [7, 12, 16, 27]:

Definition 1. (The elementary non integer order operator).
The noninteger-order integro-differential operator is defined as 
follows:
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1. Introduction
Mathematical models of distributed parameter systems ob-
tained on the basis of partial differential equations can be
described in an infinite-dimensional state space, usually in a
Hilbert space, but Sobolev space can also be applied. This
problem has been analyzed by many Authors. Fundamentals
has been drawn by [26], they are given also in [18], analysis
of a hyperbolic system in Hilbert space was presented by [4].
This paper gives a broad overview of literature also.

The modeling of processes and phenomena hard to analyse
with the use of other tools is one of main areas of application
non-integer order calculus. Non-integer models for many
physical phenomena were presented by many Authors, for
example by [5], [7], [9], [10], [20], [27], [32]. Analysis of
anomalous diffusion problem with the use of fractional order
approach and semigroup theory was presented for example by
[28]. An observability problem for fractional order systems
was presented for example by [13]. Minimal energy control
for FO descriptor systems was analysed for example by [30].

Heat transfer processes can also be modeled with the
use of non-integer order approach. This problem has been
investigated for example by [1], [3], [8], [17], [19], [20],
[29]. The use of Caputo-Fabrizio operator in modeling of heat
transfer processes was discussed by [31], the use operators
with non singular kernel to modeling of thermal processes was
deeply analysed in paper [2].

This paper is intented to propose and analyse a new
state-space model for heat transfer process in one dimensional
plant. The considered model is derived directly from time-
continuous, semigroup model given by [24] and [25] after
replacing the Caputo operator by Caputo-Fabrizio operator.
This operator was proposed by [6], it was presented also by
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[15], its use to modeling of heat transfer was considered for
example by [31].

The paper is organized as follows: at the beginning elemen-
tary ideas and definitions are mentioned. Next the proposed
by author, state space model using CF operator is given and its
elementary properties are discussed. Finally the experimental
verification of the proposed model is presented.

2. Preliminaries
A presentation of elementary ideas is started with a defini-
tion of a noninteger-order, integro-differential operator. It was
given for example by [7], [12],[16], [27]:

DEFINITION 1. (The elementary non integer order operator)
The noninteger-order integro-differential operator is defined as
follows:

aDα
t f (t) =





dα f (t)
dtα α > 0

f (t) α = 0
t∫

a
f (τ)(dτ)α α < 0

. (1)

where a and t denote time limits for operator calculation, α ∈
R denotes the noninteger order of the operation.

Next an idea of Gamma Euler function will be remembered
(see for example [16]):

DEFINITION 2. (The Gamma function)

Γ(x) =
∞∫

0

tx−1e−tdt. (2)

An idea of Mittag-Leffler function needs to be given next.
It is a non-integer order generalization of exponential function
eλ t and it plays crucial role in the solution of fractional order

1

.
� (1)

where a and t denote time limits for operator calculation, α 2 ℝ 
denotes the noninteger order of the operation.

Next an idea of Gamma Euler function will be applied (see 
for example [16]).

Definition 2. (The Gamma function).
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problem has been analyzed by many Authors. Fundamentals
has been drawn by [26], they are given also in [18], analysis
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This paper gives a broad overview of literature also.
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with the use of other tools is one of main areas of application
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example by [5], [7], [9], [10], [20], [27], [32]. Analysis of
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approach and semigroup theory was presented for example by
[28]. An observability problem for fractional order systems
was presented for example by [13]. Minimal energy control
for FO descriptor systems was analysed for example by [30].

Heat transfer processes can also be modeled with the
use of non-integer order approach. This problem has been
investigated for example by [1], [3], [8], [17], [19], [20],
[29]. The use of Caputo-Fabrizio operator in modeling of heat
transfer processes was discussed by [31], the use operators
with non singular kernel to modeling of thermal processes was
deeply analysed in paper [2].

This paper is intented to propose and analyse a new
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continuous, semigroup model given by [24] and [25] after
replacing the Caputo operator by Caputo-Fabrizio operator.
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∗e-mail: kop@agh.edu.pl

[15], its use to modeling of heat transfer was considered for
example by [31].

The paper is organized as follows: at the beginning elemen-
tary ideas and definitions are mentioned. Next the proposed
by author, state space model using CF operator is given and its
elementary properties are discussed. Finally the experimental
verification of the proposed model is presented.

2. Preliminaries
A presentation of elementary ideas is started with a defini-
tion of a noninteger-order, integro-differential operator. It was
given for example by [7], [12],[16], [27]:

DEFINITION 1. (The elementary non integer order operator)
The noninteger-order integro-differential operator is defined as
follows:

aDα
t f (t) =




dα f (t)
dtα α > 0

f (t) α = 0
t∫

a
f (τ)(dτ)α α < 0

. (1)

where a and t denote time limits for operator calculation, α ∈
R denotes the noninteger order of the operation.

Next an idea of Gamma Euler function will be remembered
(see for example [16]):

DEFINITION 2. (The Gamma function)

Γ(x) =
∞∫

0

tx−1e−tdt. (2)

An idea of Mittag-Leffler function needs to be given next.
It is a non-integer order generalization of exponential function
eλ t and it plays crucial role in the solution of fractional order

1

,� (2)

1.	 Introduction

Mathematical models of distributed parameter systems obtained 
on the basis of partial differential equations can be described in 
an infinite-dimensional state space, usually in a Hilbert space, 
but Sobolev space can also be applied. This problem has been 
analyzed by many authors. The fundamentals have been deter-
mined in [26], they are given also in [18], analysis of a hyper-
bolic system in Hilbert space was presented in [4]. This paper 
also provides a broad overview of literature.

The modeling of processes and phenomena hard to analyse 
with the use of other tools is one of main areas of application 
non-integer order calculus. Non-integer models for many phys-
ical phenomena were presented by many Authors, for example 
in [5, 7, 9, 10, 20, 27, 32]. Analysis of anomalous diffusion 
problem with the use of fractional order approach and semi-
group theory was presented for example in [28]. An observ-
ability problem for fractional order systems was presented for 
example in [13]. Minimal energy control for FO descriptor 
systems was analysed for example in [30].

Heat transfer processes can also be modeled with the use of 
non-integer order approach. This problem has been investigated 
for example in [1, 3, 8, 17, 19, 20, 29]. The use of Caputo-Fab-
rizio operator in modeling of heat transfer processes was dis-
cussed in [31], the use operators with non singular kernel to 
modeling of thermal processes was deeply analysed in paper [2].

This paper is intented to propose and analyse a new state-
space model for heat transfer process in one dimensional plant. 
The considered model is derived directly from time-continuous, 
semigroup model given in [24, 25] after replacing the Caputo 
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An idea of Mittag-Leffler function needs to be given next. 
It is a non-integer order generalization of exponential function 
eλt and it plays crucial role in the solution of fractional order 
(FO) state equation. The one parameter Mittag-Leffler function 
is defined as underneath.

Definition 3. (The one parameter Mittag-Leffler function).
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(FO) state equation. The one parameter Mittag-Leffler func-
tion is defined as underneath:

DEFINITION 3. (The one parameter Mittag-Leffler func-
tion)

Eα(x) =
∞

∑
k=0

xk

Γ(kα +1)
. (3)

and the two parameter Mittag-Leffler function is defined as:

DEFINITION 4. (The two parameters Mittag-Leffler func-
tion)

Eα,β (x) =
∞

∑
k=0

xk

Γ(kα +β )
. (4)

For β = 1 the two parameter function (4) turns to one param-
eter function (3). The fractional-order, integro-differential op-
erator can be described by different definitions, given by Grün-
vald and Letnikov (GL), Riemann and Liouville (RL) and Ca-
puto (C). With respect to particular additional assuptions these
definitions are equivalent. In this paper the Caputo definition
is remembered ( see for example [7], [12],[16], [27]):

DEFINITION 5. (The Caputo definition of the FO operator)

C
0 Dα

t f (t) =
1

Γ(N −α)

∞∫

0

f (N)(τ)
(t − τ)α+1−N dτ. (5)

where N −1 < α < N denotes the non-integer order of opera-
tion and Γ(..) is the Gamma function expressed by (2).

the Laplace transform can be defined for this operator (see
for example [11]):

DEFINITION 6. (The Laplace transform for Caputo opera-
tor)

L (C0 Dα
t f (t)) = sα F(s), α < 0

L (C0 Dα
t f (t)) = sα F(s)−

n−1

∑
k=0

sα−k−1
0Dk

t f (0),

α > 0, n−1 < α ≤ n ∈ N.

(6)

Consequently, the inverse Laplace transform for non-integer
order function is expressed as follows (see for example [16]):

L −1[sα F(s)] =0 Dα
t f (t)+

n−1

∑
k=0

tk−1

Γ(k−α +1)
f (k)(0+)

n−1 < α < n, n ∈ Z.
(7)

A fractional-order linear state space system is described as:

0Dα
t x(t) = Ax(t)+Bu(t)

y(t) =Cx(t)
. (8)

where α ∈ (0,1) denotes the fractional order of the state
equation, x(t) ∈RN , u(t) ∈RL, y(t) ∈RP are the state, control

and output vectors, respectively, A,B,C are the state, control
and output matrices, respectively.

An interesting proposition of an alternative FO operator is
the Caputo-Fabrizio derivative proposed by [6], presented also
by [14], [15]. It derives directly from Caputo definition (5).
After replacing the kernel (t − τ)−α by the exponential func-
tion in the form exp

( −α
1−α t

)
we obtain [6] :

DEFINITION 7. (The Caputo-Fabrizio definition of the FO
operator)

CF
0 Dα

t f (t) =
1

1−α

∞∫

0

ḟ (τ)exp
(

α(t − τ)
1−α

)
dτ. (9)

For the operator defined by (9) the Laplace transform is also
defined (see [6]). For 0 ≤ α < 1 it takes the form:

DEFINITION 8. (The Laplace transform of Caputo-Fabrizio
operator)

L { f (t)}= sL ( f (t)− f (0))
s+α(1− s)

. (10)

The above Laplace transform of CF operator (10) allows us
to define a transfer function also. It takes the following form:

G(s) =
s

(1−α)s+α
. (11)

Notice that the above transfer function needs not to be approx-
imated to use at MATLAB platform. On the other hand it has
the form of a known transfer function for real derivative plant.
The CF operator can be also employed to define a FO state
equation:

DEFINITION 9. (FO state equation using CF operator)
{

CF
0 Dα

t x(t) = Ax(t)+Bu(t).
y(t) =Cx(t).

(12)

where x(t), u(t) and y(t) are state, control and output of the
system, A, B and C are the state, control and output matrices
respectively.The solution of the state equation (12) takes the
form:

x̂(t) = eÂt (x̂0 + B̂u0
)
+

t∫

0

eÂ(t−τ)B̂ [γu(τ)+ u̇(τ)]dτ.
(13)

where:

Â = α [I − (1−α)A]−1 A,

B̂ = (1−α) [I − (1−α)A]−1 B,

x̂0 = [I − (1−α)A]−1 x0,

eÂt = L −1
{[

sI − Â
]−1

}
,

γ =
α

1−α
.

(14)
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and the two parameter Mittag-Leffler function is defined below.

Definition 4. (The two parameters Mittag-Leffler function).

	 Eα, β(x) = 
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(FO) state equation. The one parameter Mittag-Leffler func-
tion is defined as underneath:

DEFINITION 3. (The one parameter Mittag-Leffler func-
tion)

Eα(x) =
∞

∑
k=0

xk

Γ(kα +1)
. (3)

and the two parameter Mittag-Leffler function is defined as:

DEFINITION 4. (The two parameters Mittag-Leffler func-
tion)

Eα,β (x) =
∞

∑
k=0

xk

Γ(kα +β )
. (4)

For β = 1 the two parameter function (4) turns to one param-
eter function (3). The fractional-order, integro-differential op-
erator can be described by different definitions, given by Grün-
vald and Letnikov (GL), Riemann and Liouville (RL) and Ca-
puto (C). With respect to particular additional assuptions these
definitions are equivalent. In this paper the Caputo definition
is remembered ( see for example [7], [12],[16], [27]):

DEFINITION 5. (The Caputo definition of the FO operator)

C
0 Dα

t f (t) =
1

Γ(N −α)

∞∫

0

f (N)(τ)
(t − τ)α+1−N dτ. (5)

where N −1 < α < N denotes the non-integer order of opera-
tion and Γ(..) is the Gamma function expressed by (2).

the Laplace transform can be defined for this operator (see
for example [11]):

DEFINITION 6. (The Laplace transform for Caputo opera-
tor)

L (C0 Dα
t f (t)) = sα F(s), α < 0

L (C0 Dα
t f (t)) = sα F(s)−

n−1

∑
k=0

sα−k−1
0Dk

t f (0),

α > 0, n−1 < α ≤ n ∈ N.

(6)

Consequently, the inverse Laplace transform for non-integer
order function is expressed as follows (see for example [16]):

L −1[sα F(s)] =0 Dα
t f (t)+

n−1

∑
k=0

tk−1

Γ(k−α +1)
f (k)(0+)

n−1 < α < n, n ∈ Z.
(7)

A fractional-order linear state space system is described as:

0Dα
t x(t) = Ax(t)+Bu(t)

y(t) =Cx(t)
. (8)

where α ∈ (0,1) denotes the fractional order of the state
equation, x(t) ∈RN , u(t) ∈RL, y(t) ∈RP are the state, control

and output vectors, respectively, A,B,C are the state, control
and output matrices, respectively.

An interesting proposition of an alternative FO operator is
the Caputo-Fabrizio derivative proposed by [6], presented also
by [14], [15]. It derives directly from Caputo definition (5).
After replacing the kernel (t − τ)−α by the exponential func-
tion in the form exp

( −α
1−α t

)
we obtain [6] :

DEFINITION 7. (The Caputo-Fabrizio definition of the FO
operator)

CF
0 Dα

t f (t) =
1

1−α

∞∫

0

ḟ (τ)exp
(

α(t − τ)
1−α

)
dτ. (9)

For the operator defined by (9) the Laplace transform is also
defined (see [6]). For 0 ≤ α < 1 it takes the form:

DEFINITION 8. (The Laplace transform of Caputo-Fabrizio
operator)

L { f (t)}= sL ( f (t)− f (0))
s+α(1− s)

. (10)

The above Laplace transform of CF operator (10) allows us
to define a transfer function also. It takes the following form:

G(s) =
s

(1−α)s+α
. (11)

Notice that the above transfer function needs not to be approx-
imated to use at MATLAB platform. On the other hand it has
the form of a known transfer function for real derivative plant.
The CF operator can be also employed to define a FO state
equation:

DEFINITION 9. (FO state equation using CF operator)
{

CF
0 Dα

t x(t) = Ax(t)+Bu(t).
y(t) =Cx(t).

(12)

where x(t), u(t) and y(t) are state, control and output of the
system, A, B and C are the state, control and output matrices
respectively.The solution of the state equation (12) takes the
form:

x̂(t) = eÂt (x̂0 + B̂u0
)
+

t∫

0

eÂ(t−τ)B̂ [γu(τ)+ u̇(τ)]dτ.
(13)

where:

Â = α [I − (1−α)A]−1 A,

B̂ = (1−α) [I − (1−α)A]−1 B,

x̂0 = [I − (1−α)A]−1 x0,

eÂt = L −1
{[

sI − Â
]−1

}
,

γ =
α

1−α
.

(14)
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For β = 1 the two parameter function (4) turns to one pa-
rameter function (3). The fractional-order, integro-differential 
operator can be described by different definitions, given by 
Grünvald and Letnikov (GL), Riemann and Liouville (RL) 
and Caputo (C). With respect to particular additional assup-
tions these definitions are equivalent. In this paper the Caputo 
definition is applied (see for example [7, 12, 16, 27]).

Definition 5. (The Caputo definition of the FO operator).

	

Krzysztof OPRZĘDKIEWICZ

(FO) state equation. The one parameter Mittag-Leffler func-
tion is defined as underneath:

DEFINITION 3. (The one parameter Mittag-Leffler func-
tion)

Eα(x) =
∞

∑
k=0

xk

Γ(kα +1)
. (3)

and the two parameter Mittag-Leffler function is defined as:

DEFINITION 4. (The two parameters Mittag-Leffler func-
tion)

Eα,β (x) =
∞

∑
k=0

xk

Γ(kα +β )
. (4)

For β = 1 the two parameter function (4) turns to one param-
eter function (3). The fractional-order, integro-differential op-
erator can be described by different definitions, given by Grün-
vald and Letnikov (GL), Riemann and Liouville (RL) and Ca-
puto (C). With respect to particular additional assuptions these
definitions are equivalent. In this paper the Caputo definition
is remembered ( see for example [7], [12],[16], [27]):

DEFINITION 5. (The Caputo definition of the FO operator)

C
0 Dα

t f (t) =
1

Γ(N −α)

∞∫

0

f (N)(τ)
(t − τ)α+1−N dτ. (5)

where N −1 < α < N denotes the non-integer order of opera-
tion and Γ(..) is the Gamma function expressed by (2).

the Laplace transform can be defined for this operator (see
for example [11]):

DEFINITION 6. (The Laplace transform for Caputo opera-
tor)

L (C0 Dα
t f (t)) = sα F(s), α < 0

L (C0 Dα
t f (t)) = sα F(s)−

n−1

∑
k=0

sα−k−1
0Dk

t f (0),

α > 0, n−1 < α ≤ n ∈ N.

(6)

Consequently, the inverse Laplace transform for non-integer
order function is expressed as follows (see for example [16]):

L −1[sα F(s)] =0 Dα
t f (t)+

n−1

∑
k=0

tk−1

Γ(k−α +1)
f (k)(0+)

n−1 < α < n, n ∈ Z.
(7)

A fractional-order linear state space system is described as:

0Dα
t x(t) = Ax(t)+Bu(t)

y(t) =Cx(t)
. (8)

where α ∈ (0,1) denotes the fractional order of the state
equation, x(t) ∈RN , u(t) ∈RL, y(t) ∈RP are the state, control

and output vectors, respectively, A,B,C are the state, control
and output matrices, respectively.

An interesting proposition of an alternative FO operator is
the Caputo-Fabrizio derivative proposed by [6], presented also
by [14], [15]. It derives directly from Caputo definition (5).
After replacing the kernel (t − τ)−α by the exponential func-
tion in the form exp

( −α
1−α t

)
we obtain [6] :

DEFINITION 7. (The Caputo-Fabrizio definition of the FO
operator)

CF
0 Dα

t f (t) =
1

1−α

∞∫

0

ḟ (τ)exp
(

α(t − τ)
1−α

)
dτ. (9)

For the operator defined by (9) the Laplace transform is also
defined (see [6]). For 0 ≤ α < 1 it takes the form:

DEFINITION 8. (The Laplace transform of Caputo-Fabrizio
operator)

L { f (t)}= sL ( f (t)− f (0))
s+α(1− s)

. (10)

The above Laplace transform of CF operator (10) allows us
to define a transfer function also. It takes the following form:

G(s) =
s

(1−α)s+α
. (11)

Notice that the above transfer function needs not to be approx-
imated to use at MATLAB platform. On the other hand it has
the form of a known transfer function for real derivative plant.
The CF operator can be also employed to define a FO state
equation:

DEFINITION 9. (FO state equation using CF operator)
{

CF
0 Dα

t x(t) = Ax(t)+Bu(t).
y(t) =Cx(t).

(12)

where x(t), u(t) and y(t) are state, control and output of the
system, A, B and C are the state, control and output matrices
respectively.The solution of the state equation (12) takes the
form:

x̂(t) = eÂt (x̂0 + B̂u0
)
+

t∫

0

eÂ(t−τ)B̂ [γu(τ)+ u̇(τ)]dτ.
(13)

where:

Â = α [I − (1−α)A]−1 A,
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where N ¡ 1 < α < N denotes the non-integer order of opera-
tion and Γ(‥) is the Gamma function expressed by (2).

The Laplace transform can be defined for this operator  (see 
for example [11]) as follows.

Definition 6. (The Laplace transform for Caputo operator).
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For β = 1 the two parameter function (4) turns to one param-
eter function (3). The fractional-order, integro-differential op-
erator can be described by different definitions, given by Grün-
vald and Letnikov (GL), Riemann and Liouville (RL) and Ca-
puto (C). With respect to particular additional assuptions these
definitions are equivalent. In this paper the Caputo definition
is remembered ( see for example [7], [12],[16], [27]):

DEFINITION 5. (The Caputo definition of the FO operator)

C
0 Dα

t f (t) =
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A fractional-order linear state space system is described as:
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. (8)

where α ∈ (0,1) denotes the fractional order of the state
equation, x(t) ∈RN , u(t) ∈RL, y(t) ∈RP are the state, control

and output vectors, respectively, A,B,C are the state, control
and output matrices, respectively.

An interesting proposition of an alternative FO operator is
the Caputo-Fabrizio derivative proposed by [6], presented also
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tion in the form exp
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imated to use at MATLAB platform. On the other hand it has
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where x(t), u(t) and y(t) are state, control and output of the
system, A, B and C are the state, control and output matrices
respectively.The solution of the state equation (12) takes the
form:

x̂(t) = eÂt (x̂0 + B̂u0
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+
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0
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for example [11]):

DEFINITION 6. (The Laplace transform for Caputo opera-
tor)

L (C0 Dα
t f (t)) = sα F(s), α < 0

L (C0 Dα
t f (t)) = sα F(s)−

n−1

∑
k=0

sα−k−1
0Dk

t f (0),

α > 0, n−1 < α ≤ n ∈ N.

(6)
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we obtain [6] :
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The above Laplace transform of CF operator (10) allows us
to define a transfer function also. It takes the following form:

G(s) =
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(1−α)s+α
. (11)

Notice that the above transfer function needs not to be approx-
imated to use at MATLAB platform. On the other hand it has
the form of a known transfer function for real derivative plant.
The CF operator can be also employed to define a FO state
equation:

DEFINITION 9. (FO state equation using CF operator)
{

CF
0 Dα

t x(t) = Ax(t)+Bu(t).
y(t) =Cx(t).

(12)

where x(t), u(t) and y(t) are state, control and output of the
system, A, B and C are the state, control and output matrices
respectively.The solution of the state equation (12) takes the
form:

x̂(t) = eÂt (x̂0 + B̂u0
)
+
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0

eÂ(t−τ)B̂ [γu(τ)+ u̇(τ)]dτ.
(13)
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Â = α [I − (1−α)A]−1 A,
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Consequently, the inverse Laplace transform for non-integer 
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vald and Letnikov (GL), Riemann and Liouville (RL) and Ca-
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L { f (t)}= sL ( f (t)− f (0))
s+α(1− s)

. (10)

The above Laplace transform of CF operator (10) allows us
to define a transfer function also. It takes the following form:

G(s) =
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(1−α)s+α
. (11)

Notice that the above transfer function needs not to be approx-
imated to use at MATLAB platform. On the other hand it has
the form of a known transfer function for real derivative plant.
The CF operator can be also employed to define a FO state
equation:

DEFINITION 9. (FO state equation using CF operator)
{
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t x(t) = Ax(t)+Bu(t).
y(t) =Cx(t).

(12)

where x(t), u(t) and y(t) are state, control and output of the
system, A, B and C are the state, control and output matrices
respectively.The solution of the state equation (12) takes the
form:

x̂(t) = eÂt (x̂0 + B̂u0
)
+

t∫

0

eÂ(t−τ)B̂ [γu(τ)+ u̇(τ)]dτ.
(13)

where:

Â = α [I − (1−α)A]−1 A,
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eter function (3). The fractional-order, integro-differential op-
erator can be described by different definitions, given by Grün-
vald and Letnikov (GL), Riemann and Liouville (RL) and Ca-
puto (C). With respect to particular additional assuptions these
definitions are equivalent. In this paper the Caputo definition
is remembered ( see for example [7], [12],[16], [27]):
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where N −1 < α < N denotes the non-integer order of opera-
tion and Γ(..) is the Gamma function expressed by (2).
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order function is expressed as follows (see for example [16]):
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A fractional-order linear state space system is described as:
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t x(t) = Ax(t)+Bu(t)

y(t) =Cx(t)
. (8)

where α ∈ (0,1) denotes the fractional order of the state
equation, x(t) ∈RN , u(t) ∈RL, y(t) ∈RP are the state, control

and output vectors, respectively, A,B,C are the state, control
and output matrices, respectively.

An interesting proposition of an alternative FO operator is
the Caputo-Fabrizio derivative proposed by [6], presented also
by [14], [15]. It derives directly from Caputo definition (5).
After replacing the kernel (t − τ)−α by the exponential func-
tion in the form exp
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)
we obtain [6] :
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defined (see [6]). For 0 ≤ α < 1 it takes the form:

DEFINITION 8. (The Laplace transform of Caputo-Fabrizio
operator)

L { f (t)}= sL ( f (t)− f (0))
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. (10)

The above Laplace transform of CF operator (10) allows us
to define a transfer function also. It takes the following form:

G(s) =
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(1−α)s+α
. (11)

Notice that the above transfer function needs not to be approx-
imated to use at MATLAB platform. On the other hand it has
the form of a known transfer function for real derivative plant.
The CF operator can be also employed to define a FO state
equation:

DEFINITION 9. (FO state equation using CF operator)
{
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t x(t) = Ax(t)+Bu(t).
y(t) =Cx(t).

(12)

where x(t), u(t) and y(t) are state, control and output of the
system, A, B and C are the state, control and output matrices
respectively.The solution of the state equation (12) takes the
form:

x̂(t) = eÂt (x̂0 + B̂u0
)
+
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0

eÂ(t−τ)B̂ [γu(τ)+ u̇(τ)]dτ.
(13)

where:
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A fractional-order linear state space system is described as:

	 0Dt
αx(t) = Ax(t) + Bu(t)

y(t) = Cx(t).
� (8)

where α 2 (0, 1) denotes the fractional order of the state equa-
tion, x(t) 2 ℝN, u(t) 2 ℝL, y(t) 2 ℝP are the state, control and 
output vectors, respectively, A, B, C are the state, control and 
output matrices, respectively.

An interesting proposition of an alternative FO operator is 
the Caputo-Fabrizio derivative proposed in [6], presented also 
in [14, 15]. It derives directly from Caputo definition (5). After 
replacing the kernel (t ¡ τ)–α by the exponential function in the 
form exp( –α

1 ¡ α t) we obtain [6] the following definition.

Definition 7. (The Caputo-Fabrizio definition of the FO op-
erator).
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equation, x(t) ∈RN , u(t) ∈RL, y(t) ∈RP are the state, control

and output vectors, respectively, A,B,C are the state, control
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we obtain [6] :
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The above Laplace transform of CF operator (10) allows us
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(1−α)s+α
. (11)

Notice that the above transfer function needs not to be approx-
imated to use at MATLAB platform. On the other hand it has
the form of a known transfer function for real derivative plant.
The CF operator can be also employed to define a FO state
equation:
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where x(t), u(t) and y(t) are state, control and output of the
system, A, B and C are the state, control and output matrices
respectively.The solution of the state equation (12) takes the
form:

x̂(t) = eÂt (x̂0 + B̂u0
)
+
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0
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For the operator defined by (9) the Laplace transform is also 
defined (see [6]). For 0 ∙ α < 1 it takes the following form.

Definition 8. (The Laplace transform of Caputo-Fabrizio op-
erator).
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For β = 1 the two parameter function (4) turns to one param-
eter function (3). The fractional-order, integro-differential op-
erator can be described by different definitions, given by Grün-
vald and Letnikov (GL), Riemann and Liouville (RL) and Ca-
puto (C). With respect to particular additional assuptions these
definitions are equivalent. In this paper the Caputo definition
is remembered ( see for example [7], [12],[16], [27]):
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tion and Γ(..) is the Gamma function expressed by (2).
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where α ∈ (0,1) denotes the fractional order of the state
equation, x(t) ∈RN , u(t) ∈RL, y(t) ∈RP are the state, control

and output vectors, respectively, A,B,C are the state, control
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tion in the form exp
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x̂0 = [I − (1−α)A]−1 x0,
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Notice that the above transfer function needs not to be approx-
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Notice that the above transfer function needs not to be approxi-
mated to use at MATLAB platform. On the other hand it has the 
form of a known transfer function for real derivative plant. The 
CF operator can be also employed to define a FO state equation.

Definition 9. (FO state equation using CF operator).
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(FO) state equation. The one parameter Mittag-Leffler func-
tion is defined as underneath:

DEFINITION 3. (The one parameter Mittag-Leffler func-
tion)

Eα(x) =
∞

∑
k=0

xk

Γ(kα +1)
. (3)

and the two parameter Mittag-Leffler function is defined as:

DEFINITION 4. (The two parameters Mittag-Leffler func-
tion)

Eα,β (x) =
∞

∑
k=0

xk

Γ(kα +β )
. (4)

For β = 1 the two parameter function (4) turns to one param-
eter function (3). The fractional-order, integro-differential op-
erator can be described by different definitions, given by Grün-
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ḟ (τ)exp
(

α(t − τ)
1−α

)
dτ. (9)

For the operator defined by (9) the Laplace transform is also
defined (see [6]). For 0 ≤ α < 1 it takes the form:

DEFINITION 8. (The Laplace transform of Caputo-Fabrizio
operator)

L { f (t)}= sL ( f (t)− f (0))
s+α(1− s)

. (10)

The above Laplace transform of CF operator (10) allows us
to define a transfer function also. It takes the following form:
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where x(t), u(t) and y(t) are state, control and output of the
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respectively.The solution of the state equation (12) takes the
form:
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+
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Where x(t), u(t) and y(t) are state, control and output of the 
system, A, B and C are the state, control and output matrices re-
spectively.The solution of the state equation (12) takes the form:

	 x ̂ (t) = eA ̂ t(x ̂ 0 + B ̂ u0) + 

0

tZ
eA ̂ (t ¡ τ)B ̂ [γ u(τ)]dτ .� (13)

where:

	

	 A ̂  = α[I ¡ (1 ¡ α)A]
–1

A,
	 B ̂  = (1 ¡ α)[I ¡ (1 ¡ α)A]

–1B,
	 x ̂ 0 = [I ¡ (1 ¡ α)A]

–1x0,

	eA ̂ t = 
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the Laplace transform can be defined for this operator (see
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equation, x(t) ∈RN , u(t) ∈RL, y(t) ∈RP are the state, control
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An interesting proposition of an alternative FO operator is
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we obtain [6] :

DEFINITION 7. (The Caputo-Fabrizio definition of the FO
operator)

CF
0 Dα

t f (t) =
1

1−α

∞∫

0
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operator)
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. (10)

The above Laplace transform of CF operator (10) allows us
to define a transfer function also. It takes the following form:

G(s) =
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(1−α)s+α
. (11)

Notice that the above transfer function needs not to be approx-
imated to use at MATLAB platform. On the other hand it has
the form of a known transfer function for real derivative plant.
The CF operator can be also employed to define a FO state
equation:

DEFINITION 9. (FO state equation using CF operator)
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t x(t) = Ax(t)+Bu(t).
y(t) =Cx(t).

(12)

where x(t), u(t) and y(t) are state, control and output of the
system, A, B and C are the state, control and output matrices
respectively.The solution of the state equation (12) takes the
form:

x̂(t) = eÂt (x̂0 + B̂u0
)
+

t∫

0

eÂ(t−τ)B̂ [γu(τ)+ u̇(τ)]dτ.
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where:
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The convolution in (13) is the sum of two factors associated to 
control u(t) and its derivative u ̇ (t):

	

x ̂ (t) = eA ̂ t(x ̂ 0 + B ̂ u0) + 

0

tZ
eA ̂ (t ¡ τ)B̃u(τ)dτ +

x ̂ (t) + 

0

tZ
eA ̂ (t ¡ τ)B ̂ u ̇ (τ)dτ .

� (15)

where:

	 B̃ = γB ̂  = α[I ¡ (1 ¡ α)A]
–1B.� (16)

If we assume homogenenous inital condition: x0 = 0 and the 
control signal in the form of the Heaviside function u(t) = 1(t) 
and u(0) = 0, the formula for step response takes the form as 
follows:

	

y ̂ u(t) = C
0

tZ
eA ̂ (t ¡ τ)B̃1(τ)dτ +

y ̂ u(t) + C
0

tZ
eA ̂ (t ¡ τ)B ̂ δ(τ)dτ.

� (17)

and the free response (u(t) = 0 and x0  6= 0) of the system (13) 
is as underneath:

	
x ̂ f (t) = eA ̂ tx ̂ 0.
y ̂ f (t) = Cx ̂ f (t).

� (18)

The non-integer order spatial derivative was given by Riesz 
and it has the following form (see for example [33]):

Definition 10. (The Riesz definition of FO spatial derivative).

	
∂βΘ(x, t)

∂xβ
 = –rβ(0Dx

βΘ(x, t) + xD1
βΘ(x, t)) .� (19)

where:

	 rβ  = 
1

2cos(πβ2 )
.� (20)

In (19) 0Dx
β  and xD1

β  denote left- and right-side Riemann-Li-
ouville derivatives, defined as underneath:
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The convolution in (13) is the sum of two factors associated to
control u(t) and its derivative u̇(t):

x̂(t) = eÂt (x̂0 + B̂u0
)
+

t∫

0

eÂ(t−τ)B̃u(τ)dτ+

t∫

0

eÂ(t−τ)B̂u̇(τ)dτ.

(15)

where:
B̃ = γB̂ = α [I − (1−α)A]−1 B (16)

If we assume homogenenous inital condition: x0 = 0 and the
control signal in the form of the Heaviside function u(t) = 1(t)
and u(0) = 0, the formula for step response takes the form as
follows:

ŷu(t) =C
t∫

0

eÂ(t−τ)B̃1(τ)dτ+

C
t∫

0

eÂ(t−τ)B̂δ (τ)dτ.

(17)

and the free response ( u(t) = 0 and x0 ̸= 0) of the system (13)
is as underneath:

x̂ f (t) = eÂt x̂0.

ŷ f (t) =Cx̂ f (t).
(18)

The non-integer order spatial derivative was given by Riesz
and it has the following form (see for example [33]):

DEFINITION 10. (The Riesz definition of FO spatial deriva-
tive)

∂ β Θ(x, t)
∂xβ =−rβ

(
0Dβ

x Θ(x, t)+x Dβ
1 Θ(x, t)

)
. (19)

where:
rβ =

1

2cos(πβ
2 )

. (20)

In (19) 0Dβ
x and xDβ

1 denote left- and right-side Riemann-
Liouville derivatives, defined as underneath:

0Dβ
x Θ(x, t) =

1
Γ(2−β )

∂
∂x

∫ x

0

Θ(ξ , t)dξ
(x−ξ )β−1 . (21)

xDβ
1 Θ(x, t) =

1
Γ(2−β )

∂
∂x

∫ 1

x

Θ(ξ , t)dξ
(ξ − x)β−1 . (22)

In (21) and (22) Γ(..) denotes the Gamma function, β > 1
is the non integer derivative order.

3. The non-integer order, state space models us-
ing Caputo and Caputo-Fabrizio operator

The simplified scheme of the considered heat plant is shown
in figure 1. It has the form of a thin copper rod heated with
an electric heater of the length ∆xu localized at one end of rod.
An output temperature is measured using Pt-100 RTD sensors

∆x long located in points: 0.29, 0.50 and 0.73 of rod length.
More details of the construction are given in the section "Ex-
perimental Results".

Fig. 1. The simplified scheme of the experimental system

The fundamental mathematical model describing the heat
conduction in the plant is the partial differential equation of
the parabolic type with the homogeneous Neumann boundary
conditions at the ends, the homogeneous initial condition,
the heat exchange along the length of rod and distributed
control and observation. This equation with integer orders of
both differentiations has been considered in many papers, for
example in [21] [22], [23].

The non integer order model with respect to both time and
space coordinates, employing Caputo and Riesz operators was
given in [25]. It takes the following form:



CDα
t Q(x, t) = aw

∂ β Q(x, t)
∂xβ −RaQ(x, t)+b(x)u(t)

∂Q(0, t)
dx

= 0, t ≥ 0
∂Q(1, t)

dx
= 0, t ≥ 0

Q(x,0) = Q0,0 ≤ x ≤ 1
y(t) = k0

∫ 1
0 Q(x, t)c(x)dx.

(23)

Where α,β > 0 denote non integer orders of the system, aw,
Ra denote coefficients of heat conduction and heat exchange,
k0 is a steady-state gain of the model. Now we need to express
(23) as an inifinte dimensional state equation in the Hilbert
space. The proposed state equation is written as follows:




CDα
t Q(t) = AQ(t)+Bu(t)

Q(0) = Q0

y(t) = k0CQ(t)
(24)

where:


AQ = aw
∂ β Q(x)

∂xβ −RaQ,

D(A) =
{

Q ∈ H2(0,1) : Q′(0) = 0,Q′(1) = 0
}
,

aw,Ra > 0,
H2(0,1) =

{
u ∈ L2(0,1) : u′,u′′ ∈ L2(0,1)

}
,

CQ(t) = ⟨c,Q(t)⟩,Bu(t) = ⟨bu(t)⟩
Q(t) = [q1(t),q2(t)..]

T .

(25)

The following set of the eigenvectors for the state operator A
creates the orthonormal basis of the state space:

hn =

{
1,n = 0√

2cos(nπx),n = 1,2, ...
. (26)
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Non integer order, state space model of heat transfer process using Caputo-Fabrizio operator

The convolution in (13) is the sum of two factors associated to
control u(t) and its derivative u̇(t):

x̂(t) = eÂt (x̂0 + B̂u0
)
+

t∫

0

eÂ(t−τ)B̃u(τ)dτ+

t∫

0

eÂ(t−τ)B̂u̇(τ)dτ.

(15)

where:
B̃ = γB̂ = α [I − (1−α)A]−1 B (16)

If we assume homogenenous inital condition: x0 = 0 and the
control signal in the form of the Heaviside function u(t) = 1(t)
and u(0) = 0, the formula for step response takes the form as
follows:

ŷu(t) =C
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C
t∫

0

eÂ(t−τ)B̂δ (τ)dτ.

(17)

and the free response ( u(t) = 0 and x0 ̸= 0) of the system (13)
is as underneath:

x̂ f (t) = eÂt x̂0.

ŷ f (t) =Cx̂ f (t).
(18)

The non-integer order spatial derivative was given by Riesz
and it has the following form (see for example [33]):

DEFINITION 10. (The Riesz definition of FO spatial deriva-
tive)
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∂xβ =−rβ

(
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x Θ(x, t)+x Dβ
1 Θ(x, t)

)
. (19)

where:
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2cos(πβ
2 )

. (20)

In (19) 0Dβ
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1 denote left- and right-side Riemann-
Liouville derivatives, defined as underneath:

0Dβ
x Θ(x, t) =

1
Γ(2−β )

∂
∂x

∫ x

0

Θ(ξ , t)dξ
(x−ξ )β−1 . (21)

xDβ
1 Θ(x, t) =

1
Γ(2−β )

∂
∂x

∫ 1

x

Θ(ξ , t)dξ
(ξ − x)β−1 . (22)

In (21) and (22) Γ(..) denotes the Gamma function, β > 1
is the non integer derivative order.

3. The non-integer order, state space models us-
ing Caputo and Caputo-Fabrizio operator

The simplified scheme of the considered heat plant is shown
in figure 1. It has the form of a thin copper rod heated with
an electric heater of the length ∆xu localized at one end of rod.
An output temperature is measured using Pt-100 RTD sensors

∆x long located in points: 0.29, 0.50 and 0.73 of rod length.
More details of the construction are given in the section "Ex-
perimental Results".

Fig. 1. The simplified scheme of the experimental system

The fundamental mathematical model describing the heat
conduction in the plant is the partial differential equation of
the parabolic type with the homogeneous Neumann boundary
conditions at the ends, the homogeneous initial condition,
the heat exchange along the length of rod and distributed
control and observation. This equation with integer orders of
both differentiations has been considered in many papers, for
example in [21] [22], [23].

The non integer order model with respect to both time and
space coordinates, employing Caputo and Riesz operators was
given in [25]. It takes the following form:



CDα
t Q(x, t) = aw

∂ β Q(x, t)
∂xβ −RaQ(x, t)+b(x)u(t)

∂Q(0, t)
dx

= 0, t ≥ 0
∂Q(1, t)

dx
= 0, t ≥ 0

Q(x,0) = Q0,0 ≤ x ≤ 1
y(t) = k0

∫ 1
0 Q(x, t)c(x)dx.

(23)

Where α,β > 0 denote non integer orders of the system, aw,
Ra denote coefficients of heat conduction and heat exchange,
k0 is a steady-state gain of the model. Now we need to express
(23) as an inifinte dimensional state equation in the Hilbert
space. The proposed state equation is written as follows:




CDα
t Q(t) = AQ(t)+Bu(t)

Q(0) = Q0

y(t) = k0CQ(t)
(24)

where:


AQ = aw
∂ β Q(x)

∂xβ −RaQ,

D(A) =
{

Q ∈ H2(0,1) : Q′(0) = 0,Q′(1) = 0
}
,

aw,Ra > 0,
H2(0,1) =

{
u ∈ L2(0,1) : u′,u′′ ∈ L2(0,1)

}
,

CQ(t) = ⟨c,Q(t)⟩,Bu(t) = ⟨bu(t)⟩
Q(t) = [q1(t),q2(t)..]

T .

(25)

The following set of the eigenvectors for the state operator A
creates the orthonormal basis of the state space:

hn =

{
1,n = 0√

2cos(nπx),n = 1,2, ...
. (26)
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3.	 The non-integer order, state space models 
using Caputo and Caputo-Fabrizio operator

The simplified scheme of the considered heat plant is shown 
in Fig. 1. It has the form of a thin copper rod heated with an 
electric heater of the length ∆xu localized at one end of rod. An 
output temperature is measured using Pt-100 RTD sensors ∆x 
long located in points: 0.29, 0.50 and 0.73 of rod length. More 
details of the construction are given in Section 4.

Fig. 1. The simplified scheme of the experimental system

The fundamental mathematical model describing the heat 
conduction in the plant is the partial differential equation of 
the parabolic type with the homogeneous Neumann boundary 
conditions at the ends, the homogeneous initial condition, the 
heat exchange along the length of rod and distributed control 
and observation. This equation with integer orders of both dif-
ferentiations has been considered in many papers, for example 
in [21–23].

The non integer order model with respect to both time and 
space coordinates, employing Caputo and Riesz operators was 
given in [25]. It takes the following form:
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The convolution in (13) is the sum of two factors associated to
control u(t) and its derivative u̇(t):

x̂(t) = eÂt (x̂0 + B̂u0
)
+

t∫

0

eÂ(t−τ)B̃u(τ)dτ+

t∫

0

eÂ(t−τ)B̂u̇(τ)dτ.

(15)

where:
B̃ = γB̂ = α [I − (1−α)A]−1 B (16)

If we assume homogenenous inital condition: x0 = 0 and the
control signal in the form of the Heaviside function u(t) = 1(t)
and u(0) = 0, the formula for step response takes the form as
follows:

ŷu(t) =C
t∫

0

eÂ(t−τ)B̃1(τ)dτ+

C
t∫

0

eÂ(t−τ)B̂δ (τ)dτ.

(17)

and the free response ( u(t) = 0 and x0 ̸= 0) of the system (13)
is as underneath:

x̂ f (t) = eÂt x̂0.

ŷ f (t) =Cx̂ f (t).
(18)

The non-integer order spatial derivative was given by Riesz
and it has the following form (see for example [33]):
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∂xβ =−rβ

(
0Dβ

x Θ(x, t)+x Dβ
1 Θ(x, t)

)
. (19)

where:
rβ =

1

2cos(πβ
2 )

. (20)

In (19) 0Dβ
x and xDβ

1 denote left- and right-side Riemann-
Liouville derivatives, defined as underneath:

0Dβ
x Θ(x, t) =

1
Γ(2−β )

∂
∂x

∫ x

0

Θ(ξ , t)dξ
(x−ξ )β−1 . (21)

xDβ
1 Θ(x, t) =

1
Γ(2−β )

∂
∂x

∫ 1

x

Θ(ξ , t)dξ
(ξ − x)β−1 . (22)

In (21) and (22) Γ(..) denotes the Gamma function, β > 1
is the non integer derivative order.

3. The non-integer order, state space models us-
ing Caputo and Caputo-Fabrizio operator

The simplified scheme of the considered heat plant is shown
in figure 1. It has the form of a thin copper rod heated with
an electric heater of the length ∆xu localized at one end of rod.
An output temperature is measured using Pt-100 RTD sensors

∆x long located in points: 0.29, 0.50 and 0.73 of rod length.
More details of the construction are given in the section "Ex-
perimental Results".

Fig. 1. The simplified scheme of the experimental system

The fundamental mathematical model describing the heat
conduction in the plant is the partial differential equation of
the parabolic type with the homogeneous Neumann boundary
conditions at the ends, the homogeneous initial condition,
the heat exchange along the length of rod and distributed
control and observation. This equation with integer orders of
both differentiations has been considered in many papers, for
example in [21] [22], [23].

The non integer order model with respect to both time and
space coordinates, employing Caputo and Riesz operators was
given in [25]. It takes the following form:



CDα
t Q(x, t) = aw

∂ β Q(x, t)
∂xβ −RaQ(x, t)+b(x)u(t)

∂Q(0, t)
dx

= 0, t ≥ 0
∂Q(1, t)

dx
= 0, t ≥ 0

Q(x,0) = Q0,0 ≤ x ≤ 1
y(t) = k0

∫ 1
0 Q(x, t)c(x)dx.

(23)

Where α,β > 0 denote non integer orders of the system, aw,
Ra denote coefficients of heat conduction and heat exchange,
k0 is a steady-state gain of the model. Now we need to express
(23) as an inifinte dimensional state equation in the Hilbert
space. The proposed state equation is written as follows:




CDα
t Q(t) = AQ(t)+Bu(t)

Q(0) = Q0

y(t) = k0CQ(t)
(24)

where:


AQ = aw
∂ β Q(x)

∂xβ −RaQ,

D(A) =
{

Q ∈ H2(0,1) : Q′(0) = 0,Q′(1) = 0
}
,

aw,Ra > 0,
H2(0,1) =

{
u ∈ L2(0,1) : u′,u′′ ∈ L2(0,1)

}
,

CQ(t) = ⟨c,Q(t)⟩,Bu(t) = ⟨bu(t)⟩
Q(t) = [q1(t),q2(t)..]

T .

(25)

The following set of the eigenvectors for the state operator A
creates the orthonormal basis of the state space:

hn =

{
1,n = 0√

2cos(nπx),n = 1,2, ...
. (26)
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Where α, β > 0 denote non integer orders of the system, aw, Ra 
denote coefficients of heat conduction and heat exchange, k0 is 
a steady-state gain of the model. Now we need to express (23) 
as an inifinte dimensional state equation in the Hilbert space. 
The proposed state equation is written as follows:

	

Non integer order, state space model of heat transfer process using Caputo-Fabrizio operator

The convolution in (13) is the sum of two factors associated to
control u(t) and its derivative u̇(t):

x̂(t) = eÂt (x̂0 + B̂u0
)
+

t∫

0

eÂ(t−τ)B̃u(τ)dτ+

t∫

0

eÂ(t−τ)B̂u̇(τ)dτ.

(15)

where:
B̃ = γB̂ = α [I − (1−α)A]−1 B (16)

If we assume homogenenous inital condition: x0 = 0 and the
control signal in the form of the Heaviside function u(t) = 1(t)
and u(0) = 0, the formula for step response takes the form as
follows:

ŷu(t) =C
t∫

0

eÂ(t−τ)B̃1(τ)dτ+

C
t∫

0

eÂ(t−τ)B̂δ (τ)dτ.

(17)

and the free response ( u(t) = 0 and x0 ̸= 0) of the system (13)
is as underneath:

x̂ f (t) = eÂt x̂0.

ŷ f (t) =Cx̂ f (t).
(18)

The non-integer order spatial derivative was given by Riesz
and it has the following form (see for example [33]):

DEFINITION 10. (The Riesz definition of FO spatial deriva-
tive)

∂ β Θ(x, t)
∂xβ =−rβ

(
0Dβ

x Θ(x, t)+x Dβ
1 Θ(x, t)

)
. (19)

where:
rβ =

1

2cos(πβ
2 )

. (20)

In (19) 0Dβ
x and xDβ

1 denote left- and right-side Riemann-
Liouville derivatives, defined as underneath:

0Dβ
x Θ(x, t) =

1
Γ(2−β )
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∫ x
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Θ(ξ , t)dξ
(x−ξ )β−1 . (21)

xDβ
1 Θ(x, t) =

1
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∫ 1

x

Θ(ξ , t)dξ
(ξ − x)β−1 . (22)

In (21) and (22) Γ(..) denotes the Gamma function, β > 1
is the non integer derivative order.

3. The non-integer order, state space models us-
ing Caputo and Caputo-Fabrizio operator

The simplified scheme of the considered heat plant is shown
in figure 1. It has the form of a thin copper rod heated with
an electric heater of the length ∆xu localized at one end of rod.
An output temperature is measured using Pt-100 RTD sensors

∆x long located in points: 0.29, 0.50 and 0.73 of rod length.
More details of the construction are given in the section "Ex-
perimental Results".

Fig. 1. The simplified scheme of the experimental system

The fundamental mathematical model describing the heat
conduction in the plant is the partial differential equation of
the parabolic type with the homogeneous Neumann boundary
conditions at the ends, the homogeneous initial condition,
the heat exchange along the length of rod and distributed
control and observation. This equation with integer orders of
both differentiations has been considered in many papers, for
example in [21] [22], [23].

The non integer order model with respect to both time and
space coordinates, employing Caputo and Riesz operators was
given in [25]. It takes the following form:



CDα
t Q(x, t) = aw

∂ β Q(x, t)
∂xβ −RaQ(x, t)+b(x)u(t)

∂Q(0, t)
dx

= 0, t ≥ 0
∂Q(1, t)

dx
= 0, t ≥ 0

Q(x,0) = Q0,0 ≤ x ≤ 1
y(t) = k0

∫ 1
0 Q(x, t)c(x)dx.

(23)

Where α,β > 0 denote non integer orders of the system, aw,
Ra denote coefficients of heat conduction and heat exchange,
k0 is a steady-state gain of the model. Now we need to express
(23) as an inifinte dimensional state equation in the Hilbert
space. The proposed state equation is written as follows:





CDα
t Q(t) = AQ(t)+Bu(t)

Q(0) = Q0

y(t) = k0CQ(t)
(24)

where:


AQ = aw
∂ β Q(x)

∂xβ −RaQ,

D(A) =
{

Q ∈ H2(0,1) : Q′(0) = 0,Q′(1) = 0
}
,

aw,Ra > 0,
H2(0,1) =

{
u ∈ L2(0,1) : u′,u′′ ∈ L2(0,1)

}
,

CQ(t) = ⟨c,Q(t)⟩,Bu(t) = ⟨bu(t)⟩
Q(t) = [q1(t),q2(t)..]

T .

(25)

The following set of the eigenvectors for the state operator A
creates the orthonormal basis of the state space:

hn =

{
1,n = 0√

2cos(nπx),n = 1,2, ...
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where:

	

Non integer order, state space model of heat transfer process using Caputo-Fabrizio operator

The convolution in (13) is the sum of two factors associated to
control u(t) and its derivative u̇(t):

x̂(t) = eÂt (x̂0 + B̂u0
)
+

t∫

0

eÂ(t−τ)B̃u(τ)dτ+

t∫

0

eÂ(t−τ)B̂u̇(τ)dτ.

(15)

where:
B̃ = γB̂ = α [I − (1−α)A]−1 B (16)

If we assume homogenenous inital condition: x0 = 0 and the
control signal in the form of the Heaviside function u(t) = 1(t)
and u(0) = 0, the formula for step response takes the form as
follows:

ŷu(t) =C
t∫

0

eÂ(t−τ)B̃1(τ)dτ+

C
t∫

0

eÂ(t−τ)B̂δ (τ)dτ.

(17)

and the free response ( u(t) = 0 and x0 ̸= 0) of the system (13)
is as underneath:

x̂ f (t) = eÂt x̂0.

ŷ f (t) =Cx̂ f (t).
(18)

The non-integer order spatial derivative was given by Riesz
and it has the following form (see for example [33]):

DEFINITION 10. (The Riesz definition of FO spatial deriva-
tive)

∂ β Θ(x, t)
∂xβ =−rβ

(
0Dβ

x Θ(x, t)+x Dβ
1 Θ(x, t)

)
. (19)

where:
rβ =

1

2cos(πβ
2 )

. (20)

In (19) 0Dβ
x and xDβ

1 denote left- and right-side Riemann-
Liouville derivatives, defined as underneath:

0Dβ
x Θ(x, t) =

1
Γ(2−β )

∂
∂x

∫ x

0

Θ(ξ , t)dξ
(x−ξ )β−1 . (21)

xDβ
1 Θ(x, t) =

1
Γ(2−β )

∂
∂x

∫ 1

x

Θ(ξ , t)dξ
(ξ − x)β−1 . (22)

In (21) and (22) Γ(..) denotes the Gamma function, β > 1
is the non integer derivative order.

3. The non-integer order, state space models us-
ing Caputo and Caputo-Fabrizio operator

The simplified scheme of the considered heat plant is shown
in figure 1. It has the form of a thin copper rod heated with
an electric heater of the length ∆xu localized at one end of rod.
An output temperature is measured using Pt-100 RTD sensors

∆x long located in points: 0.29, 0.50 and 0.73 of rod length.
More details of the construction are given in the section "Ex-
perimental Results".

Fig. 1. The simplified scheme of the experimental system

The fundamental mathematical model describing the heat
conduction in the plant is the partial differential equation of
the parabolic type with the homogeneous Neumann boundary
conditions at the ends, the homogeneous initial condition,
the heat exchange along the length of rod and distributed
control and observation. This equation with integer orders of
both differentiations has been considered in many papers, for
example in [21] [22], [23].

The non integer order model with respect to both time and
space coordinates, employing Caputo and Riesz operators was
given in [25]. It takes the following form:



CDα
t Q(x, t) = aw

∂ β Q(x, t)
∂xβ −RaQ(x, t)+b(x)u(t)

∂Q(0, t)
dx

= 0, t ≥ 0
∂Q(1, t)

dx
= 0, t ≥ 0

Q(x,0) = Q0,0 ≤ x ≤ 1
y(t) = k0

∫ 1
0 Q(x, t)c(x)dx.

(23)

Where α,β > 0 denote non integer orders of the system, aw,
Ra denote coefficients of heat conduction and heat exchange,
k0 is a steady-state gain of the model. Now we need to express
(23) as an inifinte dimensional state equation in the Hilbert
space. The proposed state equation is written as follows:




CDα
t Q(t) = AQ(t)+Bu(t)

Q(0) = Q0

y(t) = k0CQ(t)
(24)

where:


AQ = aw
∂ β Q(x)

∂xβ −RaQ,

D(A) =
{

Q ∈ H2(0,1) : Q′(0) = 0,Q′(1) = 0
}
,

aw,Ra > 0,
H2(0,1) =

{
u ∈ L2(0,1) : u′,u′′ ∈ L2(0,1)

}
,

CQ(t) = ⟨c,Q(t)⟩,Bu(t) = ⟨bu(t)⟩
Q(t) = [q1(t),q2(t)..]

T .

(25)

The following set of the eigenvectors for the state operator A
creates the orthonormal basis of the state space:

hn =

{
1,n = 0√

2cos(nπx),n = 1,2, ...
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The following set of the eigenvectors for the state operator A 
creates the orthonormal basis of the state space:

	

Non integer order, state space model of heat transfer process using Caputo-Fabrizio operator

The convolution in (13) is the sum of two factors associated to
control u(t) and its derivative u̇(t):

x̂(t) = eÂt (x̂0 + B̂u0
)
+

t∫

0

eÂ(t−τ)B̃u(τ)dτ+

t∫

0

eÂ(t−τ)B̂u̇(τ)dτ.

(15)

where:
B̃ = γB̂ = α [I − (1−α)A]−1 B (16)

If we assume homogenenous inital condition: x0 = 0 and the
control signal in the form of the Heaviside function u(t) = 1(t)
and u(0) = 0, the formula for step response takes the form as
follows:

ŷu(t) =C
t∫

0

eÂ(t−τ)B̃1(τ)dτ+

C
t∫

0

eÂ(t−τ)B̂δ (τ)dτ.

(17)

and the free response ( u(t) = 0 and x0 ̸= 0) of the system (13)
is as underneath:

x̂ f (t) = eÂt x̂0.

ŷ f (t) =Cx̂ f (t).
(18)

The non-integer order spatial derivative was given by Riesz
and it has the following form (see for example [33]):

DEFINITION 10. (The Riesz definition of FO spatial deriva-
tive)

∂ β Θ(x, t)
∂xβ =−rβ

(
0Dβ

x Θ(x, t)+x Dβ
1 Θ(x, t)

)
. (19)

where:
rβ =

1

2cos(πβ
2 )

. (20)

In (19) 0Dβ
x and xDβ

1 denote left- and right-side Riemann-
Liouville derivatives, defined as underneath:

0Dβ
x Θ(x, t) =

1
Γ(2−β )

∂
∂x

∫ x

0

Θ(ξ , t)dξ
(x−ξ )β−1 . (21)

xDβ
1 Θ(x, t) =

1
Γ(2−β )

∂
∂x

∫ 1

x

Θ(ξ , t)dξ
(ξ − x)β−1 . (22)

In (21) and (22) Γ(..) denotes the Gamma function, β > 1
is the non integer derivative order.

3. The non-integer order, state space models us-
ing Caputo and Caputo-Fabrizio operator

The simplified scheme of the considered heat plant is shown
in figure 1. It has the form of a thin copper rod heated with
an electric heater of the length ∆xu localized at one end of rod.
An output temperature is measured using Pt-100 RTD sensors

∆x long located in points: 0.29, 0.50 and 0.73 of rod length.
More details of the construction are given in the section "Ex-
perimental Results".

Fig. 1. The simplified scheme of the experimental system

The fundamental mathematical model describing the heat
conduction in the plant is the partial differential equation of
the parabolic type with the homogeneous Neumann boundary
conditions at the ends, the homogeneous initial condition,
the heat exchange along the length of rod and distributed
control and observation. This equation with integer orders of
both differentiations has been considered in many papers, for
example in [21] [22], [23].

The non integer order model with respect to both time and
space coordinates, employing Caputo and Riesz operators was
given in [25]. It takes the following form:



CDα
t Q(x, t) = aw

∂ β Q(x, t)
∂xβ −RaQ(x, t)+b(x)u(t)

∂Q(0, t)
dx

= 0, t ≥ 0
∂Q(1, t)

dx
= 0, t ≥ 0

Q(x,0) = Q0,0 ≤ x ≤ 1
y(t) = k0

∫ 1
0 Q(x, t)c(x)dx.

(23)

Where α,β > 0 denote non integer orders of the system, aw,
Ra denote coefficients of heat conduction and heat exchange,
k0 is a steady-state gain of the model. Now we need to express
(23) as an inifinte dimensional state equation in the Hilbert
space. The proposed state equation is written as follows:




CDα
t Q(t) = AQ(t)+Bu(t)

Q(0) = Q0

y(t) = k0CQ(t)
(24)

where:


AQ = aw
∂ β Q(x)

∂xβ −RaQ,

D(A) =
{

Q ∈ H2(0,1) : Q′(0) = 0,Q′(1) = 0
}
,

aw,Ra > 0,
H2(0,1) =

{
u ∈ L2(0,1) : u′,u′′ ∈ L2(0,1)

}
,

CQ(t) = ⟨c,Q(t)⟩,Bu(t) = ⟨bu(t)⟩
Q(t) = [q1(t),q2(t)..]

T .

(25)

The following set of the eigenvectors for the state operator A
creates the orthonormal basis of the state space:

hn =

{
1,n = 0√

2cos(nπx),n = 1,2, ...
. (26)
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Eigenvalues of the state operator are expressed as under-
neath:
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Eigenvalues of the state operator are expressed as under-
neath:

λβn =−awπβ nβ −Ra,n = 0,1,2, .... (27)

and consequently the state operator has the form:

A = diag{λβ0 ,λβ1 ,λβ2 , ...}. (28)

Next, the spectrum σ of the state operator A is expressed as
underneath:

σ(A) = {λβ0 ,λβ1 ,λβ2 , ...}. (29)

From (27) it follows at once that λβ0 > λβ1 > λβ2 ....

The input operator B has the following form:

B = [b0,b1,b2, ...]
T . (30)

where bn = ⟨b,hn⟩, b(x) denotes the control function:

b(x) =

{
1,x ∈ [0,x0]

0,x ̸∈ [0,x0]
. (31)

The output operator C is expressed as follows:

C =




Cs1

Cs2

Cs3


 . (32)

Rows of output operator C are as underneath:

Cs j =
[
cs j,0,cs j,1,cs j,2, ...

]
j = 1,2,3... (33)

where cs j,n = ⟨c,hn⟩, c(x) denotes the output sensor func-
tion:

c(x) =

{
1,x ∈ [x1,x2]

0,x ̸∈ [x1,x2]
. (34)

Coordinates x1 and x2 depend on sensor location on the rod
and they are equal:


x = 0.29 : x1 = 0.26, x2 = 0.32
x = 0.50 : x1 = 0.47, x2 = 0.53
x = 0.73 : x1 = 0.70, x2 = 0.76

From (31) and (34) it turns out, that the control function b(x)
and output function c(x) are the interval constant functions. If
the control u(t) = 1(1) then the step response formula can be
given:

yu(t) =
∞

∑
n=0

(
Eα(λβntα)−1(t)

)

λβn

⟨b,hn⟩⟨c,hn⟩. (35)

and the free response takes the form as underneath:

y f (t) = y0 j

∞

∑
n=1

Eα(λβntα)Q0⟨c,hn⟩. (36)

The proposed in this paper Caputo-Fabrizio model is obtained
after replacing the Caputo operator in (24) by Caputo-Fabrizio
operator (9):




CF Dα
t Q(t) = AQ(t)+Bu(t).

Q(0) = Q0.

y(t) = k0CQ(t)
(37)

The solution of state equation (37) takes the form (13), (15)
with the operators (14) in the form:

Â = diag
{

λ̂0, λ̂1, ...
}
,

B̂ =
[
b̂0, b̂1, ...

]T
,

B̃ =
[
b̃0, b̃1, ...

]T
,

Ĉ =C,

Q̂0 = diag
{

1
1− (α −1)λβ0

,
1

1− (α −1)λβ1

, ...

}
Q0,

eÂt = diag
{

eλ̂0 ,eλ̂1 , ...
}
,

γ =
α

1−α
.

(38)

where:

λ̂n =
αλβn

1− (α −1)λβn

.

b̂n =
(1−α)bn

1− (α −1)λβn

.

b̃n =
αbn

1− (α −1)λβn

.

(39)

The spectrum of the state operator Â has the form:

σ(Â) = {λ̂0, λ̂1, ...}. (40)

The spectrum σ(Â) contains single, real, negative, separated
eigenvalues ordered in decreasing order also: λ̂0 > λ̂1... This
means that the spectrum decomposition property is kept for FO
system described with the use of the CF operator.
With respect to (17),(38) and (39) the step response of the con-
sidered heat plant is expressed as:

ŷu(t) =
∞

∑
n=0

cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
. (41)

and the free response with respect to (18) takes the form:

Q̂ f (t) = diag

{
eλ̂0t

1− (1−α)λβ0

,
eλ̂1t

1− (1−α)λβ1

...

}
Q̂0.

ŷ f (t) =CQ̂ f (t).

(42)

Notice that the both step and free responses of the system we
deal with can be decomposed into infinite number of modes
associated to certain eingenvalues λ̂n of the state operator Â.
This follows directly from spectrum decomposition. The n-th
mode of solution is expressed as follows:

ŷn(t) = ˆyun + ˆy f n, n = 0,1,2, ... (43)

where:

ˆyun = cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
.

ˆy f n = cn

(
eλ̂0t

1− (1−α)λβ0

ˆq0n

)
.

(44)
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and consequently the state operator has the form:
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Eigenvalues of the state operator are expressed as under-
neath:

λβn =−awπβ nβ −Ra,n = 0,1,2, .... (27)

and consequently the state operator has the form:

A = diag{λβ0 ,λβ1 ,λβ2 , ...}. (28)

Next, the spectrum σ of the state operator A is expressed as
underneath:

σ(A) = {λβ0 ,λβ1 ,λβ2 , ...}. (29)

From (27) it follows at once that λβ0 > λβ1 > λβ2 ....

The input operator B has the following form:

B = [b0,b1,b2, ...]
T . (30)

where bn = ⟨b,hn⟩, b(x) denotes the control function:

b(x) =

{
1,x ∈ [0,x0]

0,x ̸∈ [0,x0]
. (31)

The output operator C is expressed as follows:

C =




Cs1

Cs2

Cs3


 . (32)

Rows of output operator C are as underneath:

Cs j =
[
cs j,0,cs j,1,cs j,2, ...

]
j = 1,2,3... (33)

where cs j,n = ⟨c,hn⟩, c(x) denotes the output sensor func-
tion:

c(x) =

{
1,x ∈ [x1,x2]

0,x ̸∈ [x1,x2]
. (34)

Coordinates x1 and x2 depend on sensor location on the rod
and they are equal:


x = 0.29 : x1 = 0.26, x2 = 0.32
x = 0.50 : x1 = 0.47, x2 = 0.53
x = 0.73 : x1 = 0.70, x2 = 0.76

From (31) and (34) it turns out, that the control function b(x)
and output function c(x) are the interval constant functions. If
the control u(t) = 1(1) then the step response formula can be
given:

yu(t) =
∞

∑
n=0

(
Eα(λβntα)−1(t)

)

λβn

⟨b,hn⟩⟨c,hn⟩. (35)

and the free response takes the form as underneath:

y f (t) = y0 j

∞

∑
n=1

Eα(λβntα)Q0⟨c,hn⟩. (36)

The proposed in this paper Caputo-Fabrizio model is obtained
after replacing the Caputo operator in (24) by Caputo-Fabrizio
operator (9):




CF Dα
t Q(t) = AQ(t)+Bu(t).

Q(0) = Q0.

y(t) = k0CQ(t)
(37)

The solution of state equation (37) takes the form (13), (15)
with the operators (14) in the form:

Â = diag
{

λ̂0, λ̂1, ...
}
,

B̂ =
[
b̂0, b̂1, ...

]T
,

B̃ =
[
b̃0, b̃1, ...

]T
,

Ĉ =C,

Q̂0 = diag
{

1
1− (α −1)λβ0

,
1

1− (α −1)λβ1

, ...

}
Q0,

eÂt = diag
{

eλ̂0 ,eλ̂1 , ...
}
,

γ =
α

1−α
.

(38)

where:

λ̂n =
αλβn

1− (α −1)λβn

.

b̂n =
(1−α)bn

1− (α −1)λβn

.

b̃n =
αbn

1− (α −1)λβn

.

(39)

The spectrum of the state operator Â has the form:

σ(Â) = {λ̂0, λ̂1, ...}. (40)

The spectrum σ(Â) contains single, real, negative, separated
eigenvalues ordered in decreasing order also: λ̂0 > λ̂1... This
means that the spectrum decomposition property is kept for FO
system described with the use of the CF operator.
With respect to (17),(38) and (39) the step response of the con-
sidered heat plant is expressed as:

ŷu(t) =
∞

∑
n=0

cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
. (41)

and the free response with respect to (18) takes the form:

Q̂ f (t) = diag

{
eλ̂0t

1− (1−α)λβ0

,
eλ̂1t

1− (1−α)λβ1

...

}
Q̂0.

ŷ f (t) =CQ̂ f (t).

(42)

Notice that the both step and free responses of the system we
deal with can be decomposed into infinite number of modes
associated to certain eingenvalues λ̂n of the state operator Â.
This follows directly from spectrum decomposition. The n-th
mode of solution is expressed as follows:

ŷn(t) = ˆyun + ˆy f n, n = 0,1,2, ... (43)

where:

ˆyun = cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
.

ˆy f n = cn

(
eλ̂0t

1− (1−α)λβ0

ˆq0n

)
.

(44)
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Eigenvalues of the state operator are expressed as under-
neath:

λβn =−awπβ nβ −Ra,n = 0,1,2, .... (27)

and consequently the state operator has the form:

A = diag{λβ0 ,λβ1 ,λβ2 , ...}. (28)

Next, the spectrum σ of the state operator A is expressed as
underneath:

σ(A) = {λβ0 ,λβ1 ,λβ2 , ...}. (29)

From (27) it follows at once that λβ0 > λβ1 > λβ2 ....

The input operator B has the following form:

B = [b0,b1,b2, ...]
T . (30)

where bn = ⟨b,hn⟩, b(x) denotes the control function:

b(x) =

{
1,x ∈ [0,x0]

0,x ̸∈ [0,x0]
. (31)

The output operator C is expressed as follows:

C =




Cs1

Cs2

Cs3


 . (32)

Rows of output operator C are as underneath:

Cs j =
[
cs j,0,cs j,1,cs j,2, ...

]
j = 1,2,3... (33)

where cs j,n = ⟨c,hn⟩, c(x) denotes the output sensor func-
tion:

c(x) =

{
1,x ∈ [x1,x2]

0,x ̸∈ [x1,x2]
. (34)

Coordinates x1 and x2 depend on sensor location on the rod
and they are equal:


x = 0.29 : x1 = 0.26, x2 = 0.32
x = 0.50 : x1 = 0.47, x2 = 0.53
x = 0.73 : x1 = 0.70, x2 = 0.76

From (31) and (34) it turns out, that the control function b(x)
and output function c(x) are the interval constant functions. If
the control u(t) = 1(1) then the step response formula can be
given:

yu(t) =
∞

∑
n=0

(
Eα(λβntα)−1(t)

)

λβn

⟨b,hn⟩⟨c,hn⟩. (35)

and the free response takes the form as underneath:

y f (t) = y0 j

∞

∑
n=1

Eα(λβntα)Q0⟨c,hn⟩. (36)

The proposed in this paper Caputo-Fabrizio model is obtained
after replacing the Caputo operator in (24) by Caputo-Fabrizio
operator (9):




CF Dα
t Q(t) = AQ(t)+Bu(t).

Q(0) = Q0.

y(t) = k0CQ(t)
(37)

The solution of state equation (37) takes the form (13), (15)
with the operators (14) in the form:

Â = diag
{

λ̂0, λ̂1, ...
}
,

B̂ =
[
b̂0, b̂1, ...

]T
,

B̃ =
[
b̃0, b̃1, ...

]T
,

Ĉ =C,

Q̂0 = diag
{

1
1− (α −1)λβ0

,
1

1− (α −1)λβ1

, ...

}
Q0,

eÂt = diag
{

eλ̂0 ,eλ̂1 , ...
}
,

γ =
α

1−α
.

(38)

where:

λ̂n =
αλβn

1− (α −1)λβn

.

b̂n =
(1−α)bn

1− (α −1)λβn

.

b̃n =
αbn

1− (α −1)λβn

.

(39)

The spectrum of the state operator Â has the form:

σ(Â) = {λ̂0, λ̂1, ...}. (40)

The spectrum σ(Â) contains single, real, negative, separated
eigenvalues ordered in decreasing order also: λ̂0 > λ̂1... This
means that the spectrum decomposition property is kept for FO
system described with the use of the CF operator.
With respect to (17),(38) and (39) the step response of the con-
sidered heat plant is expressed as:

ŷu(t) =
∞

∑
n=0

cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
. (41)

and the free response with respect to (18) takes the form:

Q̂ f (t) = diag

{
eλ̂0t

1− (1−α)λβ0

,
eλ̂1t

1− (1−α)λβ1

...

}
Q̂0.

ŷ f (t) =CQ̂ f (t).

(42)

Notice that the both step and free responses of the system we
deal with can be decomposed into infinite number of modes
associated to certain eingenvalues λ̂n of the state operator Â.
This follows directly from spectrum decomposition. The n-th
mode of solution is expressed as follows:

ŷn(t) = ˆyun + ˆy f n, n = 0,1,2, ... (43)

where:

ˆyun = cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
.

ˆy f n = cn

(
eλ̂0t

1− (1−α)λβ0

ˆq0n

)
.

(44)
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The input operator B has the following form:
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Eigenvalues of the state operator are expressed as under-
neath:

λβn =−awπβ nβ −Ra,n = 0,1,2, .... (27)

and consequently the state operator has the form:

A = diag{λβ0 ,λβ1 ,λβ2 , ...}. (28)

Next, the spectrum σ of the state operator A is expressed as
underneath:

σ(A) = {λβ0 ,λβ1 ,λβ2 , ...}. (29)

From (27) it follows at once that λβ0 > λβ1 > λβ2 ....

The input operator B has the following form:

B = [b0,b1,b2, ...]
T . (30)

where bn = ⟨b,hn⟩, b(x) denotes the control function:

b(x) =

{
1,x ∈ [0,x0]

0,x ̸∈ [0,x0]
. (31)

The output operator C is expressed as follows:

C =




Cs1

Cs2

Cs3


 . (32)

Rows of output operator C are as underneath:

Cs j =
[
cs j,0,cs j,1,cs j,2, ...

]
j = 1,2,3... (33)

where cs j,n = ⟨c,hn⟩, c(x) denotes the output sensor func-
tion:

c(x) =

{
1,x ∈ [x1,x2]

0,x ̸∈ [x1,x2]
. (34)

Coordinates x1 and x2 depend on sensor location on the rod
and they are equal:


x = 0.29 : x1 = 0.26, x2 = 0.32
x = 0.50 : x1 = 0.47, x2 = 0.53
x = 0.73 : x1 = 0.70, x2 = 0.76

From (31) and (34) it turns out, that the control function b(x)
and output function c(x) are the interval constant functions. If
the control u(t) = 1(1) then the step response formula can be
given:

yu(t) =
∞

∑
n=0

(
Eα(λβntα)−1(t)

)

λβn

⟨b,hn⟩⟨c,hn⟩. (35)

and the free response takes the form as underneath:

y f (t) = y0 j

∞

∑
n=1

Eα(λβntα)Q0⟨c,hn⟩. (36)

The proposed in this paper Caputo-Fabrizio model is obtained
after replacing the Caputo operator in (24) by Caputo-Fabrizio
operator (9):




CF Dα
t Q(t) = AQ(t)+Bu(t).

Q(0) = Q0.

y(t) = k0CQ(t)
(37)

The solution of state equation (37) takes the form (13), (15)
with the operators (14) in the form:

Â = diag
{

λ̂0, λ̂1, ...
}
,

B̂ =
[
b̂0, b̂1, ...

]T
,

B̃ =
[
b̃0, b̃1, ...

]T
,

Ĉ =C,

Q̂0 = diag
{

1
1− (α −1)λβ0

,
1

1− (α −1)λβ1

, ...

}
Q0,

eÂt = diag
{

eλ̂0 ,eλ̂1 , ...
}
,

γ =
α

1−α
.

(38)

where:

λ̂n =
αλβn

1− (α −1)λβn

.

b̂n =
(1−α)bn

1− (α −1)λβn

.

b̃n =
αbn

1− (α −1)λβn

.

(39)

The spectrum of the state operator Â has the form:

σ(Â) = {λ̂0, λ̂1, ...}. (40)

The spectrum σ(Â) contains single, real, negative, separated
eigenvalues ordered in decreasing order also: λ̂0 > λ̂1... This
means that the spectrum decomposition property is kept for FO
system described with the use of the CF operator.
With respect to (17),(38) and (39) the step response of the con-
sidered heat plant is expressed as:

ŷu(t) =
∞

∑
n=0

cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
. (41)

and the free response with respect to (18) takes the form:

Q̂ f (t) = diag

{
eλ̂0t

1− (1−α)λβ0

,
eλ̂1t

1− (1−α)λβ1

...

}
Q̂0.

ŷ f (t) =CQ̂ f (t).

(42)

Notice that the both step and free responses of the system we
deal with can be decomposed into infinite number of modes
associated to certain eingenvalues λ̂n of the state operator Â.
This follows directly from spectrum decomposition. The n-th
mode of solution is expressed as follows:

ŷn(t) = ˆyun + ˆy f n, n = 0,1,2, ... (43)

where:

ˆyun = cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
.

ˆy f n = cn

(
eλ̂0t

1− (1−α)λβ0

ˆq0n

)
.

(44)
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Where bn = hb, hni, b(x) denotes the control function:
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Eigenvalues of the state operator are expressed as under-
neath:

λβn =−awπβ nβ −Ra,n = 0,1,2, .... (27)

and consequently the state operator has the form:

A = diag{λβ0 ,λβ1 ,λβ2 , ...}. (28)

Next, the spectrum σ of the state operator A is expressed as
underneath:

σ(A) = {λβ0 ,λβ1 ,λβ2 , ...}. (29)

From (27) it follows at once that λβ0 > λβ1 > λβ2 ....

The input operator B has the following form:

B = [b0,b1,b2, ...]
T . (30)

where bn = ⟨b,hn⟩, b(x) denotes the control function:

b(x) =

{
1,x ∈ [0,x0]

0,x ̸∈ [0,x0]
. (31)

The output operator C is expressed as follows:

C =




Cs1

Cs2

Cs3


 . (32)

Rows of output operator C are as underneath:

Cs j =
[
cs j,0,cs j,1,cs j,2, ...

]
j = 1,2,3... (33)

where cs j,n = ⟨c,hn⟩, c(x) denotes the output sensor func-
tion:

c(x) =

{
1,x ∈ [x1,x2]

0,x ̸∈ [x1,x2]
. (34)

Coordinates x1 and x2 depend on sensor location on the rod
and they are equal:


x = 0.29 : x1 = 0.26, x2 = 0.32
x = 0.50 : x1 = 0.47, x2 = 0.53
x = 0.73 : x1 = 0.70, x2 = 0.76

From (31) and (34) it turns out, that the control function b(x)
and output function c(x) are the interval constant functions. If
the control u(t) = 1(1) then the step response formula can be
given:

yu(t) =
∞

∑
n=0

(
Eα(λβntα)−1(t)

)

λβn

⟨b,hn⟩⟨c,hn⟩. (35)

and the free response takes the form as underneath:

y f (t) = y0 j

∞

∑
n=1

Eα(λβntα)Q0⟨c,hn⟩. (36)

The proposed in this paper Caputo-Fabrizio model is obtained
after replacing the Caputo operator in (24) by Caputo-Fabrizio
operator (9):




CF Dα
t Q(t) = AQ(t)+Bu(t).

Q(0) = Q0.

y(t) = k0CQ(t)
(37)

The solution of state equation (37) takes the form (13), (15)
with the operators (14) in the form:

Â = diag
{

λ̂0, λ̂1, ...
}
,

B̂ =
[
b̂0, b̂1, ...

]T
,

B̃ =
[
b̃0, b̃1, ...

]T
,

Ĉ =C,

Q̂0 = diag
{

1
1− (α −1)λβ0

,
1

1− (α −1)λβ1

, ...

}
Q0,

eÂt = diag
{

eλ̂0 ,eλ̂1 , ...
}
,

γ =
α

1−α
.

(38)

where:

λ̂n =
αλβn

1− (α −1)λβn

.

b̂n =
(1−α)bn

1− (α −1)λβn

.

b̃n =
αbn

1− (α −1)λβn

.

(39)

The spectrum of the state operator Â has the form:

σ(Â) = {λ̂0, λ̂1, ...}. (40)

The spectrum σ(Â) contains single, real, negative, separated
eigenvalues ordered in decreasing order also: λ̂0 > λ̂1... This
means that the spectrum decomposition property is kept for FO
system described with the use of the CF operator.
With respect to (17),(38) and (39) the step response of the con-
sidered heat plant is expressed as:

ŷu(t) =
∞

∑
n=0

cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
. (41)

and the free response with respect to (18) takes the form:

Q̂ f (t) = diag

{
eλ̂0t

1− (1−α)λβ0

,
eλ̂1t

1− (1−α)λβ1

...

}
Q̂0.

ŷ f (t) =CQ̂ f (t).

(42)

Notice that the both step and free responses of the system we
deal with can be decomposed into infinite number of modes
associated to certain eingenvalues λ̂n of the state operator Â.
This follows directly from spectrum decomposition. The n-th
mode of solution is expressed as follows:

ŷn(t) = ˆyun + ˆy f n, n = 0,1,2, ... (43)

where:

ˆyun = cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
.

ˆy f n = cn

(
eλ̂0t

1− (1−α)λβ0

ˆq0n

)
.

(44)
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The output operator C is expressed as follows:
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Eigenvalues of the state operator are expressed as under-
neath:

λβn =−awπβ nβ −Ra,n = 0,1,2, .... (27)

and consequently the state operator has the form:

A = diag{λβ0 ,λβ1 ,λβ2 , ...}. (28)

Next, the spectrum σ of the state operator A is expressed as
underneath:

σ(A) = {λβ0 ,λβ1 ,λβ2 , ...}. (29)

From (27) it follows at once that λβ0 > λβ1 > λβ2 ....

The input operator B has the following form:

B = [b0,b1,b2, ...]
T . (30)

where bn = ⟨b,hn⟩, b(x) denotes the control function:

b(x) =

{
1,x ∈ [0,x0]

0,x ̸∈ [0,x0]
. (31)

The output operator C is expressed as follows:

C =




Cs1

Cs2

Cs3


 . (32)

Rows of output operator C are as underneath:

Cs j =
[
cs j,0,cs j,1,cs j,2, ...

]
j = 1,2,3... (33)

where cs j,n = ⟨c,hn⟩, c(x) denotes the output sensor func-
tion:

c(x) =

{
1,x ∈ [x1,x2]

0,x ̸∈ [x1,x2]
. (34)

Coordinates x1 and x2 depend on sensor location on the rod
and they are equal:


x = 0.29 : x1 = 0.26, x2 = 0.32
x = 0.50 : x1 = 0.47, x2 = 0.53
x = 0.73 : x1 = 0.70, x2 = 0.76

From (31) and (34) it turns out, that the control function b(x)
and output function c(x) are the interval constant functions. If
the control u(t) = 1(1) then the step response formula can be
given:

yu(t) =
∞

∑
n=0

(
Eα(λβntα)−1(t)

)

λβn

⟨b,hn⟩⟨c,hn⟩. (35)

and the free response takes the form as underneath:

y f (t) = y0 j

∞

∑
n=1

Eα(λβntα)Q0⟨c,hn⟩. (36)

The proposed in this paper Caputo-Fabrizio model is obtained
after replacing the Caputo operator in (24) by Caputo-Fabrizio
operator (9):




CF Dα
t Q(t) = AQ(t)+Bu(t).

Q(0) = Q0.

y(t) = k0CQ(t)
(37)

The solution of state equation (37) takes the form (13), (15)
with the operators (14) in the form:

Â = diag
{

λ̂0, λ̂1, ...
}
,

B̂ =
[
b̂0, b̂1, ...

]T
,

B̃ =
[
b̃0, b̃1, ...

]T
,

Ĉ =C,

Q̂0 = diag
{

1
1− (α −1)λβ0

,
1

1− (α −1)λβ1

, ...

}
Q0,

eÂt = diag
{

eλ̂0 ,eλ̂1 , ...
}
,

γ =
α

1−α
.

(38)

where:

λ̂n =
αλβn

1− (α −1)λβn

.

b̂n =
(1−α)bn

1− (α −1)λβn

.

b̃n =
αbn

1− (α −1)λβn

.

(39)

The spectrum of the state operator Â has the form:

σ(Â) = {λ̂0, λ̂1, ...}. (40)

The spectrum σ(Â) contains single, real, negative, separated
eigenvalues ordered in decreasing order also: λ̂0 > λ̂1... This
means that the spectrum decomposition property is kept for FO
system described with the use of the CF operator.
With respect to (17),(38) and (39) the step response of the con-
sidered heat plant is expressed as:

ŷu(t) =
∞

∑
n=0

cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
. (41)

and the free response with respect to (18) takes the form:

Q̂ f (t) = diag

{
eλ̂0t

1− (1−α)λβ0

,
eλ̂1t

1− (1−α)λβ1

...

}
Q̂0.

ŷ f (t) =CQ̂ f (t).

(42)

Notice that the both step and free responses of the system we
deal with can be decomposed into infinite number of modes
associated to certain eingenvalues λ̂n of the state operator Â.
This follows directly from spectrum decomposition. The n-th
mode of solution is expressed as follows:

ŷn(t) = ˆyun + ˆy f n, n = 0,1,2, ... (43)

where:

ˆyun = cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
.

ˆy f n = cn

(
eλ̂0t

1− (1−α)λβ0

ˆq0n

)
.

(44)
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Rows of output operator C are as underneath:

	 Csj = [csj, 0, csj, 1, csj, 2, …]  j = 1, 2, 3 …� (33)

where csj, n = hc, hni, c(x) denotes the output sensor function:
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Eigenvalues of the state operator are expressed as under-
neath:

λβn =−awπβ nβ −Ra,n = 0,1,2, .... (27)

and consequently the state operator has the form:

A = diag{λβ0 ,λβ1 ,λβ2 , ...}. (28)

Next, the spectrum σ of the state operator A is expressed as
underneath:

σ(A) = {λβ0 ,λβ1 ,λβ2 , ...}. (29)

From (27) it follows at once that λβ0 > λβ1 > λβ2 ....

The input operator B has the following form:

B = [b0,b1,b2, ...]
T . (30)

where bn = ⟨b,hn⟩, b(x) denotes the control function:

b(x) =

{
1,x ∈ [0,x0]

0,x ̸∈ [0,x0]
. (31)

The output operator C is expressed as follows:

C =




Cs1

Cs2

Cs3


 . (32)

Rows of output operator C are as underneath:

Cs j =
[
cs j,0,cs j,1,cs j,2, ...

]
j = 1,2,3... (33)

where cs j,n = ⟨c,hn⟩, c(x) denotes the output sensor func-
tion:

c(x) =

{
1,x ∈ [x1,x2]

0,x ̸∈ [x1,x2]
. (34)

Coordinates x1 and x2 depend on sensor location on the rod
and they are equal:


x = 0.29 : x1 = 0.26, x2 = 0.32
x = 0.50 : x1 = 0.47, x2 = 0.53
x = 0.73 : x1 = 0.70, x2 = 0.76

From (31) and (34) it turns out, that the control function b(x)
and output function c(x) are the interval constant functions. If
the control u(t) = 1(1) then the step response formula can be
given:

yu(t) =
∞

∑
n=0

(
Eα(λβntα)−1(t)

)

λβn

⟨b,hn⟩⟨c,hn⟩. (35)

and the free response takes the form as underneath:

y f (t) = y0 j

∞

∑
n=1

Eα(λβntα)Q0⟨c,hn⟩. (36)

The proposed in this paper Caputo-Fabrizio model is obtained
after replacing the Caputo operator in (24) by Caputo-Fabrizio
operator (9):




CF Dα
t Q(t) = AQ(t)+Bu(t).

Q(0) = Q0.

y(t) = k0CQ(t)
(37)

The solution of state equation (37) takes the form (13), (15)
with the operators (14) in the form:

Â = diag
{

λ̂0, λ̂1, ...
}
,

B̂ =
[
b̂0, b̂1, ...

]T
,

B̃ =
[
b̃0, b̃1, ...

]T
,

Ĉ =C,

Q̂0 = diag
{

1
1− (α −1)λβ0

,
1

1− (α −1)λβ1

, ...

}
Q0,

eÂt = diag
{

eλ̂0 ,eλ̂1 , ...
}
,

γ =
α

1−α
.

(38)

where:

λ̂n =
αλβn

1− (α −1)λβn

.

b̂n =
(1−α)bn

1− (α −1)λβn

.

b̃n =
αbn

1− (α −1)λβn

.

(39)

The spectrum of the state operator Â has the form:

σ(Â) = {λ̂0, λ̂1, ...}. (40)

The spectrum σ(Â) contains single, real, negative, separated
eigenvalues ordered in decreasing order also: λ̂0 > λ̂1... This
means that the spectrum decomposition property is kept for FO
system described with the use of the CF operator.
With respect to (17),(38) and (39) the step response of the con-
sidered heat plant is expressed as:

ŷu(t) =
∞

∑
n=0

cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
. (41)

and the free response with respect to (18) takes the form:

Q̂ f (t) = diag

{
eλ̂0t

1− (1−α)λβ0

,
eλ̂1t

1− (1−α)λβ1

...

}
Q̂0.

ŷ f (t) =CQ̂ f (t).

(42)

Notice that the both step and free responses of the system we
deal with can be decomposed into infinite number of modes
associated to certain eingenvalues λ̂n of the state operator Â.
This follows directly from spectrum decomposition. The n-th
mode of solution is expressed as follows:

ŷn(t) = ˆyun + ˆy f n, n = 0,1,2, ... (43)

where:

ˆyun = cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
.

ˆy f n = cn

(
eλ̂0t

1− (1−α)λβ0

ˆq0n

)
.

(44)
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Coordinates x1 and x2 depend on sensor location on the rod and 
they are equal:
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Eigenvalues of the state operator are expressed as under-
neath:

λβn =−awπβ nβ −Ra,n = 0,1,2, .... (27)

and consequently the state operator has the form:

A = diag{λβ0 ,λβ1 ,λβ2 , ...}. (28)

Next, the spectrum σ of the state operator A is expressed as
underneath:

σ(A) = {λβ0 ,λβ1 ,λβ2 , ...}. (29)

From (27) it follows at once that λβ0 > λβ1 > λβ2 ....

The input operator B has the following form:

B = [b0,b1,b2, ...]
T . (30)

where bn = ⟨b,hn⟩, b(x) denotes the control function:

b(x) =

{
1,x ∈ [0,x0]

0,x ̸∈ [0,x0]
. (31)

The output operator C is expressed as follows:

C =




Cs1

Cs2

Cs3


 . (32)

Rows of output operator C are as underneath:

Cs j =
[
cs j,0,cs j,1,cs j,2, ...

]
j = 1,2,3... (33)

where cs j,n = ⟨c,hn⟩, c(x) denotes the output sensor func-
tion:

c(x) =

{
1,x ∈ [x1,x2]

0,x ̸∈ [x1,x2]
. (34)

Coordinates x1 and x2 depend on sensor location on the rod
and they are equal:


x = 0.29 : x1 = 0.26, x2 = 0.32
x = 0.50 : x1 = 0.47, x2 = 0.53
x = 0.73 : x1 = 0.70, x2 = 0.76

From (31) and (34) it turns out, that the control function b(x)
and output function c(x) are the interval constant functions. If
the control u(t) = 1(1) then the step response formula can be
given:

yu(t) =
∞

∑
n=0

(
Eα(λβntα)−1(t)

)

λβn

⟨b,hn⟩⟨c,hn⟩. (35)

and the free response takes the form as underneath:

y f (t) = y0 j

∞

∑
n=1

Eα(λβntα)Q0⟨c,hn⟩. (36)

The proposed in this paper Caputo-Fabrizio model is obtained
after replacing the Caputo operator in (24) by Caputo-Fabrizio
operator (9):




CF Dα
t Q(t) = AQ(t)+Bu(t).

Q(0) = Q0.

y(t) = k0CQ(t)
(37)

The solution of state equation (37) takes the form (13), (15)
with the operators (14) in the form:

Â = diag
{

λ̂0, λ̂1, ...
}
,

B̂ =
[
b̂0, b̂1, ...

]T
,

B̃ =
[
b̃0, b̃1, ...

]T
,

Ĉ =C,

Q̂0 = diag
{

1
1− (α −1)λβ0

,
1

1− (α −1)λβ1

, ...

}
Q0,

eÂt = diag
{

eλ̂0 ,eλ̂1 , ...
}
,

γ =
α

1−α
.

(38)

where:

λ̂n =
αλβn

1− (α −1)λβn

.

b̂n =
(1−α)bn

1− (α −1)λβn

.

b̃n =
αbn

1− (α −1)λβn

.

(39)

The spectrum of the state operator Â has the form:

σ(Â) = {λ̂0, λ̂1, ...}. (40)

The spectrum σ(Â) contains single, real, negative, separated
eigenvalues ordered in decreasing order also: λ̂0 > λ̂1... This
means that the spectrum decomposition property is kept for FO
system described with the use of the CF operator.
With respect to (17),(38) and (39) the step response of the con-
sidered heat plant is expressed as:

ŷu(t) =
∞

∑
n=0

cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
. (41)

and the free response with respect to (18) takes the form:

Q̂ f (t) = diag

{
eλ̂0t

1− (1−α)λβ0

,
eλ̂1t

1− (1−α)λβ1

...

}
Q̂0.

ŷ f (t) =CQ̂ f (t).

(42)

Notice that the both step and free responses of the system we
deal with can be decomposed into infinite number of modes
associated to certain eingenvalues λ̂n of the state operator Â.
This follows directly from spectrum decomposition. The n-th
mode of solution is expressed as follows:

ŷn(t) = ˆyun + ˆy f n, n = 0,1,2, ... (43)

where:

ˆyun = cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
.

ˆy f n = cn

(
eλ̂0t

1− (1−α)λβ0

ˆq0n

)
.

(44)
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From (31) and (34) it turns out that the control function b(x) 
and output function c(x) are the interval constant functions. If 
the control u(t) = 1(1) then the step response formula can be 
given:
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Eigenvalues of the state operator are expressed as under-
neath:

λβn =−awπβ nβ −Ra,n = 0,1,2, .... (27)

and consequently the state operator has the form:

A = diag{λβ0 ,λβ1 ,λβ2 , ...}. (28)

Next, the spectrum σ of the state operator A is expressed as
underneath:

σ(A) = {λβ0 ,λβ1 ,λβ2 , ...}. (29)

From (27) it follows at once that λβ0 > λβ1 > λβ2 ....

The input operator B has the following form:

B = [b0,b1,b2, ...]
T . (30)

where bn = ⟨b,hn⟩, b(x) denotes the control function:

b(x) =

{
1,x ∈ [0,x0]

0,x ̸∈ [0,x0]
. (31)

The output operator C is expressed as follows:

C =




Cs1

Cs2

Cs3


 . (32)

Rows of output operator C are as underneath:

Cs j =
[
cs j,0,cs j,1,cs j,2, ...

]
j = 1,2,3... (33)

where cs j,n = ⟨c,hn⟩, c(x) denotes the output sensor func-
tion:

c(x) =

{
1,x ∈ [x1,x2]

0,x ̸∈ [x1,x2]
. (34)

Coordinates x1 and x2 depend on sensor location on the rod
and they are equal:


x = 0.29 : x1 = 0.26, x2 = 0.32
x = 0.50 : x1 = 0.47, x2 = 0.53
x = 0.73 : x1 = 0.70, x2 = 0.76

From (31) and (34) it turns out, that the control function b(x)
and output function c(x) are the interval constant functions. If
the control u(t) = 1(1) then the step response formula can be
given:

yu(t) =
∞

∑
n=0

(
Eα(λβntα)−1(t)

)

λβn

⟨b,hn⟩⟨c,hn⟩. (35)

and the free response takes the form as underneath:

y f (t) = y0 j

∞

∑
n=1

Eα(λβntα)Q0⟨c,hn⟩. (36)

The proposed in this paper Caputo-Fabrizio model is obtained
after replacing the Caputo operator in (24) by Caputo-Fabrizio
operator (9):




CF Dα
t Q(t) = AQ(t)+Bu(t).

Q(0) = Q0.

y(t) = k0CQ(t)
(37)

The solution of state equation (37) takes the form (13), (15)
with the operators (14) in the form:

Â = diag
{

λ̂0, λ̂1, ...
}
,

B̂ =
[
b̂0, b̂1, ...

]T
,

B̃ =
[
b̃0, b̃1, ...

]T
,

Ĉ =C,

Q̂0 = diag
{

1
1− (α −1)λβ0

,
1

1− (α −1)λβ1

, ...

}
Q0,

eÂt = diag
{

eλ̂0 ,eλ̂1 , ...
}
,

γ =
α

1−α
.

(38)

where:

λ̂n =
αλβn

1− (α −1)λβn

.

b̂n =
(1−α)bn

1− (α −1)λβn

.

b̃n =
αbn

1− (α −1)λβn

.

(39)

The spectrum of the state operator Â has the form:

σ(Â) = {λ̂0, λ̂1, ...}. (40)

The spectrum σ(Â) contains single, real, negative, separated
eigenvalues ordered in decreasing order also: λ̂0 > λ̂1... This
means that the spectrum decomposition property is kept for FO
system described with the use of the CF operator.
With respect to (17),(38) and (39) the step response of the con-
sidered heat plant is expressed as:

ŷu(t) =
∞

∑
n=0

cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
. (41)

and the free response with respect to (18) takes the form:

Q̂ f (t) = diag

{
eλ̂0t

1− (1−α)λβ0

,
eλ̂1t

1− (1−α)λβ1

...

}
Q̂0.

ŷ f (t) =CQ̂ f (t).

(42)

Notice that the both step and free responses of the system we
deal with can be decomposed into infinite number of modes
associated to certain eingenvalues λ̂n of the state operator Â.
This follows directly from spectrum decomposition. The n-th
mode of solution is expressed as follows:

ŷn(t) = ˆyun + ˆy f n, n = 0,1,2, ... (43)

where:

ˆyun = cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
.

ˆy f n = cn

(
eλ̂0t

1− (1−α)λβ0

ˆq0n

)
.

(44)
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and the free response takes the form as underneath:
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Eigenvalues of the state operator are expressed as under-
neath:

λβn =−awπβ nβ −Ra,n = 0,1,2, .... (27)

and consequently the state operator has the form:

A = diag{λβ0 ,λβ1 ,λβ2 , ...}. (28)

Next, the spectrum σ of the state operator A is expressed as
underneath:

σ(A) = {λβ0 ,λβ1 ,λβ2 , ...}. (29)

From (27) it follows at once that λβ0 > λβ1 > λβ2 ....

The input operator B has the following form:

B = [b0,b1,b2, ...]
T . (30)

where bn = ⟨b,hn⟩, b(x) denotes the control function:

b(x) =

{
1,x ∈ [0,x0]

0,x ̸∈ [0,x0]
. (31)

The output operator C is expressed as follows:

C =




Cs1

Cs2

Cs3


 . (32)

Rows of output operator C are as underneath:

Cs j =
[
cs j,0,cs j,1,cs j,2, ...

]
j = 1,2,3... (33)

where cs j,n = ⟨c,hn⟩, c(x) denotes the output sensor func-
tion:

c(x) =

{
1,x ∈ [x1,x2]

0,x ̸∈ [x1,x2]
. (34)

Coordinates x1 and x2 depend on sensor location on the rod
and they are equal:


x = 0.29 : x1 = 0.26, x2 = 0.32
x = 0.50 : x1 = 0.47, x2 = 0.53
x = 0.73 : x1 = 0.70, x2 = 0.76

From (31) and (34) it turns out, that the control function b(x)
and output function c(x) are the interval constant functions. If
the control u(t) = 1(1) then the step response formula can be
given:

yu(t) =
∞

∑
n=0

(
Eα(λβntα)−1(t)

)

λβn

⟨b,hn⟩⟨c,hn⟩. (35)

and the free response takes the form as underneath:

y f (t) = y0 j

∞

∑
n=1

Eα(λβntα)Q0⟨c,hn⟩. (36)

The proposed in this paper Caputo-Fabrizio model is obtained
after replacing the Caputo operator in (24) by Caputo-Fabrizio
operator (9):




CF Dα
t Q(t) = AQ(t)+Bu(t).

Q(0) = Q0.

y(t) = k0CQ(t)
(37)

The solution of state equation (37) takes the form (13), (15)
with the operators (14) in the form:

Â = diag
{

λ̂0, λ̂1, ...
}
,

B̂ =
[
b̂0, b̂1, ...

]T
,

B̃ =
[
b̃0, b̃1, ...

]T
,

Ĉ =C,

Q̂0 = diag
{

1
1− (α −1)λβ0

,
1

1− (α −1)λβ1

, ...

}
Q0,

eÂt = diag
{

eλ̂0 ,eλ̂1 , ...
}
,

γ =
α

1−α
.

(38)

where:

λ̂n =
αλβn

1− (α −1)λβn

.

b̂n =
(1−α)bn

1− (α −1)λβn

.

b̃n =
αbn

1− (α −1)λβn

.

(39)

The spectrum of the state operator Â has the form:

σ(Â) = {λ̂0, λ̂1, ...}. (40)

The spectrum σ(Â) contains single, real, negative, separated
eigenvalues ordered in decreasing order also: λ̂0 > λ̂1... This
means that the spectrum decomposition property is kept for FO
system described with the use of the CF operator.
With respect to (17),(38) and (39) the step response of the con-
sidered heat plant is expressed as:

ŷu(t) =
∞

∑
n=0

cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
. (41)

and the free response with respect to (18) takes the form:

Q̂ f (t) = diag

{
eλ̂0t

1− (1−α)λβ0

,
eλ̂1t

1− (1−α)λβ1

...

}
Q̂0.

ŷ f (t) =CQ̂ f (t).

(42)

Notice that the both step and free responses of the system we
deal with can be decomposed into infinite number of modes
associated to certain eingenvalues λ̂n of the state operator Â.
This follows directly from spectrum decomposition. The n-th
mode of solution is expressed as follows:

ŷn(t) = ˆyun + ˆy f n, n = 0,1,2, ... (43)

where:

ˆyun = cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
.

ˆy f n = cn

(
eλ̂0t

1− (1−α)λβ0

ˆq0n

)
.

(44)
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The proposed in this paper Caputo-Fabrizio model is obtained 
after replacing the Caputo operator in [24] by Caputo-Fabrizio 
operator [9]:
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Eigenvalues of the state operator are expressed as under-
neath:

λβn =−awπβ nβ −Ra,n = 0,1,2, .... (27)

and consequently the state operator has the form:

A = diag{λβ0 ,λβ1 ,λβ2 , ...}. (28)

Next, the spectrum σ of the state operator A is expressed as
underneath:

σ(A) = {λβ0 ,λβ1 ,λβ2 , ...}. (29)

From (27) it follows at once that λβ0 > λβ1 > λβ2 ....

The input operator B has the following form:

B = [b0,b1,b2, ...]
T . (30)

where bn = ⟨b,hn⟩, b(x) denotes the control function:

b(x) =

{
1,x ∈ [0,x0]

0,x ̸∈ [0,x0]
. (31)

The output operator C is expressed as follows:

C =




Cs1

Cs2

Cs3


 . (32)

Rows of output operator C are as underneath:

Cs j =
[
cs j,0,cs j,1,cs j,2, ...

]
j = 1,2,3... (33)

where cs j,n = ⟨c,hn⟩, c(x) denotes the output sensor func-
tion:

c(x) =

{
1,x ∈ [x1,x2]

0,x ̸∈ [x1,x2]
. (34)

Coordinates x1 and x2 depend on sensor location on the rod
and they are equal:


x = 0.29 : x1 = 0.26, x2 = 0.32
x = 0.50 : x1 = 0.47, x2 = 0.53
x = 0.73 : x1 = 0.70, x2 = 0.76

From (31) and (34) it turns out, that the control function b(x)
and output function c(x) are the interval constant functions. If
the control u(t) = 1(1) then the step response formula can be
given:

yu(t) =
∞

∑
n=0

(
Eα(λβntα)−1(t)

)

λβn

⟨b,hn⟩⟨c,hn⟩. (35)

and the free response takes the form as underneath:

y f (t) = y0 j

∞

∑
n=1

Eα(λβntα)Q0⟨c,hn⟩. (36)

The proposed in this paper Caputo-Fabrizio model is obtained
after replacing the Caputo operator in (24) by Caputo-Fabrizio
operator (9):




CF Dα
t Q(t) = AQ(t)+Bu(t).

Q(0) = Q0.

y(t) = k0CQ(t)
(37)

The solution of state equation (37) takes the form (13), (15)
with the operators (14) in the form:

Â = diag
{

λ̂0, λ̂1, ...
}
,

B̂ =
[
b̂0, b̂1, ...

]T
,

B̃ =
[
b̃0, b̃1, ...

]T
,

Ĉ =C,

Q̂0 = diag
{

1
1− (α −1)λβ0

,
1

1− (α −1)λβ1

, ...

}
Q0,

eÂt = diag
{

eλ̂0 ,eλ̂1 , ...
}
,

γ =
α

1−α
.

(38)

where:

λ̂n =
αλβn

1− (α −1)λβn

.

b̂n =
(1−α)bn

1− (α −1)λβn

.

b̃n =
αbn

1− (α −1)λβn

.

(39)

The spectrum of the state operator Â has the form:

σ(Â) = {λ̂0, λ̂1, ...}. (40)

The spectrum σ(Â) contains single, real, negative, separated
eigenvalues ordered in decreasing order also: λ̂0 > λ̂1... This
means that the spectrum decomposition property is kept for FO
system described with the use of the CF operator.
With respect to (17),(38) and (39) the step response of the con-
sidered heat plant is expressed as:

ŷu(t) =
∞

∑
n=0

cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
. (41)

and the free response with respect to (18) takes the form:

Q̂ f (t) = diag

{
eλ̂0t

1− (1−α)λβ0

,
eλ̂1t

1− (1−α)λβ1

...

}
Q̂0.

ŷ f (t) =CQ̂ f (t).

(42)

Notice that the both step and free responses of the system we
deal with can be decomposed into infinite number of modes
associated to certain eingenvalues λ̂n of the state operator Â.
This follows directly from spectrum decomposition. The n-th
mode of solution is expressed as follows:

ŷn(t) = ˆyun + ˆy f n, n = 0,1,2, ... (43)

where:

ˆyun = cn

(
b̃n

eλ̂nt −1(t)

λ̂n
+ b̂neλ̂nt

)
.

ˆy f n = cn

(
eλ̂0t

1− (1−α)λβ0

ˆq0n

)
.

(44)
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The solution of state equation (37) takes the form (13, 15) with 
the operators (14) in the form:

	 A ̂  = diag{λ ̂ 0, λ ̂ 1, …},

	 B ̂  = [b ̂ 0, b ̂ 1, …]
T
,

	 B̃ = [b̃0, b̃1, …]
T
,

	 C ̂  = C ,

	Q ̂ 0 = diag
(

1
1 ¡ (α ¡ 1)λβ0

,  1
1 ¡ (α ¡ 1)λβ1

, …
)

Q0 ,

	eA ̂ t = diag
(

eλ ̂ 0, eλ ̂ 1, …
)

,

	 γ  =  α
1 ¡ α

.

�(38)
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where:

	

	λ ̂ n = 
αλβn

1 ¡ (α ¡ 1)λβn

.

	 b ̂ n = 
(α ¡ 1)bn

1 ¡ (α ¡ 1)λβn

.

	 b̃n = 
αbn

1 ¡ (α ¡ 1)λβn

.

� (39)

The spectrum of the state operator A ̂  has the form:

	 σ(A ̂ ) = {λ ̂ 0, λ ̂ 1, …}.� (40)

The spectrum σ(A ̂ ) contains single, real, negative, separated 
eigenvalues ordered in decreasing order also: λ ̂ 0 > λ ̂ 1, … This 
means that the spectrum decomposition property is kept for FO 
system described with the use of the CF operator.

With respect to (17, 38) and (39) the step response of the 
considered heat plant is expressed as:

	 y ̂ u(t) = 
1

n=0
∑ cn(b̃n

eλ ̂ nt ¡ 1(t)
λ ̂ n

 + b ̂ neλ ̂ nt) .� (41)

and the free response with respect to (18) takes the form:

Q ̂ f (t) = diag
(

eλ ̂ 0t

1 ¡ (1 ¡ α)λβ0

,  eλ ̂ 1t

1 ¡ (1 ¡ α)λβ1

, …
)

Q ̂ 0 .

y ̂ f (t) = CQ ̂ f (t).

� (42)

Notice that both step and free responses of the system we deal 
with can be decomposed into infinite number of modes asso-
ciated to certain eingenvalues λ ̂ n of the state operator A ̂ . This 
follows directly from spectrum decomposition. The n-th mode 
of solution is expressed as follows:

	 y ̂ n(t) = y ̂ un + y ̂ f n, n = 0, 1, 2, …� (43)

where:

	

y ̂ un = cn(b̃n
eλ ̂ nt ¡ 1(t)

λ ̂ n
 + b ̂ neλ ̂ nt) .

y ̂ f n = cn( eλ ̂ 0t

1 ¡ (1 ¡ α)λβ0

q ̂ 0n) .
� (44)

The model (37–44) is infinite-dimensional. Its implementation 
in MATLAB or another platform requires us to use its finite 
dimensional approximant. It can be obtained by truncating fur-
ther modes in solutions (41, 42). Consequently the operators A ̂ , 
B ̂ , B̃ and C ̂  can be interpreted as matrices and solution of state 
equation takes the form of finite sum:

	 y ̂ n(t) = y ̂ un + y ̂ f n, n = 0, 1, 2, …, N .� (45)

where:

y ̂ u(t) = 
N

n=0
∑ cn(b̃n

eλ ̂ nt ¡ 1(t)
λ ̂ n

 + b ̂ neλ ̂ nt) .

Q ̂ f (t) = diag
(

eλ ̂ 0t

1 ¡ (1 ¡ α)λβ0

, …,  eλ ̂ Nt

1 ¡ (1 ¡ α)λβN

)

Q ̂ 0 .

y ̂ f (t) = CQ ̂ f (t).

� (46)

The order N of the above finite approximation can be estimated 
with the use of numerical experiments, analogically as it was 
presented in [24]. The comparison of step responses for the 
proposed model and real plant is given in the next section.

4.	 Experimental results

Experiments were done with the use of an experimental 
system shown with details in Fig. 2. The length of rod is equal 
260 mm. The control signal in the system is the standard cur-

Fig. 2. The construction of the experimental system

amplifier

rent signal 0‒20 mA given from analog output of the PLC. 
This signal is amplified to the range 0‒1.5 A and it is the input 
signal for the heater. The temperature distribution along length 
of the rod is measured with the use of standard RTD sensors 
of Pt-100 type. Signals from the sensors are directly read by 
analog inputs of the PLC in Celsius degrees. Data from PLC 
are read and archivised with the use of SCADA. The whole 
system is connected via PROFINET industrial network. The 
temperature distribution with respect to time and length is 
shown in Fig. 3. The step response of the model was tested in 
time range from 0 to Tf  = 300 s with sample time 1 s, param-
eters were calculated via minimization of the MSE (Medium 
Square Error) cost function (47) with the use of MATLAB 
fminsearch function.
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To estimate the accuracy, the typical MSE cost function 
was employed:

	 MSE =  1
3Ks

3

j=1
∑

Ks

k=1
∑ e+

j (k).� (47)

In (47) Ks denotes the number of collected samples for one 
sensor, e+

j (k) is the difference between responses of model and 
plant in k-th time moment and at j-th output:

	 e+
j (k) = y+

pj
(k) ¡ y+

j (k).� (48)

An example of step response for the proposed model compared 
to step response of the plant is given in Fig. 4. From Fig. 4 it 

can be concluded that the proposed model is constructed prop-
erly and it assures good accuracy in the sense of cost function 
(47) while keeping the resonable size of the model, expressed 
by its size N.

5.	 Final conclusions

The final conclusions from paper can be formulated as follows:
●	 The use of Caputo-Fabrizio operator allows us to obtain 

the fractional order model of real heat transfer process 
possible to implement without the use of any approxima-
tion. The accuracy of the proposed model in the sense of 
MSE cost function is satisfying,

●	 An interesting problem is to analyze the exponential sta-
bility of the proposed model, instead of the Mittag-Lef-
fler stability. This is caused by the fact that the solution 
of FO state equation using CF operator is expressed by 
exponential function. The association of the exponential 
stability with the Mittag-Leffler stability is planned to 
be analyzed,

●	 The presented results can be generalized into class of 
fractional order, linear systems described by a diagonal 
state operator (for example in the Jordan canonical form).
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