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TRIGONOMETRIC SOLUTION FOR AN EXPONENTIALLY GRADED
THICK PLATE RESTING ON ELASTIC FOUNDATIONS

This article investigates the solution of exponentially graded (EG) thick rectangu-
lar plates resting on two-parameter elastic foundations according to a trigonometric
plate theory (TPT). This theory includes the effect of both shear and normal strains
thickness without needing to any shear correction factor. The displacement fields
contains initial terms of a power series across plate thickness as well as additional
trigonometric terms. The material properties of plate is graded such that Lamé’s co-
efficients convert exponentially in a given constant orientation. Equilibrium equations
according to the EG plate resting on Pasternak’s foundations are derived. The solution
is obtained by using Navier’s technique. Numerical results for the EG thick plate on
elastic foundations are presented, and compared with those available in the literature.
The influences of Winkler’s and Pasternak’s parameters, side-to-thickness ratio, in-
homogeneity parameter and aspect ratio on the bending responses of EG plates are
investigated.

1. Introduction

The studies of plates resting on one- or two-parameter elastic foundations have
drawn attention of a number of researchers [1-3]. They have enormous applications
in structural engineering like swimming pools, buttress foundations and stockpiling
tanks. It is well known that the simplest model for plate resting on elastic medium is
known as Winkler’s model. This model is deem a series of closely diverge, off and
on independent, linear elastic vertical springs which, obviously, supply resistance
in direct rate to the deflection of the plate [4]. The new model which is known as
Pasternak’s model has been amended Winkler’s model by taking computation of
the interactions between the separated springs and introducing a new dependent
parameter [5].
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Functionally graded materials (FGMs) are advanced non-homogeneous com-
posite materials that proposed for thermal barriers. They have increasingly applied
for advanced engineering applications in extremely high temperature environment
[6-8]. Three-dimensional (3D) solutions for FG plates are useful since they extend
benchmark results to estimate the reliability of various two-dimensional (2D) plate
theories and finite element formulations. In the 2D plate theory, many investiga-
tions with reference to problems of non-homogeneous plates have been published.
A membrane identification has been presented in [9] to obtain an exact straight-
forward eigenvalues for buckling and vibration of FG plates resting on elastic
foundation based on first-order shear deformation plate theory (FPT). The same
membrane identification was later applied to the analyses of FG plates and shells
based on a third-order plate theory [10, 11]. The free vibration, transient response,
large deflection and post-buckling responses of FG thin plates resting on elastic
foundations by using differential quadrature method and Galerkin’s procedure have
investigated in [12, 13]. A new hyperbolic shear and normal deformation plate
theory has been presented in [14] to study the static, free vibration and buckling
analysis of the simply-supported FG sandwich plates resting on elastic foundation.
A simplified nth-higher-order theory with only two variables is introduced in [15]
to study the free vibration of laminated plates. Recently, compressive studies for
bending and free vibration of functionally graded plates and multilayered compos-
ite soft core sandwich plates resting on Winkler—Pasternak foundations have been
investigated in [16, 17].

A new standard plate theory, that accounts for cosine shear stress distribution
and free boundary conditions for shear stress upon the top and bottom surfaces
of the plate, is firstly presented in [18]. This theory, also called trigonometric
plate theory (TPT), corroborated and improved in [19]. The higher-order shear
deformation plate theory (HPT) that neglects the transverse shear stresses on the
plate faces has been proposed in [20]. The sinusoidal shear deformation plate theory
(SPT) [21, 22] accounts according to a cosine-law distribution of transverse shear
strains through the plate thickness. The present study involves the effects of both
transverse normal and shear deformations by using the TPT. The 3D solution, the
finite element method and the HPT are considered for the comparison purpose.
The plate is presumed to be isotropic at any point in the plate volume moreover the
plate resting on elastic foundations. The material properties of the plate like Lamé’s
coeflicients varying exponentially through the plate thickness. The presented theory
is revised for bending response of EG plate resting on Pasternak’s foundations [23—
25]. The stresses and displacements are extensive into series of trigonometric terms
about the in-plane coordinates for a simply-supported plate, leading to a system of
ordinary differential equations about the thickness coordinate, for which an exact
solution is possible. The inclusion of the transverse normal stress is taken into
consideration. Effects of various parameters on bending responses of EG plates
are discussed. Numerical results are reported to serve as benchmarks for future
comparison with other solutions.
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2. Bending of the EG thick plate

2.1. Structural model

Consider an EG thick rectangular plate with the thickness #, length a, and
width b, as shown in Fig. 1. The plate is resting on elastic foundation with Win-
kler’s stiffness (Kyw ) and shear stiffness (Kp). The Cartesian coordinate system is
established so that 0 < x < a,0 < y < band —h/2 < z < h/2. Let the plate be
subjected to a distributed transverse load g(x, y) at the upper face (z = +h/2). Let
the structure convert from the top to bottom surfaces according to an exponential
law. So, the efficient material properties can be represented as:

(4 1} = {0, pohe (i +2), (1)
in which A¢ and po are Lamé’s coefficients of the homogeneous plate,
vE E
o= ————— = 2
0T T+ -2y K=505) )

and E and v are Young’s modulus and Poisson’s ratio, respectively. It is to be noted
that k (k > 0) is a parameter that transcribes the material variation profile through
the plate thickness. The plate is perfectly homogeneous when k equals zero.

T . {4, 1) = (g, o Je¥ Y
T
e B |
b
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/\{/1' H} = {/10:.’10} } a P x

Fig. 1. Coordinate system and geometry of the EG thick rectangular plate resting on elastic
foundations

2.2. Elastic foundation

Pasternak’s model [1] is the most naturalistic amplification of the Winkler one.
The reaction-deflection relation of shear layer and spring elements is expressed as:
Pw  0’w
=Kww—-Kp|—+—|,
( 0x2  9y?
where E¢, w, Kw and Kp are the foundation reaction per unit area, deflection, and
Winkler’s and Pasternak’s parameters, respectively. The present model is famous
as the two-parameter Pasternak’s foundations. This model is renowned as Winkler
one when Kp = 0.

3)

Ef z=-h/2
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2.3. Displacement field

The trigonometric shear deformation plate theory (TPT) is suitable for the
displacements [26]:

0
i (x,y,2) = u(x,y) - za—”: + D) (X, ),
0
(%, y,2) = v(x, y) — z% + D2)(x, ), )

u3(x,y,2) = w(x, y) + ' (2)y3(x, y),

where (u1, up, u3) are displacements of a general point (x, y, z) in EG plate, (u, v, w)
are displacement projections on mid-plane and | and ¥, are rotations about y-

and x-axes, and i3 is an additional undetermined function. The displacements u,

h
v, w, Y1, ¥, and 3 are functions of x and y, and ®(z) = — sin (%) The prime
s

(") represents differentiation with respect to z. The effects of shear and normal
deformation are both included. Note that the displacement field of FPT is given by
®(z) = z and Y3 = 0. However, the displacement fields of HPT and SPT are given,

2
respectively, by setting ®(z) = z [1 1 (i) }, Y3 =0and O(z) = h sin (B),
3\h/2 /4 h
Y3 = 0. The present theory comprise only one additional dependent unknown
(¥3 # 0) than that of the remainder theories, but takes into consideration the effect
of transverse normal strain through the plate thickness. No shear correction factor
is needed for TPT, as well as for HPT and SPT. Now, the linear strains e;; according

to the displacements in Eq. (4), are presented as:

el €11 X11 n11
en (=91 &2 (+zy x2 (+P@13 12 (>
e €12 X12 n12 )
{e13, ez} = D' (2){e13, €23}, e33 = D" (2)e33.
Here &11, x;; and n;; are expressed as:
ou ov " 1({dv N ox
& = 3. & = 5> & = s &€ ==\ P K
"=y 22 dy 33 3 =513 ay
1 o3 o3 0w 0w
s == + P + — s = - B} =~ 6
teis e23) = 3 {'ﬁ] o 2 3y XI=—Fa X2="55 (6)
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2.4. Constitutive equations
The stress-strain relations for a linear isotropic elastic plate are represented as:
oij = dexkdij +2ue;j, (7

where ¢;; is the Kronecker’s delta function. Also, the stress resultants may be
defined as:

+h/2
{Nij,Ml-j,Sij}=f{l,z,d><z>}a—,~,dz, ij=12
-h/2
+h/2 +h/2 (8)
O = fCD'(Z)O'zSdz, N33 = f(D"(Z)O'de-
—h/2 -h/2

3. Equilibrium equations

Equations of equilibrium can be obtained due to the principle of virtual dis-
placements. That is

h/2
ff [ f oij6eiidz — (q — Ep)ow|dQ =0, )
Q —h/2

ff N @H\f 00 N (201 990 | o — by 20
11 ] b 330Y3 — My )

6w 6w Ay Ay Sy Aoy
- M -2M S S Sp|l———+—
22 By? 25 By o1 Ox T o2 dy T o12 ( ox + By )
doys3 9oY3 3
+ Q3| oY + ox + 03 |0y + 3y - (q - Ef)(SW dQ =0. (10)

Then, by integrating by parts and setting the coefficients of ou, v, ow, oy,
o0Yrr and Y3 to zero, separately. So, according to TPT, we have

JON1 +5N12 ~ 0 5N12+5N22 ~ 0 oS +5512_Q ~ 0
Ox dy Ox dy Ox dy B3="
O*Myy _0*My,  0*My
+2 +
0x? 0x0y dy?
0812 (9522 Oy = 0013 N 0023
ox ay

+q-Ef =0, (11)

- N33 =0.
ox 33
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The stress resultants can be obtained in terms of total strains by substituting
Eq. (7) into Eq. (8):

Nij Al A A | [ & Bi1 Bi2 Biz || 11 +én Ci
M;j o = | A1z Az Azz | Xij ¢+ | Biz B2 Bz |y x11 + x22 ¢ +4Ci2 ¢ €33 | 0ijs
Sij Az Az Azz |\ i) B3 Bz B3z |\ mi1 + 122 Ci3
11 té&xn
N33 = D3zez3 +[Crp Ci2 Ci3]{ i1+ x22 ¢» 0Oi3 = Dyz&;3, (12)
ni +n22
where
+h/2
A Ap A 2u(z
n An Ap | _ fy u(z) [l 2 Oz
By Bp Bpjs A(2)
)
+h)2
Cy = f)’/l(z)q)"(z)dz,
gy (13)
Dy = f [A(2) + 2u()][0" (2)]Pdz,
)
+h/2
Dy = f 2p(2) [P (2)]7dz,
“h)2

inwhich/ =1fory =1,/ =2fory = z,and [ = 3 for y = ®(z). The substitution
of Eq. (12) into Eq. (11) yields

[pP)o} = {f}, (14)

in which [p] is a symmetric matrix of differential operators and f = {0, 0, —¢, 0, 0, 0}
is a generalized force vector while {6} = {u, v, w, Y1, Yo, Y3)'. The elements p; =
pji of the symmetric matrix [p] are given in Appendix A.

4. Two-dimensional solution

The following simply-supported boundary conditions are enjoined at the side
edges of the present EG plate:

v=w=yYr=yYy3=N1 =M1 =8511=0 at x=0,aq,

(15)
u=w=y1=yY3zs=Np=Mpy=58,=0 at y=0,>b.
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Navier presented the external force as

9(5,) = D" G sin@mx) sin(By), (16)
n=1

m=1

where a,, = mnr/a, B, = nm/b; m and n are mode numbers. For uniformly
distributed load (UDL), g,,,,, are expressed as:

mnm (7)

16
q02 for odd m and n,
dmn =
0 otherwise,

where ¢gq represents the load intensity at the plate centre. However, m = n = 1 and
q11 = qo for sinusoidally distributed load (SDL). Following Navier’s procedure,
we suppose that

(w, yr1) o oo [ Umns Xmn) cos(apx) sin(B,y)
Wo3) = D3 Wanns Zun) sin@mx) sin(Bay) ¢, (18)
(V’ (//2) m=ln=1 (an’ Ymn) Sin(a'mx) COS(,BnY)

where Upins Vinns Wiins Xmn» Ymn and Z,,,, are arbitrary parameters. Eq. (14) in
conjunction with Eq. (18) can be combined into a system of first-order equations as:

[PHA} = {F}, (19)
where {A} and {F} denote the columns:

{A} = {Umn, Vinns Winns Xons Yinns Zmn}t’

20
{F} = {0’ 0, _ana O’ 0’ O}t’ ( )

and the elements P;; = P;; of the coefficient matrix [ P] are reported in Appendix B.

5. Numerical results and discussions

Bending response of simply-supported EG thick rectangular plates resting on
Pasternak’s foundations and under SDL/UDL is investigated. The dimensionless
deflection and stresses given here are presented as:

_ 10EW3 a* X a® "
w = K = — s Kp = — R
a*qo Vo ERTY P ERT?
10h2 10h
{o1, 00,06} = —{o1,0m, 012}, {04, 05} = —{o23,013}, 21)
a=qo aqo
102K2 a* a? ER
= — 5 ¥ o= —K . = —K . D = T A5
3T T2 O fwEphwe ke = he 12(1 -2
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The results for EG thick rectangular plates resting on Pasternak’s foundations
using TPT are discussed for various values of aspect ratios a/b, side-to-thickness
a/h,inhomogeneity parameter k and foundation parameters kw and k p. The results
are documented in Tables 1-4 as well as in Figs. 2—6. For the sake of completeness
and comparison, some results obtained using HPT and SPT are also presented in
Table 3. It is assumed in all of the analysed cases (unless otherwise stated) that
a=4h,b=3a,k=15andv =0.3.

Numerical results for bending of homogeneous plates resting on Pasternak’s
foundations using TPT are compared with the corresponding ones available in
the literature [27-31]. The plate is assumed to be subjected to UDL on the upper
face and the deflections of the plate are given in Tables 1 and 2. The effects of
foundation stiffness, loadings, and gradient index on the mechanical behaviour of
EG plate will be intensively discussed. The results in Tables 1 and 2 are obtained
by taking fifty-one terms in Eq. (14) and found to agree well with that reported
in [27-31].
10°D (a b h
g \22°2
neous square plate resting on elastic foundations (2 = 0.01a). The present results
are compared with those of 3D solution [30]. Also, the deflections presented in
Table 1 using TPT agree extremely well with those obtained in [28] and [31]. It is
clear that the deflection decreases as the elastic foundation parameters increase.

Table 1 contains the deflection w = ) due to a UDL homoge-

Table 1.
Comparisons of the deflections w of UDL homogeneous square plate (4/a = 0.01)
on Winkler—Pasternak foundations

Ky Kp Present Ref. [28] Ref. [30] Ref. [31]
1 3.84259 3.853 3.8546 3.855
1 34 0.76253 0.763 0.7630 0.763
5t 0.11529 0.115 0.1153 0.1153
1 3.20219 3.210 3.2105 3.2108
34 34 0.73133 0.732 0.7317 0.7317
5t 0.11452 0.115 0.1145 0.1145
1 1.47484 1.476 1.4765 1.4765
54 3 0.57014 0.570 0.5704 0.5704
54 0.10946 0.109 0.1095 0.1095

10°D b
Table 2 gives a comparison of the central deflection w = ——w (ﬂ, =, 0)
aqo 2°2
of an isotropic square plate on one-parameter elastic foundation under UDL. It is
obvious that TPT gives results that compared well with the available ones [27, 29].

In addition, the deflection decreases as Winkler’s parameter «j,, increases.
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Table 2.
Comparisons of the central deflections w of UDL homogeneous square plate
on Winkler’s foundations (4/a = 0.05)

Ky Present Ref. [29] Ref. [27]
0 0.40958 0.40624 0.41197
14 0.40850 0.40517 0.41088
34 0.33702 0.33472 0.33855
54 0.15099 0.15060 0.15114

10% 0.01110 0.01115 0.01096

Table 3 gives the effect of inhomogeneity parameter k£ and side-to-thickness
ratio a/h on the deflection w of EG thick rectangular plates resting on Pasternak’s
foundations. Also, the deflection w decreases as all of the parameters xw, kp, k
and a/h increase.

Table 3.

Effects of inhomogeneity parameter k and side-to-thickness ratio a/h on the defection w(0)
of EG thick rectangular plate resting on elastic foundations

a=3h a=>5h
TPT HPT SPT TPT HPT SPT
0 0 | 1.12265 | 0.99049 | 1.00350 | 0.95629 | 0.81134 | 0.81299
0.1 | 10 0 | 0.53933 | 0.49761 | 0.50087 | 0.49354 | 0.44792 | 0.44843
10 | 10 | 0.08052 | 0.07707 | 0.07714 | 0.07826 | 0.07576 | 0.07578
0 0 | 1.01508 | 0.90859 | 0.90789 | 0.86475 | 0.73604 | 0.73586
03| 10 0 | 0.51315 | 0.47605 | 0.47586 | 0.46795 | 0.42398 | 0.42392
10 | 10 | 0.07989 | 0.07653 | 0.07652 | 0.07758 | 0.07505 | 0.07505
0 0 | 091715 | 0.82189 | 0.82130 | 0.78150 | 0.66640 | 0.66625
0.5 | 10 0 | 0.48679 | 0.45112 | 0.45094 | 0.44241 | 0.39990 | 0.39985
10 | 10 | 0.07921 | 0.07586 | 0.07585 | 0.07683 | 0.07426 | 0.07425
0 0 | 0.78665 | 0.70692 | 0.70647 | 0.67068 | 0.57439 | 0.57429
0.8 | 10 0 | 0.44722 | 0.41415 | 0.41399 | 0.40449 | 0.36484 | 0.36479
10 | 10 | 0.07803 | 0.07473 | 0.07473 | 0.07557 | 0.07295 | 0.07295
0 0 | 0.70954 | 0.63920 | 0.63884 | 0.60527 | 0.52038 | 0.52030
1.0 | 10 0 | 0.42107 | 0.38995 | 0.38981 | 0.37968 | 0.34227 | 0.34224
10 | 10 | 0.07714 | 0.07391 | 0.07390 | 0.07463 | 0.07201 | 0.07200
0 0 | 0.54675 | 0.49647 | 0.49632 | 0.46737 | 0.40682 | 0.40680
1.5 | 10 0 | 0.35753 | 0.33176 | 0.33169 | 0.32025 | 0.28912 | 0.28917
10 | 10 | 0.07456 | 0.07153 | 0.07153 | 0.07193 | 0.06933 | 0.06933

k Kkw | kp

Fig. 2a displays the effect of elastic foundations on the variation of w ver-
sus side-to-thickness ratio a/h of EG square plate. The deflection w decreases as
Pasternak’s foundation parameters increase. For higher values of elastic founda-
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tion parameters, the deflection may be independent of a/h ratio. Fig. 2b gives the
variation of w versus aspect ratio a/b of EG rectangular plate resting on elastic
foundations. The deflection w decreases as ratio a/b and elastic foundation param-
eters increase. It is clear that TPT gives deflection closes to that of HPT for plates

subjected to Pasternak’s model.

0.21

0.18 SN\ e
_ 012
w
0.09
0.06

= 10,1, =0
eemem Ky = 20,500 = 0]
Ky =30,Kkp =0

—— Ky =0, Kp=5 |
Ky = Kkp =20

0.03

(@ywvsa/h(a=D>b)

0.1 0.29 048 067 086 1.05 1.
a/b

(b) wvs a/b

I I I |
24 143 162 181

Fig. 2. Variation of w of the EG plate resting on elastic foundations (z = 0)

Fig. 3a shows that the effect of thickness on w of EG thick square plate resting
on Pasternak’s foundations. It is clear that the deflection decreases as the parameters
kw and « p increase. Fig. 3b shows the effect of elastic foundations on ¢; through-
the-thickness of EG thick rectangular plate. The tensile stress o-; decreases with
the increase of elastic foundations kyw and «p while the compressive stress o
increases. It is clear that the tensile stress o is vanished above the mid-surface of

the plate.

05 F T T : =

: i Ky =10,kp=0}
04| | " Pt ]
1

03 - : '| == ey =30,1p=0 1} ]

02 i o k=0, Kp=5 ]
< 0.1 Kw=Kkp = 20 -
ol ]
N

-01
-0.2
-03
-04
-05

TPT

r'
7 Kkw=0,Kp=5

Ky =10, kp=0

.
0.08
w

0.1

(a) The deflection w using TPT

(b) The stress o1 using TPT and HPT

Fig. 3. Through-the-thickness distributions of w and o-| of the EG square plate resting on elastic

foundations

Table 4 displays the effect of inhomogeneity parameter k on stresses of EG
thick rectangular plate resting on elastic foundations by using TPT. It is shown that
01, 02 and o3 decrease rapidly as kw and kp increase whereas they increase by
increasing the parameter k. The transverse shear stresses o4 and o5 as well as the
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Table 4.
Effect of the inhomogeneity parameter k on the stresses of the EG thick rectangular plate
resting on elastic foundations by TPT

Stresses
k Kw Kp

o1 o o3 o4 s 06
0 0 | 5.66146 | 2.49307 | 0.39077 | 1.46947 | 4.40842 | 2.34754
0.1 | 10 0 | 2.85625 | 1.25777 | 0.19715 | 0.74136 | 2.22408 | 1.18435
10 | 10 | 0.44395 | 0.19549 | 0.03064 | 0.11523 | 0.34569 | 0.18409
0 0 | 6.05954 | 2.65626 | 1.17144 | 1.46707 | 4.40122 | 2.14999
03] 10 0 | 3.20915 | 1.40676 | 0.62039 | 0.77697 | 2.33089 | 1.13864
10 | 10 | 0.52109 | 0.22843 | 0.10074 | 0.12616 | 0.37849 | 0.18489
0 0 | 6.48186 | 2.83066 | 1.94947 | 1.46228 | 4.38684 | 1.96779
05| 10 0 | 3.59534 | 1.57010 | 1.08132 | 0.81109 | 2.43328 | 1.09149
10 | 10 | 0.61109 | 0.26686 | 0.18379 | 0.13786 | 0.41358 | 0.18552
0 0 | 7.16399 | 3.11568 | 3.10767 | 1.45067 | 4.35202 | 1.72099
0.8 | 10 0 | 4.24077 | 1.84434 | 1.83961 | 0.85873 | 2.57620 | 1.01875
10 | 10 | 0.77461 | 0.33688 | 0.33602 | 0.15686 | 0.47057 | 0.18608
0 0 | 7.65347 | 3.32298 | 3.87129 | 1.44004 | 4.32012 | 1.57271
1.0 | 10 0 | 471759 | 2.04828 | 2.38626 | 0.88764 | 2.66292 | 0.96942
10 | 10 | 0.90607 | 0.39339 | 0.45831 | 0.17048 | 0.51144 | 0.18619
0 0 | 9.01139 | 3.91064 | 5.73722 | 1.40376 | 4.21127 | 1.25234
1.5 ] 10 0 | 6.08431 | 2.64039 | 3.87365 | 0.94779 | 2.84337 | 0.84556
10 | 10 | 1.33368 | 0.57877 | 0.84910 | 0.20775 | 0.62326 | 0.18535

in-plane tangential stress o are decreasing with the increase of foundation and
inhomogeneity parameters.

Fig. 4(a, b) show, respectively, the effect of elastic foundations on stresses o
and o3 through-the-thickness of EG thick rectangular plate. The in-plane stress
0¢ may be vanished at z/h = 0.05. The tensile stress o increases with the
increase of elastic foundations xy and kp while the compressive stress o de-
creases. The normal stress o3 may be vanished at z/h = 0.4. The tensile stress
o3 increases with the increase of elastic foundations «w and xp while the com-
pressive stress decreases. The minimum value of compressive stress o3 occurs at
the top surface of plate without elastic foundation. However, the maximum value
of the tensile stress o3 occurs at the lower face of plate without elastic founda-
tion.

Fig. 5(a,b) plots the through-the-thickness distributions of transverse shear
stresses 04 and o5 of EG thick square plate resting on elastic foundations. The
transverse shear stresses o4 and o5 are decreasing as the increase of xw and «p.
Also the stresses 04 and o5 are maximum when z/h takes positive values above
the mid-plane of the plate. However, the stresses are maximum for plates without
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Fig. 4. Through-the-thickness distributions of g and o3 of the EG plate on elastic foundations
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Fig. 5. Through-the-thickness distributions of o4 and o5 of the EG plate on elastic foundations

elastic foundations but they are minimum when elastic foundations are taken into
account.

Finally, in Fig. 6(a,b) the through-the-thickness distributions of transverse
shear stresses 04 and o5 of EG thick square plate resting on Pasternak’s foundations
are plotted for different values of inhomogeneity parameter k. One can observe that
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(a) Transverse shear stress o4 (b) Transverse shear stress o5

Fig. 6. Through-the-thickness distributions of o4 and o5 of the EG plate resting on Pasternak’s
foundations
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o4 and o5 are increasing by increasing the parameter k. As seen from Fig. 6, the
maximum values of o4 and o5 do not occur at z/h = 0. They occur at points a
little above the mid-plane of EG plate. In addition, the shear stresses are affected
strongly by the exponentially graded parameter k.

6. Conclusions

The bending responses of exponentially graded thick rectangular plates resting
on Pasternak’s foundations are described and discussed using TPT. The interaction
between the plate and elastic foundations is included in formulations. Results
corresponding to different parameters k, a/h, a/b, kw and kp are investigated. In
general, the trigonometric solution provides benchmark results, that can be used for
the evaluation of different plate theories and also to compare with results obtained
by other exact solution, approximate methods such as the finite-element method and
analytical solutions. The present TPT does not need any shear correction factors.
Convergence and comparison studies show the accuracy and numerical stability
of this theory. The numerical results given here represent a point of reference for
the analysis of the EG thick plates on elastic foundations. For thick EG plates, the
present trigonometric theory predicts displacements and stresses more accuracy
when compared to other higher-order shear deformation plate theory.

Appendices
Apendix A
The elements of the symmetric matrix [p] presented in Eq. (12) are given by
9 1. 9 1 0°
=(A;1+B +-A , =|-An +B ,
pi = (A1 “)E)x FAnga P2 (2 1 11) I3y
ik ik % 1 9?
=—(Ap+B — +—, A+ B 5+ 54 ,
P13 =—(An 12)(6x3 (’)x8y2) P14 = (A3 1%) 24155
1 9* 0
=|zA;3+8B , =Cii4—,
P15 (2 13 13) 9xdy P16 3
= (A1 + B1) 2+1A i (A12 + Bpp) o ‘93
P22 = (A1 11 0y: "2 nya2° b3 = 12 12 26y 6y3 >
9 1 2
= pis, = (A3 + Bi3)— + =A;z—, =C—,
P =pis, P2 = (A 13)6))2 7 Aga P =Cigs
82 82 82 82
=—(Ap+Byn)|— +—| —Kw+K —1.
p33 = —(Axn 22)( 323 2) w P(a 5 ayz)

9’ 9’
=(Axn+B — |,
P34 = (A3 + B23) (8 3 6x0y2)
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Pas = (A33 + D33 5 338 7 T 5P12 P45 = | 5431 53 9x0y’
1 9 02 1, 9% 1
=|Ci3 - Do | —, = (A33 + B33)— + Az — — s Dp»,
D46 ( 1373 12) ax’ P (As3 + 33)6y2+2 BH 2 TR

e 1p )2 I 82+82
ps6 = |C13 > 12 Gy’ Pe6 = D11 ) 12 . .

Apendix B

The elements of the symmetric matrix [P] presented in Eq. (17) are given by

52

9y A11+Bn),

1
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2

1
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1
Pis = —a,,Bn A13 + B3|, Pis = amCi,
Py = —B2(A B—le Py = 2 4 B2) (A + B
2 = —p;, (A1 + Biy) 2 ¥mAin P = Bula;, + B;,)(A12 + By2),
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