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On fractional vectorial calculus
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Abstract. This paper reviews the fractional vectorial di erentialeptors proposed previously and introduces the fractiesidions of the
classic Green's, Stokes', and Ostrogradski-Gauss's iategeorems. The suitability of fractional derivatives fziences and the Laplacian
de nition are also discussed.
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1. Introduction tools, unlike the classical ones, look more suitable folidga
_ _ with non-homogeneous and anisotropic media.
Fractional calculus (FC) was born almost the same time as the With those operators the generalized Helmholtz decompo-

integer order calculus [1{6] and resulted from a discussien sition theorem for fractional space and time is reviewed and

tween Leibniz and Bernoulli. Recently FC abandoned a puE:'?ecoupled by means of fractional wave equations for elds or

mgthematical pers_pective and was recognise_d by Fhe appll gtentials. The generalization is based on di erential rape
sciences community, namely physics and engineering [/{2 rs and points to the need for an integral formulation.
giving rise to interesting applications in many elds, such The importance of the classical Green's, Stokes, and

as biology [24, 25], biomedical engineering [4, 26{28], - i L | th ; ; |
nance [29], and signal processing [30] just to mention a few?Strogradski-Gauss's integral theorems is unquestienab
ence, attempts to derive a fractional formulation based on

FC is an essential tool for modelling long memory an wo di erent point of views have been made, namely, frac-

long range processes. This non-locality in time and spage = geometry [35, 36,39, 45] and FC [31,39,46]. In this line
be found in many phenomena, such as the di usion process N T

es [31{34], anomalous porous media [35], and fractiona(?f thought, we propose th? fractional version .Of §UCh theo-
i e ; rems for rectangular domains. The starting point is the gen-

spaces [36]. Viscoelasticity is another subject of activels o

. : . eralization of the fundamental theorem of calculus. Sévera

ies [37]. The modelling of mechanical systems, frivD [38] h ied thi ic 116.46 471 b th havi

to n-D [16, 39, 40], is also an important subject that attrac researchers tried t 'S topic [ L ] .Ut \.N't out hgvin
T . . tha support of the notion of fractional de nite integral (FD

ed the attention of researchers. This has been accompllskgend consequently, achieving limited results. Howevexne

through the fractionalization of Hamiltonian and gradieoin- ' q Y, g :

cepts [16,17,39,40]. The general case of eld theories wa this concept was tackled by means of the generallz.anon
of the Barrow formula [48]. Having de ned the FDI OR;
tackled by Herrmann [41,42].

o ) o we can introduce de nite integrals iR? and R® for rec-
The generalization of the vectorial operators: gradieit, diangylar domains. Here we use those ideas to generalize the

vergence, curl, anq Laplacian was discussed in [43], B@rti |ossic Green's, Stokes, and Ostrogradski-Gauss's #resy
by the space version of the fractional forward and backway aring in mind a full agreement with the fractional vecto-

Grenwald-Letnikov and Liouville derivatives [5, 44]. These iy operators proposed in [43]. In a wider scope, this work

operators are used to de ne a pair of left and right fractlongy s the generalization of the FC the concepts and pro-
gradients that lead to the corresponding divergences aigl Cuyjqes 5 straightforward methodology for the adoption of FC
The fractional Laplacian is obtained from the inner prodhfct applied sciences.
the left and right gradients. Such operators are backward co The manuscript is organized as follows. Section 2 de nes
patible in the sense that they recover the classical dengi . . I : ' .

the main fractional derivatives suitable for fractionattce

when the order i4. . . o . :
) , rial calculus. Time and space derivatives are introduc@tgus

An .|mportant aspect_of our fqrmu_lat|on concerns the USg e Gwnwald-Letnikov and Liouville formulations. Two-sided
of distinct orders for dierent directions. These non'M)C""derivatives are also included due to their importance in the
development of di erential vectorial tools, hamely the Lap
e-mail: mdo@fct.unl.pt cian. The tools are described in Sec. 3, where we analyze the
Manuscript submitted 2017-12-06, revised 2018-02-14 and 218-03-06,  left and right gradients, divergences, and curls, calledst\
initially accepted for publication 2018-03-07, published in August 2018.  generation operators”, leading to a second group of \second
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generation operators" and particularly to the fractionapla- We will work with the multivalued expressions and

cian. This is compared with the fractional Laplacian based ( s) . To obtain functions from them, we x for branchcut
on the Riesz potential. The generalized Helmholtz decom- lines the negative real half axis for the rst and the positiv
position is recalled and its solution expressed in terms of real half axis for the second; for both we work on the rst

those corresponding to several fractional wave equations.
Sec. 4, the fractional de nite integrals are described.yTére
used in Sec. 5 to extend the classic integral theorems tewa
the fractional case. The Green's, Stoke's, and Ostrogiads
Gauss's theorems in rectangular domains are formulatesl.
particular cases of uniform fractional orders is also diseudl.
Finally, Sec. 6 outlines the main conclusions.

1.1. Remarks

We will assume that we are working d®® and that the

T

Riemann surface.

2. Suitable fractional derivatives

?.1. Previous commentslin [51], two criteria were proposed

or deciding if a given operator can be considered as a frac-
tional derivative. According to such criteria, there areesal
acceptable de nitions. Later, it was shown that only some of
such derivatives are suitable when thinking on the gererali
ing classic tools [44]. In particular, they must verify thelex

law in order to ensure that, given a derivative, there exists

setfey; e,; esg constitutes its standard orthonormal baseNverse, that is the anti-derivative, [48]. In the folloy-guch

Therefore, each vector has the representation
V = V1€1 + Voo + V3e3!
In particular, we de ne the vector

I = X1€1 + Xo€2 + X3€3:

1)
A vectorial function is represented by
f(X1;X2;X3) = f1(X1;X2;X3)e1 + f2(X1;X2;X3)€2

+13(X1;X2; X3)e€s:

When necessary, we write = ( 1; 2; 3) and T
(' 1;! 2;! 3) and similarly for other cases, &s

We will use the two-sided Laplace transform (LT) of
f (x1;%2;%3) de ned onR® and given by:

F(3) = LIf (x1:x2:x3)]

Z
f(x1;X2;x3)e (ST dxidx,dxs;

(@)

R3

derivatives are recalled.

2.2. About time derivatives. Let f (t),t 2 R, be a function

of time, having Laplace transfornk (s), with a given re-
gion of convergence and introduce the Pochhammer symbol
(@n =a(a+1) (a+n 1),n2N,with(a)o=1. Let

us de ne two sets of fractional derivatives according to the
arrow of time, namely the forward and backward derivatives:

De nition 2.1 (forward Grinwald-Letnikov).

_ ( n ,
D; f(t)= r!l!m0+ h o f(t nh); (6)
De nition 2.2 (backward Genwald-Letnikov).
D, f()=e " lim h * )”f(t+nh): (7)
b ht 0+ =0 n!

There are several properties exhibited by (6) and (7) [51]:

Linearity
Additivity and commutativity of the orders (index law). If
we apply (6) twice for any two orders and , we have

under the usual existence conditions. The inverse LT is [49]

aiFil aFil aghil

f(X1;X2;X3) = E (g)e(s r)d3§;

(i2 )3
a; il ap; i1 az il
3)
wherea = (a;; az; az),is in the region of convergence of
the transform and = = 1.

The Fourier transform (FT) is obtained from the LT using

the substitutiors = it with T 2 R3 is de ned by the
synthesis equation [50]

. . — 1 i(r 3
f(X1;X2;X3) = EBE FetNd*r (@)
R3
and the corresponding analysis equation
F(T) = F[f (x1iX2;x3)]
Z
= f(x1;x2:x3)e ' Ddxqdxodxs: )
R3

390

D; D, f(t)= D; D; f(t)= D" f(t): (8)
Neutral and inverse elements
D¢ D, f(t)= D{f(t)= f(t): (9)

From (9) we conclude that there is always an inverse el-
ement, that is, for every order there is always the
order derivative.
Backward compatibility if 2 N)
If = n, then:
P

ro ( DF pf(t kh),

hn '

We obtain this expression repeating the rst order deriva-

tive.
If

n o
D{f (1) = Ir|]r!n0

n, then:

(nN)k

X
o 0=,

f(t kh) h":

that corresponds to @-th repeated summation [5].
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We can apply the LT to (6) and (7) to obtain LT of the left derivative. In fact, if we apply the LT to (13)
L Dif(t) =s L[f(D)]; (10) and (14), then we obtain
with Re(s) > 0 in the rst andRe(s) < 0 in the second. LDy f(X)]=( s) LIf (X)]; (15)

LetN = b c+ 1. For functions with LT or FT, there are with Re(s) > 0; in the left derivative (+ sign), anBe(s) < O,
integral formulations for the fractional derivatives, @yipg I the right ( sign) case.
the same set of properties.

The most general integral formulations of derivatives, i2.4. Two-sided derivatives. The composition of derivatives
the sense of being valid for any functions de nedR) are of the same type (e.g. left) is a derivative of the same type.

introduced in the folowing de nitions [44, 52]. If the composition is mixed, say a left with a right one, then
. . L o we obtain a two-sided derivative, that can be called centred
De nition 2.3 (forward regularised Liouville derivative). derivative.
2 Two centred derivatives were introduced in [55{57]. Let
D;f(t)= ——~ us consider the composition of a left and a right derivatives
¢ ) 0 As shown in [55,56], the composition, D, f (x) leads to
" # (11)  the GL centred(two-sided) fractional derivative:
XECymime 1. .
ft ) u() d; . . X "
0 m: D, f(x):= r!|lm0+ h (1
whereu( ) is the unit step function. =t (16)
De nition 2.4 (backward regularised Liouville derivative). (. + +1 f(x nh):
2 ( n+1)( +n+1)
Dy f(t) = e In a general setup we would proceed as in [57] by in-
« ) 0 troducing two parameters:= + de ning the derivative
" 4 (12) orderand = sometimes calledkewnesdn this paper
X 1¢ (m)(t) ) it will be calleddissymmetrysince it determines the symme-
f+ ) u() —m " d: try of the binomial parameters in (16) [57]. Nonethelessehe
0 ' we retained the order as+ to enhance the two sources.
Other Liouville derivatives can be de ned ¢t One, sim- The above formula has the usual integer order derivatives

ply called \Liouville derivative", is similar to the Rieman as particular cases, but it introduces also others notiegist
Liouville [1] and the other is the \Liouville-Caputo deriva before as shown in the following examples.
tive" [44,53,54], similar to the Caputo derivative.
Examples. Some examples show the relation between the
2.3. On space derivatives.For derivatives in the time do- centred and the classic derivatives
main we consider two cases with the same LT and we inter-
preted them as causal and anti-causal according to thenregio =1 and =0
of convergence.

When dealing with derivatives in the space domain there Dg)‘(*of (x) = lim M;
is no need to impose causality, since we can move in all direc- ht 0 h
tions. Therefore, two fractional space derivatives callefi" This is one of the classical derivative de nitions.

and \right", are adopted. The left (in space) isdened bythe =0 and =1
same expression as for the forward derivative (in time) and

denotedD, f (x). fx) fix+h),

D% f(x)= lim
ex T(X) lim

De nition 2.5 (left and right Genwald-Letnikov derivatives). h
¥ Aside a factor( 1) this is another classical derivative.
Dyf(x)= lim h C n f(x nh): (13) Substituting h for h we obtain the previous expression.
o =1=2and =1=2
The right space derivativeD , f (x), is de ned as the X1
backward, but removing the exponential factor { see (7) Dl2+1=2 r”mo+ h 1 (1"
. ( n : =t
D, f(x)= r!|!m0+ h i f (x + nh); (14) 1

n=0 f
The lack of the exponential factor in the right deriva- 8=2 m@=2+n)

tive, when compared with the backward de nition (7), has, as This represents a new derivative without having an inter-
consequence, that the corresponding LT is di erent from the pretation in classical terms.

(x nh):
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=land =1 Remark 2.1. All the results derived using the GL derivative
can be obtained with the integral formulations, due to their
DI f (x) = lim 2A(x) f(x+h) f(x h), equivalence, at least for functions with LT [52].
& h! o h2 '

Remark 2.2.Partial derivatives are readily obtained from the

This derivative is the classical centred derivative of o2le " :
Aside a factor( 1) coincides with the classic order two above de nitions. Usually the symb@ is adopted for denot-
derivative ing the partial derivatives. Here, we will continue usiDg.

Fo I
D2 (0= fim 1) A Wi 20, rexample
& " ht oo h2 ' . X1 ()
We can obtain other ordez derivatives with other com- D, = im 1 ( D" fxixe  nhixs):
binations. For example with = 3=2 and = 1=2 we n=0
obtain For the other derivatives, the notations are similar.
Xl
D3=2+1 =2 = lim h 1 1 n . . . .
& t 0 - b 3. Fractional vectorial di erential operators
1 3.1. The gradients, divergences, and curlsLet us consider
G=2 n)@=2+ n)f (x nh): a scalar eldf (x1;X2;X3). The usual integer order gradient is

a vector with components corresponding to the partial deriv
tives of the scalar eld. The gradient points in the direntiof

We must note that the LT of the centred derivatives dodf€ largest rate of function increase and its magnitudeds th
not exist. In fact, it would be given bys) ( s) , but the slope of the gra_ph_in.that d!rectit_)n. Th{s important and ulsef
region of convergence is the empty set. However, the corrtQol has some limitations since it requires a smooth eld and
sponding Fourier transform is given by [5,55, 56] uses derivatives of order one.

) oot () san(k). Here we extend its applications by considering not on-
Jim(s) ((s) =]jki = €= ' ly fractional derivatives, but also (and more important} di
ferent orders. With this in mind, we are able to model non-
. . O homogenous and non-isotropic spaces. Essentially we can fa
F Do () =jkj © €20 D9ME(k);  (17)  complexity in di erent directions.

This represents also a new derivative.

We can write

wheresgn( ) is the signum function ané (ik) is the FT of Forany 2 R, we de neleft gradientoperator by
f (x). L
The special case where= De nition 3.1.
F D2 f(x) = jkj* F(ik) 18) grad ()=r,():=D, ()er+ D,2()ez+ D, ()es:
(21)

will be very important due to its relation with the FT of the Similarlv. for anv— 2 R®. we de ne riaht aradientoper-
Laplacian. The properties of the two-sided derivativestise ator througﬁ y ' ghtg P

cussed in detail in [55, 56]. In the following we describe the

most important: De nition 3.2.
Linearity gradr ()=r r ()= Drxll( )er + Drx22( )2 + Drx33( )es!
Additivity and commutativity (22)
If2 +2 > 1, [55,56] The gradients act on a scalar function de ned®hand

generate vectors having as components the partial desegati
of the function:the nabla is a vectorial di erential opera-
Neutral and inverse elements tor. Their action over other vectors, namely vectorial func-
In particular, with2 +2 =0, relations (19) show that, tions with components de ned oR3, originates two pairs of
for any centred derivative of order, withj j < 1=2, there (i erential vectors obtained using thiener or scalar prod-

is an anti-derivative, with order , [55,56] and it can be yct and thecross or vectorial productLet f (x1;X2;X3) be

D& D&f(x) =D& D&f(x) =D& f(x) (19)

obtained by using formula (18) a vectorial function. Calculating the inner product of tieé |
D2 D2 f(x) = DO f(x)= f(x): (20) 9radientand we get theleft divergencef f

This implies that the derivative of ord@ =1 does not divi (f)=r, f:=D 2 f1+D2fa+ D 2fs:  (23)

have inverse given by (16).

Relation with the Riesz-Feller derivative With the right nabla we obtain theight divergence

In the1-D case, the Riesz and the Riesz-Feller operators af@iv, (f)), similarly de ned.

closely related with the centred derivative de ned in (16). If, instead of the inner product, we use the cross product,
In particular such operators can be obtained fer , and then we derive thdeft and right curls For theleft curl we

for = 1, respectively ( [55,56] and [1], page 214).have
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D,. D, Dy 2. (a) (r.r r); .
curl, (f)=(r, f):= £, f, f o (24) With the re_sults_preser;ted in 3;.1 we hzave
e1 e e3 (I’ Lo )= Dle1 + DIxz2 + DIX33
We can write () (ry ry)

r™ f)= D.2fs D.f, e This is similar to the previous case
| - | 3 | 2 1 — —
e (re 1 )= D&} +D5;+ DR
+ D|X3f1 Dlx1f3 e (25)
Remark 3.3. The two last operators are scalar one-

sided. They are similar to the fractional Laplacian

The corresponding right(rl, (f)) is readily obtained. that we will de ne next.
The three pairs of operators de ned in (21){(24) will be © o)

called rst generation operatord43], because they use only ! L

the left or right derivatives, that is, not both.

+ Dlxllfz D|X22f1 €3

Attending to the results presented in Subsec. 3.1, we
obtain easily:
Remark 3.1. With the LT such operators can be formulated (r, r;)=D,Dy
easily from a transform perspective. To exemplify, the LT of X !
the divergence is given in the LT domain by the inner product
of the vectors and the transform of the vector eld,

2+D

3
X2 IX 3

+D,2D D

and from (16) we derive that

3
X s

Dy D, f (X1 X2iX3) = D& Hf (X1;X2;X3)

L div, (f) = (35 LI[f] : ¥ (1) @ 1+1)
=lim h (27)
Remark 3.2. The choice of the region of convergence o (atn+l)( 1 n+l)
(Re(3) > 0 or Re(5) < 0) and the sign determines the type f(x nhy:2):

of divergence: left or right. ) o ) o
This expression is the centred fractional derivative [5]

Similarly, we obtain for the LT of the curl of order2 ; relatively to the variable;. Forx, and
L curl, (f) = ( g)— L[] X3 the expressions are similar.

De nition 3.3. With (27) we can de ne the fractional Lapla-
under the conditions stated in Remark 3.2. cian with order— by

- = - o = 2 1 + 2 2 + 2 3:
3.2. Mixed operators. The above operators can be combined (r 1r)= Doy + Do + Do (28)

to getsecond generation operatdrsseveral distinct ways, but Remark 3.4.When ; =, = 3=1 the centred derivative
in agreement with the previous ideas. The most important aggluals the classic centred derivative of or@ebut we do not

those resu“ing from combinations of |eft_r|ght Operatth'at recover the classic LaplaCian, because it uses a non centred
produce two-sided derivatives. derivative and as consequence, it yield§ al) factor.

. ) Attending to these considerations about the use of LT in
3.2.1. Internabla operations.Divergence and curl operators Remarks 3.1 and 3.2 and relations (17) and (18) we conclude

right) and a vectorial function. If we substitute this funet  jnto the imaginary axis. This means that the suitable trans-
by the left/right nabla, then we get the following operators {5/ is the FT.

- - For the FT of the Laplacian we use (18) and the properties
L. @@, r ) ) e .

Using (25) we can write of the two-sided derivatives [55, 56] to obtain
- iyt - 27 (i)

(r r )= DD, D,.D.%, e FT f(X1;X2;%3) = kkk® F(ik); (29)

where B
+ DD, Dy Dy, €2 kkk? = jkgj? * + jkoj? 2 + jkaj? (30)
+ D, D2, D.,2Dy, es When ; =1=2,i =1;:::;3; we obtain a new Laplacian of

. o order— = 1=2 that results from the application of derivatives
It is well known that in integer order calculus we j¢ J.qar1=2

have the important property:* r ' 0. This is

7 — The above Laplacian is valid for orders verifying >
not valid with the operatofr , r ) thatin general P fying

1=2, due to the conditions of existence of the two-sided

is not null. derivatives, [55,56]. However, due to the relation betwen
@, r Dand(r, r ;) centred derivative and the Riesz potential referred aboee,
We have: can compute the partial derivatives in (28) for 1=2
" r D)=(r_r =0 (26) with the 1-D Riesz potential, which enlarges the validity of
! ! r r the de nition to any orders. This means that the Laplacian
that will be useful in 3.3. introduced in (28) can be computed for any real order.
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It is relevant to refer here that we can de ne a more gen- In the literature several authors have proposed expression

eral Laplacian by using operators with di erent orders: for the Riesz Laplacian by looking for an operator satigfyin
_ (r T ,) the generalization of (32), that is, by verifying:
=(ry ry)= Dcxll+ L Dcx22+ 2+ Dcx3+ : — S T
_ _ ’ F(C ) )k = jkiZ F(f)(k); (36)
with FT given by )
h [ B with 0 < 1l and
FT 7 fxuixeixe) =(k)7 F(ik); S
where jki2 =4 kS (37)
i=1
- ® . : :
K" = jkpj m*t mez(m w)sgn(km). This operator can be implemented by [1] means of
1 Z |
o 1 (yHx®
_ o _ () f(x):= — =y, (38)
3.2.2. On the Laplacian.The Laplacian is an important op- a( )R3 Xyl

erator in physics and engineering. However, the standard de

nition does not cope with domains that are neither homowhere( 'yf )(X) is thel-th di erence off (X). Forl > 2 the
geneous, nor isotropic. Researchers in applied scienags habove integral is absolutely convergent. Often we have 1
been interested in a de nition of fractional Laplacian abie andl is chosen a$ =1 yielding [59, 60]

for describing such type of media. In recent studies the-frac 1 Z f(§) fx)
tional Laplacian was implemented by means of the inverse of () fx:= s 4V (39)
the Riesz potential [58{60]. However, it is not straightf@rd 3 )R3 X

that this is the suitable option when thinking in applicato

where the properties change with direction. In fact, theisg Operator (39) has been used to implement the fractional

of the Riesz potential cannot be expressed as a sum of parﬁgplauan [59,60]. However, the Riesz based Laplacian does

derivatives and is only de ned using the inverse of FourieP.Ot tinto our proposal pointing to the generalization oést
transform of the operator [61]. sic vectorial operators.
The classical Laplacian is de ned 8D by

@, 6 @ ®.

@% @% @%
where X = (X1;X2;X3). This operator is fundamental in lap f= fies+ foeo+  fzes (40)
physics, namely in electromagnetism. Applying the FT t
equation (31), we obtain

3.3. Vectorial Laplacian and mixed operators. Starting
from the Laplacian formulation, (28), we can de ne thec-
torial Laplacian

f(X)= (31)

?hat enjoys a very important relation shared with two paifrs o
mixed operators

o oo
FC k)= ki ﬁj(k) (32) 1. Gradient of a divergence
with We de ne gradient of a divergencas
. x o o
jkj? = kj2: (33) grad, (div, f) := r  (div, f)
i=1 = Dgxllf]_el + Dngf2e2+ D(Z:X;fgeg

(41)

Remark 3.5. If instead of the usual right derivative usedto +D ! D,2f,e;+ D,2D.%fzes+ D.2. D ' fie3
de ne the Laplacian, the centred one is adopted, then the si I e e
e ne the Laplacian, the centred one is adopted, then the si _
can be rerF:]oved. P 9+ Dy, Dy fser + D2,Dy fies + D2 DA faes:
Remark 3.6. We obtaingrad, (div, f) with the substitu-

In his work [58], Riesz implicitly suggested several pos- tions| for r andr for I.

sible de nitions of fractional Laplacian [3,58], but he dibt
present the explicit realization of such operators. Nogmeth Remark 3.7. We can also de negrad, (div, f) and
less, Riesz deduced expressions suggesting that the jpbtent grad, (div, f), but they are one-sided operators of limited

de ned by interest.

1 Z 2. Divergence of a curl
(IgF)X) = —— f(V)jx vy 3dy; (34) We can de ne severaldivergence of a curbperators as

3 )R3 before. The most interesting are the following

for any positive , could implement the inverse of the integer ~ div, (curl, (f))=div, (r , f)=r, r, f=0; (42)

order Laplacian. The normalizing constan{ ) is given by div, (curl, (f))=div, (r , f)=r, r, £=0; (43)

_ 522 () —o 22 ) 35 because they are identically null as in the usual integer
3( )= 32 - 3 2 1, (35) order case.

2 2 2
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3. Curl of a curl 2. For the above pair of elds there are four potentials, two
We start de ningcurl of a curl by curl, (curl(f)). To ob- scalar, 1 and », and two vectorialA; andA ,, that are
tain a closed form for this operator we use the vectorial able to represent those elds according to
Laplacian to get:

_ _ _ _ _ — @A; 1 —
curl, (curl, (f)) = grad, (div, (f)) lap f  (44) Fi= grad, at a—lcurh Az, (50)
in agreement with the classical result. Obviously we can - @A, 1 -
have alternative order for the symbol& &ind \r" obtaining Fo= grad, » ot + a—ZCUH P AL (51)

a second valid relation:

- eV — (i —. Remark 3.10.In this generalization of the Helmholtz decom-
curl, (curl, (f)) = grad, (d f lap f: 45
url; (curl, (f)) = grad, (div; (1)) P (45) position, the gradient and the rotational have di erent ¢ha
Remark 3.8.1t is possible to generalize and to comb_ine opacter: one is left and the other right-sided.

erators with any triplets of ordersT = ( 1; 2; 3) 6 = )
( 1; 2; 3) as we did before for the Laplacian. Remark 3.11.The scalarg; andr; and the vector$; and

_ ) j1 have the role of inputs to the system de ned by (46) to (49).
Remark 3.9.In the above expressions it was assumed that

the orders of the operators are xed. Nevertheless, we cdiemark 3.12.The two elds are interlaced. The solution of
consider changing the orders of derivation. As concerns tH{é6) to (49) for obtaining the elds consists of decouplihgtt
derivation in time, we only have to perform another derivarelationship.

tive using a suitable order, since the proposed time davieat . . . .
d brop Fleemark 3.13.Another manifestation of that relationship can

veri es the additivity of the orders that can assume any re . . . )
value. Concerning the space derivatives, the problem may il?)e obtained with the divergence operators in (48) and (49)

have a such simple solution. It was conjecturated [43] that>"d (42) and (43) to get

we can substitute a given eld;, by grad, div, F, but that . @ry

conjecture remains to be proved. div j1 = %2 (52)
3.4. Fractional generalized Helmholtz decomposition the- divijs = a1 @rl: (53)
orem. The Helmholtz decomposition theorem is a classical @t

result that allows the decomposition a given time indepatidepe 4y 3 14, The scalar and vectorial potentials serve as in-

e"?' into curl-free and divergence-free C(_)mponents.[62],63 termmediate tools to obtain the elds (outputs of the syktem
This theorem was extended by Kapuzxcik for the time vari-

ant case and simultaneously deduced some gauge invariants
of classical eld theories [64]. This development was usgd b3.4.1. Solution in terms of potentials.To justify this theo-
Nevels [65] to present a derivation of Maxwell equationd- Forem it was shown that the pair of elds can be determined
lowing Kapu+cik's procedure, similar conclusions for acfra from the four potentials [43]. As referred above we consid-
tional setup were obtained in [43]. Essentially the procedu®r r1, Iz, j1, andj, as inputs to the system arkth andF»
consists in the decomposition of two elds in terms of timethe outputs. The scalar and vectorial potentials are aaryjll
dependent scalar and vectorial potentials. The decongosit functions. Therefore, we need relations involving suctepet
involves the vectorial tools presented in the previousisest tials serving as intermmediate tools to compute the eldsrr
and the forward fractional time derivative (to impose causathe input functions.
ity). Such relations are obtained by applying the divergence
and rotational operators for both elds and manipulating th
equations with the help of the vectorial operators intralic
1. Consider a pair of time-dependent vector eléfs and in Sec. 3. As shown in [43] the four potentials are completely
F. that are null at an in nitely long distance. Such pair is determined from four equations and once they are known we

Theorem 3.1.Helmholtz decomposition theorem

uniquely determined by obtain the eldsF; andF,. Such equations assume the form
ri = div, Fq; (46) - @,
— a]_] 1= gl’ad| d|Vr AZ alaz—t
ro = div, Fy; (47) @ 50
and B A,
lap Ao+ apap——>—
- - @F; @3
=curl, F1 + ap——; 48
Jl cur r 1 a2 @t y ( )
. _ F L - 1
jo=curl Fp+ al—@ L (49) aj2 = grad, divi Ay aa ot

ot (55)
wherea; anda, are two constants with physical meaning

used to match the physical dimensions. lap A1+ a1a;

A1l
@t
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r = @ divi AL alaz@ 1 3.4.2. Decoupled solution involving the elds. We can
@t ! @t avoid passing by intermmediate potentials if we use wave
(56)  equations for the elds (see [43]). Such equations are
- 1
1t a1@y——— | _ E _
@t lap F1+ alaz% = curlj1
_ @ . - @ > - (66)
I, = @ d|VrA2 alaZ@ + gl’adr_r1+ aZ@JZ;
@t
@ (57)
- 2, - F —
2t ala2@T : lap Fo + alaZ@ = curl,j2
| | | CLN (67)
This formulation suggests that for each pdiri;A;), + — @j1.
, grad, ro + ag——:
i =1;2, we expect to have: @t
1. Remark 3.15. The above theory only makes sense if it is
o 1 a true generalization of the classic integer order couraerp
divi Ay alaZ—@t =0; (58)  Therefore, when the orders in the gradients, divergences, a
curls becomel we have to obtain the classic Helmholtz de-
div A,  aas @ 2 _ 0: (59) composition theorem. From the derivative de nitions gien
. _ @t _ Sec. 2 we conclude that the fractional left and right gradi-
allowing us to obtair4 decoupled equations. ents, divergences, and curls recover the classic corredipgn

2. Letu; and uz_be two spalar p_ot(_entials, arll; andB>  operators, since there is no di erence between integer orde
be two vectorial potentials verifying (58), (59), and (61){eft and right derivatives. On the other hand, these opesato
Then, the elds (50) and (51) remain invariant under thgyre continuous functions of the orders. The unique di eenc

transformations: lies in the Laplacian de nition. The one proposed here leads
L . %Ltu . 1a divi B, to an expression that has a \" sign when compared to the
e classic one, due to the use of the two-sided derivative.
2 ! 2 %Lt‘z allazdivaz Remark 3.16. There are several approaches for obtaining

(60) the fractional Maxwell equations [22, 39, 40, 66], but withio
the coherence given by the previous formalism. In [43] a ver-
sion of fractional Maxwell equations based on the genegzdliz
Helmholtz decomposition was proposed.

Al A+ grad:ul % %CUI"FBZ

A, ! A+ grad u; @@?2 —curl, By

3. Any other scalar or vector potential used to obtain the id. On the fractional de nite integrals

variants must give a null contribution to the elds, meaning . . . .
that they must verify the condition: 4.1. Previous considerations.The concept of fractional def-

inite integrals (FDI) was introduced in [48]. Starting with
S alaz@— =0: (61) @ generalization of Barrow formula an FDI de nition was
@1 proposed, followed by the formulation of the \fractionahfu
According to the above relations (54) to (61) we concludéamental theorem of calculus". These developments allowed
that we can always choose the scalar and vectorial potentighe de nition of double and triple integrals on rectangular
verifying (61). This together with (60) implies that the eon spaces. Here we will recall those results in the scope of the
ditions (58) and (59) are also satis ed leading to simpli edpresent work.

decoupled equations for the potentials
Ay 4.2. A generalized Barrow formula. Letf (x), x 2 R, such

Al = lap Az + aia @t (62) tha’[f,(r )(x), > 0, exist { it is enough to assume tha{x)
has LT with a non void region of convergence. We denote the
. _ — @ A 1 ) . i . . )
aj, = lap A1+ aja, ot (63) two cases of left and right anti-derivatives bS/ (x).
De nition 4.1. The -order fractional integral (FI) off (x)
- o+ aa 1, (64) over the interval(a; b) is de ned through the fractional Bar-
e 1T R%RTar row formula
— @ - 2
rz = 2+ A% -ga— (65) L fa= fdx =f 2 L @; (68)
establishing a set 08 independent equations involving the a
Laplacian. Once the potentials are computed, the dfds where the dashed integral symbol represents the Fl. Useng th
andF, are readily obtained using (50) and (51). Liouville anti-derivative expression we can write
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A

I,,f(a;b):W [f(b x) f(a x)dx ; (69)
0
since = x 1 asx
Zb

order) Barrow formula f%x)dx = f (b) f (a) we obtain

a
the expression

b
1 ZZfO(
( +1) y

0 a

I, f(a;b= x)dydx : (70)

Since the functiotfi (x) has LT, the integral in (69) exists.
The same happens with inner integral in (70) that is unifgrml
convergent. Consequently, we can commute the integrations =

to obtain
Zb

I f(a;b =

Considering as variable the upper limit= z 2 R, (71)

fO ™ (x)dx: (71)

leads to afractional formulation of the fundamental theorem °

of integral calculusIn fact, settingf (x) = D g(x) we can
write [48]

7z

I, Dyg(@z)= DPg(x)dx=g(z) g@; (72)

a

and h i
Dy I, f(&;2)]= D, f\ '@ f '@ =f(@@); 73

since, for the adopted formulations of derivatives, thevder
tive of a constant is zero.

4.3. Integrals in R? and R3.
tion g is dependent of a variable;, and a parametex,, that
is kept xed, f (X1;X2). We de ne the parametric integral

.

Iy g(a1; by x2) = g(xa; X2)dxy*
az

=gl(r D (by; x2) 9|(r ACHOE

Similarly, xing X1 and havingx, for variable, we de ne the
parametric integral

(74)

s
ly 9(X1;@2; ) = g(X1; X2)dX,?
az
_ A0 2) . ( 2 . .
=0, (X)) g (X a):
This motivates to the following de nition.

(75)

De nition 4.2. The FI on a rectangular regiotfa;; b)
(az; k) is given by
YY)
Iy o(ag; brsaz; bp) = g(X1; X2)dx, *dx,?;

ai az

(76)
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Let us assume that the func-

where each integration is obtained by the fractional Barrow
formula.

If the orders of the FD are equal (i.e.; =

2= ),

0. From the standard (integer then we can consider the standard expression for surface,

X1X2 = S; to get the fractionalzsurface integral

Iy 9@z by azsbp) = g(X1;X2)dS (77)
s
The integral inR? is obtained in a similar way.
De nition 4.3. The FI inR® is de ned by
I 9(a1; br; ap; bp; as; bs)
2o 202 P (78)

0(X1; X2; X3)dx, tdx,2dx5°;
ai az as

where each integration is performed by means of the fraction
al Barrow formula.

If the derivative orders are equal (i.e.;, = , =
= ), then we get

Iy 9(ass b ag bprasibs) = g(Xa;X2;x3)dV
\%
where we considered the standard expression for volume,

V = X1X2X3.

(79)

5. Fractional classic integral theorems
in rectangular domains

In this section we generalize the classic integral theorefns
Green, Stokes, and Ostrogradski-Gauss by following a pro-
cedure similar to the one adopted in [46]. Furthermore, we
will use the left derivative unless another option is exgiic
mentioned.

5.1. The Green's theorem.Let us consider a closed

path dening a rectangle in the horizontal plane
= f(xi;x2):a1 bp;a; g and a vectorial function
f(x1;x2) = f1(X1;X2)®& + fa(X1;X2)®, whereq, i =1;2;
de ne the usual orthogonal base R?. Let ;; i =1;2, be
the order of the derivative with respect to the variahleThe
line Fl along is de ned by:
sl 72
I f()= faxga)dxt +  fa(br;Xp)dx,?
aj az
A1 22
+  fa(xgkp)dx t + fa(ag; X2)dx,?
b1 b2
.ot
= [fu(xg;az)  fa(xg; )l dx,*
ai
o)
+ [fa(br;x2)  fa(ag; x2)]dx,2:

az
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