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Stress state analysis of harmonic drive elements by FEM
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Abstract. In the paper, a solution to the problem of elastic deformation of thin-walled shell structures with complex shapes
within the theory of geometrically non-linear shells has been presented. It is a modification of the Newton-Raphson method.
In a variational formulation, the problem is based on a Lagrange’s functional for increments of displacements. The method has
been applied to investigations of a harmonic drive, in particular to analysis of the stress state in the flexspline with a variable
curvature as well as bearings of the generator. For verification of the obtained results, a more adequate FEM model calculated
by ANSYS has been used.
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1. Introduction
In the paper, solution to the problem of elastic deforma-
tion of thin-walled shell structures with complex shapes
within the theory of geometrically non-linear shells has
been presented. The problem is up-to-date in view of prac-
tical engineering needs in the field of strength calculus of
shell structures with compound shapes.

The theory of shells has proved to be quite successful
both at the stage of fundamental studies on constitutive
relationships as well as in examinations of given structures
and prototypes. Admittedly, that success is rather related
to shells of canonical forms, the middle surface of which
are cylindrical, conical, spherical or any other rotational
surface in general. In the engineering practice, outside of
the above mentioned shells, one can come across other
designs of thin-walled shells with more complex shapes.

The most widespread method of calculating shell
structures, especially those of complex shapes, is FEM at
the moment [1]. One can distinguish two main approaches
towards the problems of theory of shells using FEM. The
first one explores the on a two-dimensional shell problem.
Geometry of a shell and an unknown field of displacements
and angular displacements are determined by interpolat-
ing functions on a finite element. The approximation of
geometry on a given element produces however greater er-
rors than the errors of approximation of functions, which
are being sought.

The second approach deals with the two-dimensional
problem as well, but this time it is described in an appro-
priate curvilinear co-ordinate system fixed to the middle
surface. In this case, it is assumed that the shell geom-
etry is fully defined (the middle surface is described by
parametric equations).

2. Parametrisation method for FE stress

Consider a parameterisation of the middle surface by mak-
ing use of Monge’s surfaces obtained via motion of a cer-
tain generatrix along a plane directional curve. Let the
directional curve of the given surface be a curve expressed
by the vector:

~r0(α2) = x1(α2)~e1 + x2(α2)~e2. (1)

Denote now by ν the unit vector of the principal direc-
tion normal to curve (1). The equation of the generatrix
ξ1 = ξ1(α1), ξ2 = ξ2(α1) is then represented in a local
co-ordinate system lying in the plane normal to the direc-
tional curve. The vector equation of the Monge surface
can now be written in the form:

~r(α1, α2) = ~r0(α2) + ξ1(α1)~ν(α2) + ξ2(α1)~e3. (2)

In the general case, if the given curves of the Monge
surfaces are arbitrary (not given in an analytical form), it
is convenient to use ‘stitch’ approximating functions for
their parameterisation. These functions are second-order
differentiable in the nodes of stitching (interpolation), and
they ensure convexity and concavity conditions for the ap-
proximated curve [2].

A rapid development of non-linear theories of shells
took place when much attention was paid to the solu-
tion of stability problems of thin-walled structures [3].
A sufficiently complete analysis of different variants of
geometrically non-linear theories was presented in [4]. A
widespread method of linearisation of non-linear problems
is the Newton-Raphson method [5]. Its modification for
applications to problems of elastic deformation of shells
with complex shapes was discussed in [6,7].
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In a variational formulation, the considered problem
is based on a Lagrange’s functional for increments of dis-
placements. It is assumed that deformation of a thin-
walled shell is small, and the bending moderate.

A linear form of the hypothesis of deformation of the
fibre normal to the middle surface is applied:

Us(α1, α2, α3) = us(α1, α2) + α3γs(α1, α2), s = 1, 2
U3(α1, α2, α3) = u3(α1, α2).

(3)
where:
αi – curvilinear co-ordinates to which the middle shell
surface is referred,
u1, u2, u3 – displacements of points of the middle surface,
γ1, γ2 – angular displacements of the normal direction.

The expressions for linear deformations eij , krs and
angular displacements ωr3, τr3 are given as:

ers =
1

2ArAs
[∇s(Arur) + ∇r(Asus)] + Krδ

s
ru3;

er3 =
1
2

(
γr +

1
Ar

∂ru3 − Krur

)
; krr =

1
A2

r

∇r(Arγr);

k12 =
1

2A1A2

× [∇2(A1γ1) + ∇1(A2γ2) + K1∇2(A1u1) + K2∇1(A2u2)]

ωr3 =
1
2

(
γr −

1
Ar

∂ru3 + Krur

)
; τr3 = Krγr.

(4)
where: Ki are the principal curvatures of the middle sur-
face, r, s = 1, 2. The relationship between the derived
quantities with the elements of tensors of linear and angu-
lar displacements have the following form in a 3D theory
of deformation:

Err =
err + α3krr

1 + α3Kr
, E12 =

e12 + α3k12

(1 + α3K1)(1 + α3K2)
,

Er3 =
er3

1 + α3Kr
, Ωr3 =

ωr3 + α3τr3

1 + α3Kr
. (5)

The components of Green’s strains εij and κrs ex-
pressed by eij , krs and ωr3, τr3 are as follows:

εrs=ers +
1
2
ωr3ωs3; εr3 = er3;

κrs = krs +
1
2
(ωr3τs3 + ωs3τr3) −

1
2
ωr3ωs3δ

s
rKr. (6)

The Lagrange functional for the increments of linear
and angular displacements can now be presented in the
form:

L∆(∆u, ∆γ) =
∑
m

{
1
2

∫
Ωm

Nrs∆ωr3∆ωs3dΩ

+
1
2

∫
Ωm

Mrs(∆ωr3∆τs3 + ∆ωs3∆τr3 − ∆ωr3∆ωs3δ
s
rKr)dΩ

+
1
2

∫
Ωm

(
∆eij +

1
2
∆ωi3ωj3 +

1
2
ωi3∆ωj3 +

1
2
∆ωi3∆ωj3

)
×Aijkl

×
(

∆ekl +
1
2
∆ωk3ωl3 +

1
2
ωk3∆ωl3 +

1
2
∆ωk3∆ωl3

)
dΩ

+
1
2

∫
Ωm

[
∆krs +

1
2

(∆ωr3τs3 + ωr3∆τs3

+∆ωs3τr3 + ωs3∆τr3) − ∆ωr3ωs3δ
s
rKr

+
1
2
(∆ωr3∆τs3 + ∆ωs3∆τr3) −

1
2
∆ωr3∆ωs3δ

s
rKr

]
×Brspt

[
∆kpt +

1
2
(∆ωp3τt3 + ωp3∆τt3

+∆ωt3τp3 + ωt3∆τp3) − ∆ωp3ωt3δ
t
pKp

+
1
2
(∆ωp3∆τt3 + ∆ωt3∆τp3) −

1
2
∆ωp3∆ωt3δ

t
pKp

]
dΩ

+
∫

Ωm

Nij

(
∆eij +

1
2
∆ωi3ωj3 +

1
2
ωi3∆ωj3

)
dΩ

+
∫

Ωm

Mrs

[
∆krs +

1
2

×(∆ωr3τs3 + ωr3∆τs3 + ∆ωs3τr3 + ωs3∆τr3)
−∆ωr3ωs3δ

s
rKr]dΩ

−
∫

Ωm

(qi + ∆qi)∆uidΩ −
∫

Ωm

(pr + ∆pr)∆γrdΩ

−
∫

Γmσ

(Ñ∗
ni + ∆Ñ∗

ni)∆uidΓ

−
∫

Γmσ

(M̃∗
nr + ∆M̃∗

nr)∆γrdΓ → min;

(7)

i, j, k, l = 1, 2, 3; r, s, p, t = 1, 2.

The forces and moments in the shell are found from:

Nrr =

h/2∫
−h/2

σrr(1 + α3Ks)dα3; r, s = 1, 2; r 6= s;

N12 =

h/2∫
−h/2

σ12dα3

Nr3 = N3r =

h/2∫
−h/2

σr3(1 + α3Ks)dα3; r, s = 1, 2; r 6= s;
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Mrr =

h/2∫
−h/2

σrr(1 + α3Ks)α3dα3;

r, s = 1, 2; r 6= s; M12 =

h/2∫
−h/2

σ12α3dα3

where σrr, σ12, σr3 are the elements of the second (sym-
metric) Piola-Kirchhoff tensor. The quantities Nij and
Mrs are related with Green’s strains εkl and κpt by:

Nij = Aijklεkl Mrs = Brsptκpt

where:
Arrrr =

Eh

1 − ν2
, Arrss =

νEh

1 − ν2
,

Arsrs = Arssr =
Eh

2(1 + ν)
,

(8)

Ar3r3 = Ar33r = A3rr3 = A3r3r = 5/6G′h,

Brrrr =
Eh3

12(1 − ν2)
, Brrss =

νEh3

12(1 − ν2)
,

Brsrs = Brssr =
Eh3

24(1 + ν)
, r, s = 1, 2; r 6= s.

Functional (7) contains terms of the third and fourth
order with respect to the unknown functions. An iterative
“continuous” Newton’s procedure will be used for min-
imisation of this functional. Assume that the increments
∆qj , ∆pr,∆Ñ∗

nj , ∆M̃∗
nr are given, and known are the ap-

proximations ∆u
(i)
j , ∆γ

(i)
r of the functions to be found.

Let the exact solution be presented in the form:

∆uj = ∆u
(i)
j + δu

(i)
j , ∆γr = ∆γ(i)

r + δγ(i)
r . (9)

It is assumed that δu
(i)
j , δγ

(i)
r are less by couple orders

than ∆u
(i)
j and ∆γ

(i)
r . Let functional (7) be expressed in

terms of δu
(i)
j , δγ

(i)
r . For this purpose δu

(i)
j , δγ

(i)
r are to be

replaced with u
(i)
j +∆u

(i)
j , γ

(i)
r +∆γ

(i)
r and qj , pr, Ñ

∗
nj , M̃

∗
nr

with qj + ∆qj , pr + ∆pr. Any ∆ – quantity should be ex-
changed with δ – ones, and δqj , δpr, δÑ

∗
nj , δM̃

∗
nr assumed

zero. All terms of the (δu)3, (δu)4 order are to be neglected
in the functional, afterwards. As a result, the square func-
tional L̄δ(δu, δγ) is obtained. It can be easily minimised
by making use of one of the known Ritz methods.

In order to solve the deformation problem of the shell
in the non-linear range, FEM procedures developed for
linear problems will be adopted. To this end, the surface
Ω will be presented in the form of M curvilinear quad-
rangles Ωe with eight nodal points at the boundaries. Let
map the interior of the square Ξ = {ς1, ς2 : −1 6 ςi 6 1}
onto the area Ωe by the following transformation:

αp =
∑

k,j=−1,0,1
k2+j2 6=0

αpkjΦkj(ς1, ς2); p = 1, 2;

where the square base functions Φkj are given by:

Φkj = −1
4
(1 + kς1)(1 + jς2)(1 − kς1 − jς2),

Φ0j =
1
2
(1 − ς2

1 )(1 + jς2),

Φk0 =
1
2
(1 + kς1)(1 − ς2

2 ), k, j = −1, 1;

where (α1kj , α2kj) are the co-ordinates of the (k, j)-
th node of the element Ωe. The unknown functions
δu

(i)
j , δγ

(i)
r are defined in the standard element Ξ as fol-

lows:

δu
(i)
j = Φ(ς1, ς2)c

(ei1)
j , δγ(i)

r = Φ(ς1, ς2)c(ei2)
r . (10)

where the square base functions Φkj are:

Φ(ς1, ς2) = [Φ−1,−1Φ0,−1Φ1,−1Φ1,0Φ1,1Φ0,1Φ−1,1Φ−1,0] ;

c
(ei1)
j , c(ei2)

r .

where

Φ(ς1, ς2) = [Φ−1,−1Φ0,−1Φ1,−1Φ1,0Φ1,1Φ0,1Φ−1,1Φ−1,0];

c
(ei1)
j , c

(ei2)
r – denote the matrices of unknown nodal val-

ues of the sought functions at the nodal points of the
element Ωe. Starting from the minimum condition on the
functional L̄δ(δu, δγ) defined on functions (10) and satis-
fying homogeneous boundary conditions at the boundary
Γm\Γmσ, one obtains a system of algebraic linear equa-
tions:

M∑
e=1

K(ei)c(ei) =
M∑

e=1

F (ei)

The solution to that system is a set of values of the
increments δu

(i)
j , δγ

(i)
r at the nodal points of the element

Ωe. For finding the (i + 1)-th approximation of the sought
functions ∆u

(i+1)
j , ∆γ

(i+1)
r one should add the obtained

increments to the known values of ∆u
(i)
j , ∆γ

(i)
r . The above

procedure is continued until the increments ∆u
(i)
j , ∆γ

(i)
r

satisfy the following condition:∥∥∥δu
(i)
j

∥∥∥ 6 ε
∥∥∥∆u

(i)
j

∥∥∥ ,
∥∥∥δγ(i)

r

∥∥∥ 6 ε
∥∥∥∆γ(i)

r

∥∥∥
3. Exemplary calculations of gear

of harmonic drive
Now we determine the stress state in the flexspline and
flexible rings of a harmonic drive.

3.1. Determination of the zone of forces acting on
the flexspline and flexible bearing of the harmonic
drive generator. For a cam generator with a circular de-
formation curve subject to four forces inclined by 1/2β
with respect to the principal axis and having involute
teeth profile with the nominal angle α = (π/9) and ra-
dial deformation-to-module ratio w/m = 1.0 − 1.2, the
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tangential component of the loading (see Fig. 1) is given
by the following relationship:

P̄ (X,Y, t)


Pmax ∗ sin2 (β−ω t)

β0
∗ π

ω t 6 β 6 β0 + ω t

Pmax ∗ sin2 (β−π−ω t)
β0

∗ π

π + ω t 6 β 6 π + β0 + ω t

(11)

for X1 6 X 6 X2; for the rest X : p̄(x, y, t) = 0.

Pmax = f (Ms) (12)

where:
X1 =

L1

L
, X2 =

L2

L
, β =

Y

R

L – length of the sleeve, R – radius of the middle surface
before deformation, ωt – angular displacement measured
from the great generator axis.

Fig. 1. Distribution of mesh forces assumed in the considered
model

According to the above formula, a constant value of
the loading p̄(x, y, t) is assumed along the length X. It
amounts to the average value of the tangential compo-
nent of the meshing force along the tooth length. Some
considerations on the function of loading, its variability
along X, and results of investigations are presented in [8].
The relation between Pmax and the transmitted torque
Ms is given by:

Ms = 2 ∗
ω∗t+β0∫
ω∗t

b ∗
(

d

2

)2

∗ Pmax ∗ sin2 π (β − ω ∗ t)
β0

dβ

(13)
b = L2 − L1 – width of the flex-gear teeth, d – pitch
diameter of the flexspline.

The normal component of the loading in the meshing
zone is:

Z̄ (x, y, t) = Pmax ∗ sin2 π ∗ (β − ω ∗ t)
β0

∗ tgϑ0 (14)

where the function and domain of Z̄(x, y, t) are the same
as for p̄(x, y, t).

The experimentally found functions of loading vari-
ability in both zones in a transverse cross-section and

along the tooth length are discussed in work [9]. The nor-
mal component is balanced by the generator reaction. The
torque due to the tangential component (circumferential)
is balanced by the torque Ms in the output shaft. Be-
cause of the non-uniform distribution of p̄(x, y, t) over the
circumference of the flexspline, this component tends to
change the shape of the flexspline. This is opposed by the
normal reaction from the generator Z̄g. According to [10],
we can put down:

Zg =
∫

p̄dβ (15)

By expressing p̄(x, y, t) in terms of the series:

p̄ = p̄0 +
∑

n=2,4

p̄ ∗ n ∗ sin2 n∗ (β − ω ∗ t) (16)

and integrating from β = ωt to β = ωt + 2π, we obtain:

p̄0 =
2
π
∗ pmax ∗

ω∗t+β0∫
ω∗t

sin2 π (β − ω ∗ t)
β0

dβ (17)

By multiplying (4.5) by sin2 n(β − ωt) and equating
the terms of the same n, then integrating over the above-
mentioned boundaries, we get:

p̄n =
4
3
∗ pmax

π
∗2 ∗

ω∗t+β0∫
ω∗t

sin2 π (β − ω ∗ t)
β0

∗ sin2n ∗ (β − ω ∗ t) dβ + β0


(18)

Since p̄0 is equivalent to the torque Ms in the silent-
running shaft, then the change of the flexspline shape is
produced by the component p̄n. Hence, the normal reac-
tion of the generator bearing will be:

Z̄g =
∫ ∑

n=2,4,...

p̄n ∗ sin2 n ∗ (β − ω ∗ t) dβ =
∑

2,4,...

p̄n

×
[
1
2

(β − ω ∗ t) +
1
4n

∗ sin 2n ∗ (β − ω ∗ t)
]

+ C

(19)

Fig. 2. Distribution of mesh forces – 1, and forces acting on
rolling elements of the bearing – 2 (according to experimental

investigations)
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Fig. 3. Scheme of the flexspline in the optimal harmonic drive

Fig. 4. Circumferential stresses Fig. 5. Axial stresses
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Fig. 6. Circumferential stresses [FEM ANSYS]

Fig. 7. Axial stresses [FEM ANSYS]
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Fig. 8. Scheme of the flexible bearing and its division into finite elements

Fig. 9. Displacements of the inner ring of the flexible bearing

Fig. 10. Displacements of the rings of the flexible bearing
[ANSYS]

Fig. 11. Stresses in the inner ring of the flexible bearing

Fig. 12. Stresses in the rings of the flexible bearing [ANSYS]
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where:

C = −
∑

2,4,...

p̄n

n

×
[
n

2
(H∗ − ω ∗ t) +

1
4
∗ sin 2n ∗ (H∗ − ω ∗ t)

]
+ C

which ensues from the condition of unilateral contact
(Z̄g > 0), where H∗ is the value of the angle β for which
the expression

∑
n

p̄n[. . .] in Eq. (19) reaches the global

minimum [11]. Finally, the tangential component of load-
ing acting on the flexspline from the toothed side, given
by (11), and the normal one, (14) and (19), is defined as:

Z̄s = Z̄ + Z̄g (20)

3.2. Numerical results. For the improvement of con-
ditions of operation between toothed rings in harmonic
drives as well as for the lowering of maximum stresses
in the flexible shell, a variable-curvature flexspline design
has been proposed [12]. Its scheme is shown in Fig. 3.
The stress state in such a structural solution can be de-
termined by making use of the proposed FEM procedure.

The boundary conditions of the flexible sleeve shown
in Fig. 3 are as follows: one edge clamped, the radial and
circumferential forces given by formulas (14) and (19) and
(11) are applied to the other edge. The meshing in a
part of the flexspline is reflected by a local increase in
the thickness of the smooth sleeve, equivalent to the av-
erage radial stiffness of the flexspline. For elimination of
difficulties brought about by non-linear effects, the whole
structure is treated as a sum of partial elements. Each el-
ement is described by the corresponding stiffness matrix
and load vector. The solution to the complete set of alge-
braic equations (linear ones) is obtained on the grounds of
a transection algorithm (subsequent section of the struc-
ture) and formulation of ‘gluing’ matrices. In Figs. 4 and
5, diagrams of circumferential and axial stresses (on the
inner and outer surfaces) along the sleeve generatrix are
presented, respectively. Calculations have been made for
the following data: L = 0.07 m, h = 0.001 m, R1 = 0.04
m, R2 = 0.06 m, R3 = 0.02 m, βo = π

8 , Ms = 100 Nm,
material of the sleeve: 40 HMN. The obtained results are
in good agreement with those found with the help of the
FEM ADINA procedure [12].

Basing on the above mentioned methodology, a com-
puter program has been worked out, which enabled deter-
mination of the stress state in the rings of an exemplary
flexible bearing loaded by the forces as indicated in Sec-
tion 2.

Below a scheme of division of the flexible bearing into
finite elements as well as the results of calculations from
the linearised formulation (denotations as in Fig. 8) are
presented.

4. Conclusions and remarks
The proposed finite element method has been used for
determination of stresses in the harmonic flexible ring as

well as stress and strain states in the internal ring of the
flexible bearing of the wave generator.

Analysis of stresses In the flexspline of the considered
harmonic driver with variable curvature determined by
the proposed method [OM] and via ANSYS (see Figs. 4–
7) leads to following conclusions:

– circumferential stresses in the cross-section on the outer
side in the middle of the flexspline length have maxima
σOM = 325 MPa, σANSY S = 360 MPa (according to
both methods), which are shifted with respect to the
generator axis by 200 and 160, respectively,

– the same two methods yield maximum stresses on the
inner side of different values but the same sign. Qual-
itatively, the axial distributions of these stresses are
similar, quantitatively – definitely divergent.

The discrepancy is brought about by the fact that
the flexible sleeve has been loaded in the meshing zone
by forces described by formulas set forth in Section 3.1
for the given boundary conditions. The meshing zone has
been modelled as a smooth sleeve with an increased thick-
ness and average stiffness due to teeth. In the ANSYS
approach, though, the meshing zone has been fully mod-
eled together with contact between the sleeve and flexible
bearing of the generator (which made the whole model
more realistic).

In the case of examinations of the flexible bearings
only, the results coincide more (Figs. 9–12). In both meth-
ods, the loadings from the sleeve side and kinematic ex-
citations from the generator cam have been assumed the
same. ANSYS has been chosen for the calculations in this
paper, since it is a professional and very popular tool for
analysis of complex systems undergoing mechanical and
thermal loadings with multiple areas of contact taken into
account.

It should be emphasized that the proposed method en-
ables one to find a solution to the given task until the first
critical point is reached, i.e. a point in the parameter space
around which the calculation procedure becomes unstable
because of ambiguity in the relation between deformation
and loading.
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