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Sliding mode tracking control for unmanned helicopter
using extended disturbance observer

IHSAN ULLAH and HAI-LONG PEI

This paper presents a robust control technique for small-scale unmanned helicopters to
track predefined trajectories (velocities and heading) in the presence of bounded external dis-
turbances. The controller design is based on the linearized state-space model of the helicopter.
The multivariable dynamics of the helicopter is divided into two subsystems, longitudinal-
lateral and heading-heave dynamics respectively. There is no strong coupling between these two
subsystems and independent controllers are designed for each subsystem. The external distur-
bances and model mismatch in the longitudinal-lateral subsystem are present in all (matched
and mismatched) channels. This model mismatch and external disturbances are estimated as
lumped disturbances using extended disturbance observer and an extended disturbance ob-
server based sliding mode controller is designed for it to counter the effect of these distur-
bances. In the case of heading-heave subsystem, external disturbances and model mismatch
only occur in matched channels so a second order sliding mode controller is designed for it
as it is insensitive to matched uncertainties. The control performance is successfully tested in
Simulink.

Key words: unmanned helicopter, external disturbances, sliding mode control, extended
disturbance observer, mismatched uncertainty

1. Introduction

Miniature helicopters are highly unstable, agile, nonlinear under-actuated
system with significant inter-axis dynamic coupling. They are considered to be
much more unstable than fixed-wing unmanned air vehicles (UAVs), and constant
control action is required at all times. However, a helicopter is a highly flexible
aircraft, having the ability to hover, maneuvers accurately and carry heavy loads
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relative to its own weight [1]. Fixed-wing aircraft are used for application in
favorable non-hostile conditions but in adverse condition, agile miniature heli-
copters become a necessity. The conditions where a helicopter can perform better
than fixed-wing UAVs include military investigation, bad weather, firefighting,
search and rescue, accessing remote locations and ship operations. In such con-
ditions, helicopters are subjected to unknown external disturbances such as wind
and ground effect. These external disturbances have a significant opposing effect
on helicopter stability and can have disastrous results in extreme cases. So it is
essential to design a controller for the helicopter which can efficiently reject the
effects of these unknown external disturbances.

In last two decades, there is substantial research about helicopter control
problem. Early results showed that classical control methods using Single-Input
Single-Output feedback loops for each input exhibit moderate performance since
they are unable to coup with the highly coupled multivariable dynamics of the
helicopter [2]. Control schemes typically used to maintain stable control of heli-
copters include PID [3], Linear Quadratic Regulator (LQR) and Linear Quadratic
Gaussian (LQG) [4], H2 [5], Heo [6] and u-synthesis [7]. To development a flight
control system for a robotic helicopter in [8] a mixing of system identification
and multivariable Heo loop shaping control techniques are applied. An interesting
comparative study of several control methods is given in [9, 10]. The majority of
linear controllers designed for unmanned helicopter are based on the Hoo method.
These linear control methods guarantee stability and robustness only when the
system states are near equilibrium but during the flight operations as the speed is
increased these methods start losing tracking accuracy significantly. In [11] back-
stepping control design techniques is used for linear tracking control of miniature
helicopter without considering external disturbances, the control design is based
on the linearized model of helicopter and shows good results in X-plane flight
simulator. Disturbance Observer-based control techniques are used in [12, 13],
but in presence of external disturbances, there is steady state error in helicopter
rotational and translational dynamics.

Sliding mode control (SMC) is an efficient famous control technique for
systems affected by parametric uncertainties and external disturbances having
a number of applications in various fields [14]. The traditional SMC method
is insensitivity to matched uncertainties and disturbances but many practical
systems like the permanent magnet synchronous motors [15], missiles [16, 17]
and helicopter [18] are affected by mismatched uncertainties. In these systems
parametric uncertainties, un-modeled dynamics and external disturbances affect
the states of the system directly rather than through the input channels. Integral
sliding mode control (I-SMC) [19] have been proposed in the literature to handle
mismatched uncertainties. Although I-SMC is a simple technique and applied
to various systems [20, 21], it has disadvantages, such as longer settling time
and large overshoots. A novel disturbance observer based sliding mode control
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(DOB-SMC) method is proposed in [22] which employ disturbance observer
(DO) to cancel the effect of the mismatched uncertainties acting on the system
using a modified sliding surface which includes estimation of the mismatched
uncertainties. Along with handling the effect of mismatched uncertainties, DOB-
SMC also significantly reduces chatter in control but the results are based on
the assumption that the mismatched uncertainties and their first derivatives are
bounded and the first derivatives go to zero in the steady state. In case of a
helicopter, this assumption is very restrictive and the external wind disturbances
acting on the helicopter is very complex and can be a function of the power
of time 7. In [23] an extended disturbance observer based sliding mode control
(EDOB-SMC) technique is developed for single-input single-output systems to
handle higher order mismatched uncertainties.

In this paper, a simplified EDOB-SMC is proposed for small-scale unmanned
helicopters to track predefined velocities trajectories in the presence of bounded
external disturbances. The controller design is based on the linearized state-space
model of the helicopter. As in [11, 24, 25] the linearized model of the helicopter
can be divided into two subsystems, such as the longitudinal-lateral subsystem
and the heading-heave subsystem as there is no strong coupling between the
two subsystems. The mismatched uncertainties are only present in longitudinal-
lateral subsystem while in head-heave subsystem the external disturbances enter
the system only through the control input channels. To counteract both matched
and mismatched uncertainties in longitudinal-lateral subsystem a new sliding
surface augmented with the disturbance estimations of EDOB is designed. The
model mismatch and external distances are estimated as lumped disturbances and
are compensated in the controller design. As mismatched uncertainties are absent
in head-heave subsystem, a 2nd order super-twisting sliding mode controller (ST-
SMC) is designed for it. ST-SMC is robust against matched uncertainties and
helps reduce control chatter. The rotor flapping dynamics are approximated by
the steady-state dynamics of the main rotor which help reducing controller order.
The proposed control method has three attractive features. First, it is insensitive
to mismatched uncertainties. Second, the chattering problem is substantially
reduced as the switching gain is only required to be greater than the bound
on the disturbance estimation error of observer instead of lumped disturbance.
Third, the proposed controller has better tracking performance than an I-SMC.
Simulink simulation has demonstrated successful performance of the proposed
controller.

The rest of the paper is organized as follows. A complete nonlinear model
of the helicopter and the linearized model for controllers design are presented
in section 2. The control problem is stated in section 3. The proposed control
laws for longitudinal-lateral and head-heave subsystem are derived in details in
section 4 and 5 respectively. Simulation results are given in section 6 and finally
concluding remarks are given in section 7.
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2. Helicopter model

2.1. Nonlinear dynamics of helicopter

The general 11" state nonlinear model [26] of the miniature unmanned heli-
copter is given as

u=vr—-wq—gsind+X,,,/m+d,,
V=wp—ur+gsingcos6+Y,,/m+d,n,
W=ug—vp+gcospcost+Z,,/m+d,;3,
¢ =p+ (singtan@) g + (cosptané) r,

6 = (cos¢) g — (sing) r,

Y =sing/cos6+cos¢p/cosb, (1)
p=qr (Iyy _IZZ) [Lix + L[ Iy + doys,

g =pr(I;; = L) [ Lyy + My, /Ly +dys,
F =N+ Nyp+Nyw+ N.r+ Npeg.tipeq + Neop Ucor + dipm + dye s

a=-q- l/tf.a +Ap.b+ Ajon-Uion + Ajar -Uias

b =-p- l/l‘f.b+ B,.a+ BjoyUion + Biar - Uias,

wherex=[uvw ¢ 0 ¢y pqra b]T is the vector of state variable all avail-
able for measurement except a and b; u, v and w represents linear velocities in
longitudinal, lateral and vertical direction respectively; m is mass of helicopter;
g represents acceleration due to gravity; p, g and r represents angular velocities
in roll, pitch and yaw axis respectively; ¢, 6 and ¢ are Euler angles of roll,

pitch and yaw axes; u.(t) = [ulon Ulgr Ucol uped]T is the control input vector;
d,; Vi =1,2,...6 are unknown external wind disturbances effecting translational
as well as rotational dynamics of helicopter; I, I, and I, are the rolling moment
of inertia, pitching moment of inertia and yawing moment of inertia respectively;
a and b are flapping angles of tip-path-plane(TPP) in longitudinal and lateral
direction respectively; X, Y,,» and Z,,, are the force components of main rotor
trust along x, y and z axis; L,,, and M,,, are roll and pitch moments generated by
main rotor; N,, N,,N,, and N, are helicopter stability derivatives and N., and
N¢o are input derivatives of yaw dynamics identified as in [11]; 7 is flapping
time constant; B,, Bj,; and By,, are lateral flapping derivatives; Ap, Ajp, and Ay,
are longitudinal flapping derivatives. A diagram showing the directions of the
helicopter body fixed coordinate system is given in Fig. 1.
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Figure 1: Helicopter body-fixed coordinate system [11]

The force components generated by the main rotor trust in x, y and z direction
are given as

Xy = =T sina,
Y, = Tsinb, (2)
Zyr =—T cosacosb,

where T is the total trust generated by the main rotor. The moments generated by
the main rotor along the x and y direction are calculated as

L, = (k,g + T.hmr) sin b,
3
M, = (k,g + T.hmr) sina )

where kg is the torsional stiffness of the main rotor hub; #,,, is main rotor hub
height above the center of gravity of helicopter.

The trust of the main rotor is calculated by iteratively solving the equations
of trust and the induced inflow velocity [27].

pQRzCl”;bmcm
T=Wwp—v,) —————,
4
v = e 2+ a 2—‘7—2
P 2 2pnR? 2’7 4)
2

P2 =’ + v w(w —2v;),

2
Wp =W+ gQRkakcalucala
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where v; is the induced inflow velocity; Q is rotational speed of the main rotors;
p is air density; R is main rotor radius; b,, is the number of main rotor blades;
Cm is the chord length of the main rotor; C; is coefficient of lift curve slope of
the main rotor; is control gain of the servo actuator; k.., is linkage gain from the
collective actuator to the main blade.

2.2. Linearized State Space Model of the helicopter

To derive the control law, the nonlinear model (1) of the helicopter is linearized
at hover condition as

X = Ax+ Bu. + Ed,,

5
y =Cx. ©)
At hover condition, the longitudinal-lateral and heading-heave dynamics of the
helicopter are weakly coupled with each other and are expressed as two separate
sub-systems [11].

X| = Anxy +Byjug + Eqpdg,

(6)
y1 = Cixy;

X2 = Ao1X) + A2Xp + Byur + Exdpa, o

y2 = O&xo,

where (6) represents longitudinal-lateral subsystem and (7) represents the

heading-heave subsystem, x;=[u v 6 ¢ g p a b]T; e = [uon wial';

dy =1[dy dp ds du ds deg 0 0]'; Ejp is an 8% 8 identity matrix;
T

x2=[¢ r wl's un = [uped ucal] ; dp = [0 dy7 ds]"; Eyy is 3 x 3 identity

matrix; Matrices A1, Az1, A2, Bi1, B2, Ci, C; are given as

X, 0 g0 0 0 0 0
0Y 0g0O0 0 0
00 0010 0 0
00 000 1 0 0
AS iy M, 000 0 M, 0 | (8a)
L. L, 000 0 0 L
0 0 00-10 -1/t A
0 0 000 -1 B, -1/t]
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[0 0 ] 101"
0 0 01
0 0 00
B = 0 0 Cr = 00 2h
n={ 49 o | =190 (8b)
0 0 00
Alon Alat 00
_Blan Blat_ _0 0_
[0 0000 O 0 O] 10
A21:ONVOOONPOO, C =100/,
_O 0000 0 Z, Zb_ 01
) )
01 O 0 0
A»p =10 N, N, |, By = | Npea Neol
_O Z Z, 0 Z.o

Assumption 1 The matrix pairs (A1, B11) and (A, Byy) are controllable [11].
Assumption 2 Each matrix By and By; have two linearly independent rows [11].
Assumption 3 The stability derivatives g, M, and L}, are nonzero [11].

Assumptions 1, 2 and 3 reflect the fact that the linearized models (6) and (7) are
physically meaningful.

Assumption 4 The disturbances d;;, ¥ i = 1,2,...,6 acting at the system (6) are
continuous and satisfy
‘df (du)]

il <Y i=12,...,6 and j=0,1,2,3 (10a)

and let

/lj:”,ulj M2j HM3j Haj Hsj ,U6j| (10b)

where all y;; and p; are positive bounded constant.

2’

Assumption 5 The disturbances acting at the subsystem (7) are also continuous
and satisfies

@ gl < gy for i1=7.8 and j=0,1, (11)

where p;; is positive bounded constant.
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3. Control problem statement

The principal objective of this paper is to derive the control laws u.; and u.,
for the helicopter system (1) to follow a predefined reference velocity trajectory
v, = [u, v, w,]" and yaw angle (i), in presence of external wind disturbances
satisfying assumption 4. As subsystem (6) and (7) are decoupled, separate con-
trollers are designed for each subsystem in the following sections.

Assumption 6 The desired reference velocities and yaw angle are continuous and
i

d
bounded such that (ur) (v,) €L, (i=0,1,2,3, )and — (w,) (wr) € Lo
(i=0,1).
4. Longitudinal-lateral subsystem
The subsystem (6) is expanded as

u=qu—g9+dt1,
\'} :Y\/v+g¢+d125

0:q+dl3a
h=p+dua,
$p=p+dy (12)
qg=Mu+M,v+M,a+ds,
p=Lu+L,v+Lyb+ds,
a=-q- l/tf.a +Ap.b+ Ay tion + Ajas Uiar
b= -p- l/tf.b+Ba.a + Bion-Uion + Blas-Ujar
yi=[u v, (13)

where X,,, Y,, M,, M,, M,, L,, L, and L, are stability derivatives; A;on, Ajas, Bion
and By, are input derivatives; d;; Yi=1,2,---,61is the total disturbance including
both model mismatch and external disturbances acting at channel i.

The flapping angles a and b of the main rotor can be approximated by the
steady state dynamics of the main rotor as in [28]

a= _tfq+tf (Ab.b+Alon-ulan +Alat-ulat)a (14)
b= —tfp+tf(Ba.a+Blon.ulon+Blm.ula,). (15)
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Solving (14) and (15) for @ and b and then substituting it in (12) gives the reduced
order linearized model for the longitudinal-lateral systems as

u=X,u—go+d,,

v=Y,v+g8o+dn,

0=q+ds,

¢ =p+du,

g=Mu+M,y—M,p—M;q+Mo,.ujon+ Mg .tjqr + dss,

(16)

p=Lu+Lyv— Lpp - qu + Lion-Uion + Liar - iar + dye
The reduced order linearized model (16) is written in state space form as follows
X, = A;X, + Byug + Edyy, (17)
y1 = Gx,, (18)

T
where x, = [u v 0 ¢ g p|" ;i uct = [Wion wial"s dir = [di1 dip di3 dya dys dig]”;
E, is 6 X 6 identity matrix; y, is output vector; Matrices A,, B, and C, are given as

X, 0 -g0 0 0 ] 0 0 ] 107"
0 Y 0g 0 0 0 0 01
0 0 00 1 0 0 0 00
A=lo 0000 1 | BTl 0o ol “Tloo
M, M, 0 0 -M, -M, Mion My 00
L, L, 0 0-L, -L, | Lion Liar | 10 0]

4.1. Extended disturbance observer design

It is difficult to measure directly the disturbance vector d¢ and its higher
derivatives, a 3rd order EDO is used to estimate the unknown total disturbance
vector d; and its higher derivatives. The observer is designed as

Py =Ly (P +Lix,) — Ly (A%, + Bougy) +dyy, (19)
d, =P, +Lx,, (19b)
Py = —Ly (P + LX) — Ly (A% + Bougp) +d,, (20a)
d,, =Py + Lox,, (20b)
P3=—L3(P1+ LX) — L3 (AX, + Byugy), (21a)

d, = Ps + Lsx,, (21b)
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where Py, P, and P3 are auxiliary state vectors of the observer; a,r, él,r and d,,
are estimation of the disturbance vector d;, and its higher derivatives; L, L, and
L5 are observer gains defined as

Li=1lilexg for i=1,273. (22)
The observer estimation error vector is defined as
e=[eg e el (23)
where
eq =0y —dy =[ear1 ean eus eas eas ears) (24a)
2 . T
eq =d;—d; = [edn i €3 Cdis Cdis ed‘;é] ; (24b)
o . T
ej=d;—d; = [%1 i €@z € Cdrs %6] : (24¢)
From (19a), (19b) and (17)
d;, = —Lieg+d,, . (25)

Subtracting both sides of (25) from d,
€qa=—-Lieq+ey. (26)
Similarly using (20a), (20b), (17) and (21a), (21b), (17) gives
&g =—Loeq+ey, 27)
&= —Lyea+ dur. (28)

Combining (26), (27) and (28) the observer error dynamics is written in compact
form as

é=De+Edy, (29)
where
—L1 Isxs Osxs O6x6
D =|—-L Osxs Iox6 |, E = Osxe |- (30)
—L3 Ogxe Oexo Iox6

If 11, [, and I3 are selected such that the following equation is Hurwitz
S +lis*+hs+13=0 (31)

then D is Hurwitz and a positive definite matrix P; always exist satisfying the
following equation
D'Pi+PD=-Q;. (32)
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Theorem 1 If L, L, and L3 are chosen such that D is Hurwitz, the estima-
tion error e of the EDOB asymptotically goes inside a ball by = {e € R'® |
e < 2u3 [Amax (P1)/ Amin (Q1)]} and stays inside for the remaining period of time.

Proof. Defining the Lyapunov function as
V(e)=¢' Pe. (33)
Differentiating V (e) with respect to time ¢ gives
V(e)=e' (D" P, +PD)e+2¢' PE,
< —e" (Q)e+2e  Amax (P13 (34)
< —llell [Amin (Q1) [[€]] = 2Amax (P1) p3].

From V(e) < 0, it is concluded that the observer estimation error norm ||e||
asymptotically converges to by and stay inside for the remaining period of time
such that

llell < 2u3 [Amax (P1)/ Amin (Q1)]. (35)

]
Assumption 7 The estimation error of EDOB is bounded such that

ey =maxleg;| Vi=12--,6. (36)
t>0

4.2. EDOB-SMC design
4.2.1. Input-output linearization

First, the longitudinal-lateral dynamics (17) is written in input-output lin-
earized form. The system output (18) is expanded as

yi=[u v]". (37)
Differentiating y; gives
yi=Kilu v]"+K2[0 ¢]" +d,1, (38)

where K| = diag (X,, ¥,); K> =diag (=g, g) andd,,; =[d,; d;»]".Differentiating
(38) gives

¥i1 =K [u v]" +KiK2[0 ¢]" +Ka[g pl" +Kidy + Kodyp +diry, (39
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where d;0 = [dy3 dia]”. Differentiating (39) gives

Vi=K[u v]"+KK2[0 )" +KiKa[q pl" + KoK [tion il
+KaKy[u v g p]" +K*dii + K Kadyo + Kodyys + K1 dyy (40)
+ Kodyo +dyy1,

dtS

where d;,3 = [ d
16

. K3 _ Mion Mja . K4 — M, Mv _Mq _Mp
’ Llon Llat ’ Lu Lv _Lp _Lq
4.2.2. Controller design

In this section EDOB-SMC method is used to derive the control law u,; for
longitudinal and lateral velocities tracking of helicopter in presence of external
disturbances. The reference velocity vector is given as

Y= [ur Vr]T- (41)

The sliding surface augmented with the estimated disturbances is designed as
follows

S=Ci(yi—-yn+C (3’1 _S’r) +¥1-§,
. (42)
= Cley +C2éy +éy,

where S = [s1 s217:C = diag (¢, ¢2); Co =diag(c3, c4). C1 and C; are designed
such that S = bf0 is Hurwitz; y,, ¥, are higher derivatives of y,; y; and y, are

expressed as follows

Vi=Kilu v]"+Ka2[0 o] +dy1, 43)
'}A"1:K12[u vI"+K1K2[0 )" +Kalq pl" +Kidir + Kodyo +di1,  (44)

A A AT A A AT 2 =~ =17
where dy1 = [dn di]' 2= [ds ] anddr = |dy do|
Then the EDOB-SMC is designed as follows

u. = (—K»K3)™! (h+ Cidy1 +C (Klatrl +KZatr2) +K7d;1 + K1K2dyro
(45)
+ K23+ (G + K1) dipt + Kodypo +dypy + ﬁsgn(S)),
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a A P EA n ~ 1T
where i1 = |din da| 3 dus = [ds dio]'s sen($) = [sen(s1) sen(s)]”:
B = diag (B1. ) and

h=C (Kiu v]"+Ks[0 ¢]T—)'7r)+C2(K12[u T +KiKa[0 6]
v Kalg p)=3,)+ Kl v +KMl0 ¢ +Kikalg plT (4O

+ KaoKalu v g p]'-¥..

4.2.3. Stability analysis

Theorem 2 Suppose system (17) satisfy assumptions 4 and 7 then system (17)
under the proposed control law (45) is asymptotically stable if the high frequency
switching gain in the control law is designed such that the following two conditions
hold

Bi>[([1 0] M7)] (47)

and
B2 > ([0 1] M7)], (48)

where

M* == [C1+ KT+ Gk +1 (G + K+ ()| €
—[GKry+ K 1Ky + 1 K> 622 - Kzejﬁ;

T T T
* * * . * * * ko * *
€1 = [edtl edzz] v €n = [em edt4] and €3 = [edtS edz6] :
Proof. Differentiating the sliding surface (42) gives

S = h+KxK3u.1 + Cidyry +Co (Kidyp1 + Kady2) + Klzdm + K1 K>d,2

A 3 2 (49)
+ Kod;3 + (K1 +C)dy1 + Kodyo +dyyg
Expanding (25) gives
do = —l1eg +d;, 1, (50)
do=—l1ep +d;, (51)

where eg) = [eqr1 earnn]” and ez = [eqrs el Similarly (27) gives

d;r1 = —lheg +dy . (52)
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Substituting (50), (51) and (52) in (49) gives
S =h+K>Kzug; + Cidyy1 + Ca (K1 dyy + Kody)
+ (Co+ K (e +din ) + K2 (~hen +dio)
+ K2dyy + K1 Koy + Kodys — hegy +dyy
Substituting the control law (45) in (53) gives

S = - [Cl +K12 + C2K1 +ll (C2 +K1) +12 (szz)] €41
— [GKy + K 1Ky + 1Ko | egn — Kaeg3 — Bsgn(S)
= M — Bsgn(S),

(53)

(54)

where M is bounded by M*. Using the conditions (47) and (48) it is concluded
from (54) that the system will reach the sliding surface S = 0. At condition S =0,

(42) becomes . R
éy = —Cley - Czéy .

Substituting (38) and (39) in (55) gives

éy = - [Cley + Czéy + (K1 + Cz) e 1+ Krepn + ec-“] .
Combining (56) with EDOB error dynamics (29) gives

éy = - [Cley + Czéy +(K1+ () ey + Koepn + ec-“] ,

€1 = —l1eq1 + ey,

e =-liep+ey,,

éail = —lzedl +e&1,

édz = —lzedz + €42

& = —lzeq + do,

& =—lzeqn+dsm.
Let

E = [81 &) &3 &4 &5 &6 &7 88]
=ley & en e e e ep ep)

and

dip=[dn dn]

(55)

(56)

(57)

(58)

(59)
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ldi2ll < s (60)
where u3, is positive bounded constant. Then (57) is written in state space form as
é:A88+BsHIZ, (61)
where A; and B, are given as
| 0 O 0 0 0 O
| M kire) k10 0 0|,
— __ o __ __ (62)
O12%4 | D,
T
Bg = [O4><4 O4x4 Osxa I4><4]
and
0 1 =l 14xs Iaxa Ogxa
Agr = [—Cl G ]; D, = | —lolsxs Osxs  laxa (63)
—1314x4 O4xa Osxal]

as A is block triangular matrix, its eigenvalues are given by the following equation
det(Alyxq — Agr) - det(Al1ox12 — D) =0 (64)

where det(-) denotes the determinant of a matrix and A € R is an eigenvalue of
Ag. Earlier (31) and (42) were designed Hurwitz so both A, and D, are Hurwitz
and all eigenvalues of A; have strictly negative real parts. As A; is Hurwitz so a
positive definite matrix P, always exist satisfying the following equation

ALP, + P A, = -Q;. (65)
Defining the following Lyapunov function
V(e) =& Pye. (66)
Differentiating V (&) with respect to time t gives
V(e)=&" (ALPy+PyA;) £ +26" PyBod 12
< —&" (Q2) & +2e" Anax(P2) f13r (67)
< =ll&ll [Amin (Q2) 18]l = 2 Amax (P2) p3r] -

From V(g) < 0, it is concluded that the states of the system (61) converges
asymptotically inside a ball b; € R'® and stay inside for the remaining period of
time such that

&1l < 2413 [ Amax (P2)/ dmin (Q2) ] (68)
O
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5. Heading-heave subsystem

In this section, ST-SMC method is used to derive the control laws up., and
uqo for heading and vertical velocity tracking of the helicopter in presence of
external disturbances. The subsystem (7) is divided in two separate systems as

i=r,
F=Nyv+Nyw+ Npr+ Npeqpea + Neotlcor + dp7, (69)
21 =y,

w= ZyW + Zeolleol + dtS,
Y2 =w,

where (69) and (70) represent the heading dynamics and the heave dynamics of the
helicopter respectively, N,, N,,, N, and Z,, are stability derivatives, Nyeq, N¢os and
Z.o1 are input derivatives, d;7 and d,g are the total disturbances (including model
mismatch and external disturbances). Both d;7 and d;g are matched disturbances
(acting at control input channel) and there is no need of disturbance observer for
(69) and (70) as SMC is insensitive to matched disturbance.

(70)

5.1. Controller for heading dynamics

The yaw tracking error e, and its derivative are defined as
ey =~ (71)
ey =1 =Y. (72)
The sliding surface for controller design is defined as
Sy = cyey +éy, (73)
where ¢, > 0 so that S, = 0 is Hurwitz. Then the ST-SMC law is designed as

Uped = —1/Npea (C¢é¢ — U+ Nyv + Nyyw + N7 + Neoiiheor
" (74)
+ kl//l|SL//| Sgl’l(Sl/,) +k¢,2fsgn(s¢,)ds¢,).

Theorem 3 System (69) under the proposed control law (74) is ultimately expo-
nentially stable if the following condition holds

ky2 > p71, (75)

where u71 is positive bounded constant such that dq < U71.
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Proof. Differentiating the sliding surface (73) gives
Sy = yy + Nyv + Ny + Not + Npealpea + Neottteor =Yy +dig . (76)

Substituting the control law (74) in (76) gives

] 1/2 .
Sy = —ky |s¢,| sgn (s¢) —ky> f sgn(sy)dsy +ds7. (77)

Dynamics of (77) is similar to a usual super twisting algorithm and from [29] it is
known that (77) is finite time stable and S, and S, will converge to zero in finite
time. At condition S, = 0, (73) becomes

éw = —Cyéy . (78)

As (78) is exponentially stable so it is concluded that the yaw tracking error ey,
will ultimately exponentially converge to zero. O

5.2. Controller for heave dynamics

The vertical velocity tracking error ey, is defined as
ey =W—W,. (79)

Then the ST-SMC law is designed as
Ucol = =1/ Zcor ( — Wy + Zyw + ky |€w|1/2 sgn (ey) + kyo2 f Sgn(sw)dsw) . (80)

Theorem 4 System (70) under the proposed control law (80) is finite time stable
if the following condition holds

kv > ugi, (81)

where ug; is positive bounded constant such that d}g < Ug1.

Proof. Differentiating (79) and substituting (80) gives

éy = —kyi lewsgn(ey) = kyo f sgn(sy)ds, +dys . (82)

Dynamics of (82) is similar to a usual super twisting algorithm and from [29] it
is known that (82) is finite time stable and the tracking error e,, and its derivative
é,, will converge to zero in finite time. m|
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6. Simulation results

In this section performance of the proposed EDOB-SMC (45) is evaluated.
Two numerical simulations are presented, the first simulation is performed in
absence of external disturbance while the second simulation is performed in
presence of external disturbances. To show the effectiveness of the proposed
EDOB-SMC (45), an integral sliding mode controller (ISMC) is used in these
simulations for performance comparison. The sliding surface of the ISMC method
is designed as

g = (yl _yr)+C3 (yl _YV)"'CZ(yl _yr) +C1f(Y1 _yr)

. (83)
- (G3+Ky)dsy1 — Kadyp —dgry

Substituting y; and ¥ in (47) the disturbance terms (—(Cz + Ky)d;,; — K>d;2
—d;,1) get cancelled. So its a typical sliding surface for -SMC. Then the I-SMC
is designed as

U1 = (=K2K3)™" (b + Bisgn(e), (84)
where
hi=Ci(yi-y)+C (Ki[u v]"+Ka[0 6] -¥/)
2 T T T
+ G(K VT KK (8 9 +Kolg pl” ) 5
+Kilu V)" =¥,+KiKalg pl”
+ KoKa[u v g pl" +KiKa[60 9],
Bisgn(or) = diag (B3sgn (1), fasgn(c2) (86)
and
B3> max|[1 0] (~(Cs + K)dii = Kadiya = dip)|. (87)
Ba>max|0 1](=(Cs+K)di1 =~ Kodya = diy )| (88)

Raptor 90 SE radio controlled helicopter is used in these simulation. The Simulink
model is established using the nonlinear model of the helicopter defined in (1)
and then the proposed EDOB-SMC (45), ST-SMC (74), (80) and the I-SMC
(84), ST-SMC (74), (80) based on the reduced order linearized model (17) are
applied on it for performance evaluation. Parameters of the nonlinear model of
the helicopter are given in Table 1 and parameters of the reduced order linearized
model are given in Table 2.
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Table 1: Parameters of Raptor 90SE RC helicopter [30]

Nonlinear model parameters

m = 7.495 kg Q=172.788 rad/s R=0.785m
by =2 cm =0.060 m o =1.290 kg/m®
g=9.81 m/s’ Cm =4.0734 ko =9.4248
keor = 0.3813 kg = 167.6592 N.m/rad By =0.275 m
Iy = 0.1895 kgm? I,y = 0.4515 kg m? I, = 0.3408 kg m?
N, =2.982 N, =0 N,, = -0.7076
N, =-10.71 Npea =26.90 Neor = 3.749
tr = 0.03256 sec Ap =0.7713 B, =0.6168
Ajon = 4.059 Ajar = —0.01610 Bjon = —0.01017
B = 4.085

Table 2: Parameters of the linearized model [11]

Parameters of Ay, Az and Ay

X, =—0.03996 Y, =-0.05989 1/t =30.71
M, =0.2542 M, =-0.06013 Z,, =—2.055
L, =-0.0244 L,=-0.1173 N, =2.982
M, =307.571 Lp =1172.4817 N, =-10.71
Ap =0.7713 B, =0.6168 N,, =-0.7076

Parameters of B;; and By,
Ajon =4.059 Ajqr = —0.01610 Bja: =4.085
Bion =—0.01017 Zeor = —13.11 Neor =3.749
Npea =26.90
Parameters of A, and B,

M, =10.0153 M, =0.2515 L, =38.1792

L, =0.7667 Mo, = 40.6609 M, = 0.8662

Lion =2.7238 Liq = 155.9401
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The reference velocity vector v;. = [u, v, w17 in the body frame is ob-
tained as
vB = RV, (89)

where R’ is the rotation matrix representing the orientation of the inertial frame
in body fixed frame of the helicopter. The reference velocity trajectories v’ for the
whole flight are produced by a low pass filter 1/(s +2)* with input V/ given as

[0 0 0]" for + <0.5,

0
0

—2sm(§(t—0.5))

for 0.5 <t <7,

[0 0 0] for 7.5<1<12.5,
T
10si (— 1—12.5 )
sin 32( )

) T
Vf _ Vmaxﬂ 3sin (ﬁ(t_ 125)) for 12.5<t< 285, (90)
0

(10 3 o]’ for 28.5 < f < 40,
lOcos —(t—40))

3COS _(t_40)) for 40 <t < 60,

[0 0 0 for ¢ > 60,

where Viax = diag (Vmax1, Vmax2s Vmax3) 1S tuning gain matrix to ensure
max(u,) = 10, max(v,) = 3 and max(w,) = 2. Throughout all the flight the refer-
ence heading angle is constant with a value of ¢, = 0.

6.1. Trajectory tracking in absence of external disturbances

In first case performance comparison of the two controllers EDOB-SMC (45),
ST-SMC (74), (80) and the I-SMC (84), ST-SMC (74), (80) is done in absence
of external disturbances. The reference fight path to be tracked is given in (89).
All initial states of the helicopter system (1) are set as zero except ¢ = 0.001 rad.
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Parameters of the EDOB-SMC are C; = diag(10, 10); C, = diag(25, 25);
B1=2.5; B2 =2.5;11 =18; [, = 108; I3 = 216 while parameters of the [-SMC are
Cy =diag(125, 125); C; = diag(75, 75); Cz =diag(15, 15); B =2.5; 2 =2.5. Pa-
rameters of u,.q and u.,; are ¢y, = 5; ky1 = 2; kyr = 3; kyy1 = 1.3; ko =5.5. These
parameters are tuned to get the best results. The switching gains of EDOB-SMC
are tuned by gradually increasing it from zero until no significant improvement
is observed in tracking performance and the same gains are used for ISMC.
The simulation results in case 1 are given in Figs. 2-7. Fig. 2 shows the re-
sults of velocity tracking and Fig. 3 shows the response curves of Euler angles.
The velocity and yaw tracking error are given in Fig. 4. The disturbances in
the log-lat subsystem, estimated by EDOB are given in Fig. 5, as no external
disturbances were applied so its a measure of the total model mismatch present
in log-lat subsystem during the flight. It is clear that EDOB-SMC has higher
accuracy and better tracking performance. In case of ISMC, the closed loop
system is stable but the tracking error is very high compared to EDOB-SMC.
Figs. 6 and 7 show the control inputs and the chattering are within reason-
able range.

127 4r
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10|~ -EDOB-SMC

8
@
= 6
£
= 4 I
2
0
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
Time (s) Time (s)
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2

0 10 20 30 40 50 60 70
Time (s)

Figure 2: Velocity tracking responses expressed in body coordinate system
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Figure 4: Response curves of tracking error
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Figure 6: Control inputs of EDOB-SMC
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Figure 7: Control inputs of ISMC

6.2. Trajectory tracking in presence of external disturbances

In the second case performance comparison of the two controllers EDOB-
SMC (45), ST-SMC (74), (80) and the I-SMC (84), ST-SMC (74), (80) is
done in presence of external wind disturbances. The external wind disturbances

(Dﬁ =ldy1 du» dw3]T) acting on the helicopter are given as

[0; 0; 0]" for ¢ < 13,
[ T
~0.3si (— (-1 )
sin 2( )
. (T for 13<t<33
—O.ZSm(— r—1 ) ~ >
| 0
— 7T T
0: 0 O.ZSin(z(t—l))] for 33 <1 < 45,
[0; 0; 0]" for 1> 45.

The reference fight path to be tracked, all initial states of the helicopter system
(1) and parameters of the controllers are same as in casel. The simulation results
in case 2 are given in Figs. 8—13. Fig. 8 shows results of the velocity tracking and
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Figure 8: Velocity tracking responses expressed in body coordinate system
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Figure 9: Response curves of orientation angles
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Figure 13: Control inputs of ISMC
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Fig. 9 shows response curves of the Euler angles. The velocity and yaw tracking
error are given in Fig. 10. The disturbances estimated by EDOB are given in
Fig. 11 and it is a measure of the total model mismatch and external disturbances
acting on log-lat subsystem during the flight. It is clear that EDOB-SMC has better
capabilities to handle model mismatch and external disturbances and EDOB-SMC
has higher accuracy and better tracking performance than ISMC. Figs. 12 and 13
shows the control inputs chattering are within reasonable range.

7. Conclusion

This paper presents a robust control technique for small-scale unmanned
helicopters to track predefined velocities and heading trajectories in the presence
of bounded external disturbances by taking advantage of the decoupled dynamics
(longitudinal-lateral and heading-heave) of the helicopter. Separate controllers
are designed for the longitudinal-lateral and heading-heave subsystem of the
helicopter. The external disturbances and model mismatch in the longitudinal-
lateral subsystem are estimated as lumped disturbances using EDOB. EDOB-
SMC is designed for the longitudinal-lateral subsystem to counter the effect of
these disturbances while a Second order sliding mode controller is designed for
the heading-heave subsystem. The closed-loop asymptotic stability of the system
is proved using the Lyapunov stability analysis and finally, the effectiveness of
the proposed controller is shown by simulation results.
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