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Abstract. In the paper, a general topology of continuous-time Active-RC filter is presented. The model includes all possible Active-RC filter
structures as particular cases and allows us to analyze them using a unified algebraic formalism. This makes it suitable for use in compute
aided analysis and design of Active-RC filters. By its construction, the model takes into account the finite DC gain and the finite bandwidth
as well as non-zero output resistance of operational amplifiers. Filters with ideal OPAMPs can be treated as particular cases. Sensitivity ar
noise analysis of Active-RC filters is also performed in the proposed general setting. The correctness of the model is verified by compariso
with SPICE simulation.
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1. Introduction takes into consideration finite gain and bandwidth as well as

Continuous-time analog filters based on operational amplifiefQN-2ero outputresistance of filter OPAMPs. Active-RC filters
(OPAMPS) and RC elements (Active-RC filters) provide SO\_Nlth |d§al OPA.M.Ps are treated as s_p_eqal casgs. In Secthn 3
lutions for various signal-processing tasks. Many synthesYge de_nve explicit formulas for sensmvny functions fo_r arbll—
and design methods for different types and architectures Bary fll_te_r of the con3|d_ered class.. Section 4 Qeals with noise
this class of filters have been reported [1-3]. Performance d@22lysis in general setting. In Section 5 we verify the proposed
mands for continuous-time Active-RC filters have increaseffodel by comparing theoretical results with SPICE simulation
significantly during the last several years to meet the nee88 transistor-level using chosen benchmark circuits. Section 6
of rapidly developing applications, such as ADSL [4], vDsLconcludes the paper.
[5,6] WCDMA [7,8] RFIC receivers for PANs [9], GSM base-
band transmitters [10]; recently, Active-RC filter for frequen2  Active-RC filter model
cies beyond 300 MHz has been successfully implemented [11].
This creates the need for developing new techniques, esgpegure 1 shows the general topology of Active-RC filter. The
cially computer-aided design tools, concerning both transistostructure containg + 1 nodes denoted as;, i = 0,...,n,
and system-level design and optimization. The key factor ipassive network consisting of admittanags, i = 1,...,n
this development is creating good models of circuits and syand y;;, 7,7 = 1,...,n as well ask operational amplifiers
tems, in this case, Active-RC filters, that would be accurat€);,, ¢« = 1,...,k. We denote the input node ag and the
general enough to include as many of particular cases as possitput node as:,,. We also denote the ground node &s
ble and easy to use in automated design/optimization systerfa. the convenience of further description. We will also use
In this paper, we consider a general Active-RC filter topolsymbolsz; to denote voltages at the respective nodes (voltage
ogy suitable for computer-aided analysis, design and optimizeerresponding tac, is O by definition). The input and out-
tion of Active-RC filters. The presented model includes alput nodes of OPAMPs are connected to internal nodes so that
possible structures of filters of this class. It utilizes matrbO;1,0,— € {xg,21,...,Tn, x4} ANA O, € {z1,22,..., 20}
formalism for circuit description that makes all the resultingwe exclude the situation when the output of the amplifier is
formulas easy to implement in computer software. Due to theonnected to the input or ground node for obvious reasons).
limited space, in this paper we can merely give an outline of thBome additional and obvious constraints apply, which exclude
model and carry out its verification using suitable filter examimpractical circuits, such a3, # O,_ (inputs of the OPAMP
ples. Applications for computer-aided design and optimizatiocannot be short-connected) @5, # O;, for ¢ # j (the out-
will be covered in a separate work. In [12], interested readepmits of two different amplifiers cannot be connected to the
can find details concerning analogous approach to OTA-C fisame node). We assume, without loss of generality, that any
ters. admittance of the circuit may be, in general, a parallel connec-
The paper is organized as follows. In Section 2, we presetibn of resistor and capacitor, as shown in Fig. 2. It is clear
a general Active-RC filter topology and develop a matrix dethat any conceivable Active-RC filter is a particular case of the
scription of this structure. In its basic formulation, the modestructure in Fig. 1.
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Fig. 2. General form of admittance element of filter in Fig. 1 (here = =

foryis) Fig. 4. Equivalent current-source operational amplifier model for

. . o analysis of the filter in Fig. 1
As afirst step, we shall perform an analysis of the circuit in

Fig. 1 that aims at developing compact formulas for evaluating
filter transfer function. These formulas have to be general in  The circuit in Fig. 1 can be described by the following
order to be applicable to any particular case of the filter struginear system

ture in Fig. 1 assuming either ideal OPAMPs or OPAMPs with

finite gain and output resistance. In the sequel, additional non- (Y +G)x=(B+ Gy) uin (1)
ideal effects will be considered such as electric noise generated

by filter resistors and OPAMPs. Since the presented modelg1erex is vector of node voltages (hesg, = o, — output
intended to use primarily in a computer-aided design and op¥oltage; these symbols will be used interchangeably)
mization systems, we shall utilize algebraic description so that

T
resulting formulas are easily implemented in computer soft- T = [901 Ty --- wn]T (2)
ware. For the purpose of the analysis we shall use the OPAMP
model shown in Fig. 3, wher is an open-loop amplifier gain "
andr, is its output resistance. Because we use classical nodal B = [ybl Yp2 * ybn,]T (3)
analysis, more convenient is equivalent model shown in Fig. 4,
Wh.erego =1/r, andg,, = A/ro = Ag,. In order to distin- o+ X vy 12 —yin
guish model parameters for different OPAMPSs we use the sym- Y12 Y2+ 30 2 .
bols A;, g,; andg,,; to denote open loop gain, output conduc-Y = ,
tance and transconductance of the amplifieri = 1, ..., . : : :
—Yin —Y2on ccr Ybn Z;—L:l Ynj
(4)
+ o G = 9ii]; =0
ViI Avi —gmgq if Ogo = i, Ogy = x; for someq € {1,...,k}
gmq  if Ogo = x;, Oq— = x; for someg € {1, ..., k}
T 997\ gog  if Ogo = x; for someg € {1,...,k} andi = j
- 0 otherwise
Fig. 3. Operational amplifier model for analysis of the filter in Fig. 1 (5)
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of the filter OPAMPs, say),, is connected to some internal
go1 node, sayr;, then it is seen, after dividing the corresponding
Go—| : (i-th) .eguatlon of the system (1) Qyjq_, that all the factors
: containing the admittances, andy;;, j = 1,...,n, become
gon negligible, and the whole equation becomes just the relation
gmq  1f Ogo = xi, Ogt = x0 fOr someq € {1, ..., k} between differential input voltage of the OPAMP and its out-
Joi = { —gmq if Ogo = @i, Oq— = x0 for someq € {1, ..., k} put voltage. In terms of algebraic description of the filter in

0 otherwise ® Fig. 1 it is expressed by the following matrix operations
Using (1)—(6) one can easily calculate the veataf internal ¥ — PvY, B — PyB, G — PG, Gy — PcGo (10)
node voltages of the circuit in Fig. 1: where
z=[Y +G] " (B+ Go)ui, (7) py1-- 0

and its transfer functiodl 4 . (s) Pr=1 - 11

Uout 1 0 - pyn (11)

Har, (s) = . =C[Y +G] (B +Gy) (8) Dyi— {0 Ooq = x; for someq € {1,..,k}

whereC' is 1 x n matrix defined as 1 otherwise

C=1[0---01]. (9) pc1-+ 0

In practice, Active-RC filters are mostly implemented in I S (12)

fully differential structures. Due to this we may assume that 0 - pan :
element values (e.gR;;, C;;) can take both positive and neg- o 1/goq Ooq = z; for someg € {1, ..., k}
ative values, which can be accomplished by cross-coupling of /¢ 0 otherwise

corresponding physical elements. More specifically, if the elrhe modified equations for the filter in Fig. 1 with zero output
ement, sayR;;, is cross-coupled (i.e. put between positivgesistance of OPAMPs take the following form

(negative) output of an amplifier and positive [negative] in-

put of another one, see e.g. resis®yr in Fig. 5), this re- (PvY + PeG)z = (Py B + PoGo) uin (13)
flects in Eq. (1) so that the appropriate term has the formnd the modified transfer function formula is

gij (@i — (—xj)) = 9ijTi — (—g.ij)xj, i.e. the original ‘-’ from Ha(s) = C[PyY + PoG] ™ (Py B+ PuGy). (14)
node voltage is moved into filter element, hete = 1/R;;, _ _
but only while considering non-diagonal elements of matrix AS the next step we consider the case when filter OPAMPs
Y. Obviously, the value of physical element remains positivd$ ideal, that is not only output resistance is zero but also open-
Negative value of the Corresponding matrix entry is equivdoop gainA is infinite. In this case the differential input volt-
lent to cross-coupling. In case of single-ended implementatiofge of the amplifier becomes zero, which means that some of

negative elements can be realized using inverters. the node voltages have to be identified with each other (those
corresponding to positive and negative input of the same am-
Ri plifier) and some set to zero (those corresponding to either pos-
Rs itive or negative input of the amplifier whose second input is
Cs C connected to ground). This means that the number of equa-
I I tions in (1) as well as the number of unknown voltages has to
Ry ’\P %ﬁ I be reduced by the numbérof operational amplifiers in the
vi Ry ‘ O1 Ro  Vout fillter. In terms of algebraic description. of the fi]ter structure in
‘+ 61 o — Fig. 1 it is accomplished by the following matrix operations
{1 {1 PyY - LPyYR, PyB— PyB—-LPyYRg, 15
. v P4G —0, PuGo—0, 15)
where
Fig. 5. Fully differential second-order Active-RC filter L= [lij}izl’m}n,k; j=1,...,n (16)

_ _ _ _ with [;; = 1if z; is thei-th (counting fromz;) node with no
finite gain and non-zero output resistance of its operational am-

plifiers. In order to determine the transfer function assuming R=1[rijlicy nijmton—k (17)
ideal amplifiers, we have to perform some additional operavhich is constructed from x n identity matrix I, in such
tions. As a first step we consider the case when output ressway that: (i) ifO,+ = z; andOy4— = z, (0r Oy = x4

tances of filter operational amplifiers are neglected. From tledO,_ = z;), i.e. nodez; is connected to the input of some
point of view of the OPAMP model in Fig. 4 it is equivalent OPAMP and the other input of the same OPAMP is connected
to g,, andg, going to infinity. As a result, if the output of one to ground or input node then tlhie¢h column ofI,, is removed,;

Bull. Pol. Ac.: Tech. 54(1) 2006 91
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(i) if Og+ = z;andOy— = z; (or Oy = z; andO,— = z;), filter analysis, design and optimization into algebraic domain,
i.e. two nodest; andz; are connected to two inputs of thewhich can be easily handled by computer.
same OPAMP ther-th andj-th column ofI,, are concate- Note that if no filter OPAMP has its inputs connected to the
nated. The columns oR are arranged in such a way thatinput node then the matric€s, and R are zero and most of
rij = 0forj > 4,4,5 = 0,...,n — k. Finally, matrix Rg  the previous formulas take simpler form.
is defined as For the sake of illustration consider some examples of
Rp = [rp - rb,n]T (18)  Active-RC filters. Let us start with a second-order low-pass

filter shown in Fig. 5 (actually, the figure shows its fully dif-
ferential version).

The matricesy’, G, B andC corresponding to this filter
are (we assume both OPAMPs to be identical):

wherery ; = 1if Oy = x; andO,— = ¢ (0r Og4 = 2o and
O4— = z;), 1.e. input node o) is connected to the input of
some OPAMP so that the other input is connected;tcand
. = 0 otherwise.

Note also that above operat.ions lead to identificatioq of rrtir s —sh 0 R
some node voltages and removing others from the equations.
As a result we have a new vectdr= [z, Zo ... Zn_|  of
unknown voltages, which is in the following relation with the™ 0 ~R;' Ry R;'+sC: —Ry'—sCo
original vectore

—sCh Ry +sC4 —R;*! 0

% — R (19) R! 0 —R;'—sC2 R{'+R;'+sC
where the mqtrixl_% is constructed from the matriR” so that 00 0 0 r-117
each row of R contains exactly one 1 (if there were two or Agogo 0 0 8
more 1-s in the corresponding columnBfthen the one with G = 00 0 0l B = 0 , C= [0 00 1] .
higher row index is removed). In other words, the vector 0 0 Ag, go 0
refers to those nodes which either have no OPAMP input con- (24)

nected to them or, if the node has the input of some OPAMﬁemaining matrices are:
connected to it, the second input of the same OPAMP is con-

nected to another (but not ground) node of the filter. The last Py = diag{1,0,1,0},
component, i.ex,_; corresponds to the output voltags,. Pg = diag{0,1/9,,0,1/g,}, C=1[01]
of the filter. The modified equations for the filter in Fig. 1 with T
ideal OPAMPs take the following form r—|1000 p— (0100 (25)
_ _ 0010}’ 0001
Evaluation of formulas (22) and (14) (we p&, = R; =
where R»> = Ry = R for simplicity) gives:
Y =LPyYR, B=LPyB-LPyYRgp. 21 A
Y Y . Y B . ( ) . H (5) _ . F;2CIC2 - (26)
In order to calculate transfer function of the filter in Fig. s*+ re, t mECG,
1 we have to solve the modified system (1) with respedat.to
. . . 1
The modified transfer function formula is Ha(s) RO, Ch(14A-1)2
A(s) =
—COV-1lR 1424-1 1+3/(1+A)?
. H(s)=CY"'B (22) 5245 (R(CQ(HA)I) + RCl(llJrA)) RZ/C‘ng
whereC'is 1 x n — k matrix defined as (27)
G=10.. 01 93 We omittedH 4 -, (s) (formula (8)) because it is quite long
=[0---01]. (23) " and does not give additional insight at this point. If we as-

An immediate consequence of Eq. (27) is that the maxbume now thatd = A(s) = Ag/(1 + s/wo), Wherewy is
mum transfer function order of the filter with nodes and:  3dB bandwidth of open-loop OPAMP, we can easily calculate
OPAMPs isn — k, since this is the size of the matiX. filter transfer function distortion due to finite OPAMP gain-

Formulas (8), (14) and (22) allow us to calculate transfdpandwidth product. The above results are given just for illus-
function of any particular case of the filter in Fig. 1 assumindrative purposes in practice they are obtained and processed by
either non-ideal or ideal OPAMPs. OPAMP gains implicitlycomputer software implementing the presented filter model.
present in matrice& and Gy (Egs (5) and (6)) may be fre- As a second example consider a well-known Sallen-Key
guency dependent. biquad [2] shown in Fig. 6. The matric&, G, B andC

It is important to note that the matricd§ G and B, de- corresponding to this filter are:
scribing the filter can be written down by circuit diagram in-

. . . —1 —1 —1
spection. MatricePy, Pg, L and R are in one-to-one re- Ry"+ Ry +sC1 —R, 0 —sC1
lation with matrix G and can be easily constructed from it. v_ N . Ry +5Cy 0 0
On the other hand, there is exactly one Active-RC filter cor- = — 0 0 R;'+ Ry R

responding to the given set of matric¥$ G and B of the

. _ —sCh 0 -R;y' Ry 4sCy
form (3)—(6). This allows us move the problem of Active-RC
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00 00 BT
00 00 0
G=|y o o0 ol B o | s€=T[0001]
O_AgoAgogo 0
(28)
Remaining matrices are:
Py = diag{1,1,1,0},
Pg = diag{0,0,0,1/g,}, C=[001]
1000 1000]"
L=|0100|, R=|0110 (29)
0010 0001

Evaluation of formulas (22) and (14) (we pRi = Ry = R,
C, =Cy =CandK =1+ R,/R, for simplicity) gives:

K
H(s) = R2O2 30
(#) 5%+ 53§g + R2102 (80
%
Hy (s) = o (31)

3-K+3K/A | 1+K/A °

s? (1 + %) +s RC + oo,

As before we omittedd 4 -, (s).

gH(s) _ _Yii OH ()
vi H(s) Oyii (33)
_ _Yii lim H (s,ys +h) — H (8, y)
H (s) n—0 h

Now, we have
H (s,yii +h) = C[LPy (Y + hE;) R]"' LPyB (34)

where E;; is n x n elementary matrix (all zeros except 1 in
position ii). Simple calculations yield:

H(s) _ _ Yii

Yii H (S)
whereS; = CY'LPy is 1 x n row vector, andSp =
RY ' Bisn x 1 column vector, withy", B andC defined by
(21) and (23), respectively. Corresponding results for floating
Wij» 1,5 = 1,...,n, i=j) and input {p;, 7 = 1, ..., n) admit-
tances are:

SLE;iSr

(35)

S;fj(s) = Hyl(zs) S.(Eij+Ej;; — E; —E;;) S (36)
H(s) _ _ _Ybi G _ e
Sybi H (S) SL [EnSR el] (37)

wheree; is n x 1 elementary vector (all 0 except 1 in posi-
tion 7). Note that in formulas (35)—(37) we have three common

Ci terms: H(s), S., andSg. All these components have to be
} } calculated only once in order to get all sensitivity functions of
in R R the filter.

Having sensitivity functions with respect#g; andy; one
can easily calculate sensitivity with respect to individual filter
elements R;;, Cij, Rui, Ci):

“T gis) _ Rij OH(s) _ Rij yi; OH(s) 9y
Rij H (8) aR” Yij H(S) 3yij 8R” (38)
=+ 2 ___ 1 g
i o ) Rijyi; Y
Fig. 6. Circuit diagram of the Salley-Key low-pass biquad
ij H(S) 8Cij Yij H(S) 8yij 60” (39)
3. Sensitivity analysis _ 5Cij grr(s
Using the general Active-RC filter model described in the pre- yiy Y
vious section, it is possible to easily calculate sensitivity func- GH ) Ry OH(s) Ry wyw OH(s) Oyy
tions of any filter of this class. In this section we focus on R H (s) ORy Yy H () Oypi ORy
first-order sensitivity [1] of filter transfer function. By defini- 1 (40)
tion, sensitivity function with respect to any filter element z is =g _ngs)
calculated from the following formula: Cn OH(s) C bilfvi OH (s) &
s % OH(s) —z . H(s,z+h)—H(s,2) Sgb(is): bi S = blz Yoi S ybl‘
SHG) — T 0: —H() Ilzli% o H (s) O0Cy; Yo H (s) Oypi OCy; (41)
(32) _ 5Chigrs),
Yoi ‘

where in the last term of (32) there is explicitly written func-
tional dependence dff on z. Matrix description of the filter

order sensitivity offf (s) with respect to grounded admittance
Yii,t = 1,..,m, i.e.

Bull. Pol. Ac.: Tech. 54(1) 2006

For the sake of illustration let us calculate sensitivity func-
in Fig. 1 makes calculation of sensitivity functions extremelyions for the second-order filter in Fig. 5 assumiRg= R, =
easy and convenient. For the sake of example let us show hdy = R3 = R. Transfer function of this filter is given by (46)
to calculate sensitivity functions of the filter in Fig. 1 assumand we will denote its denominator as D(s). Matriggsand
ing ideal OPAMPs. Suppose that we want to calculate firsSr in this case are:

1

SL - RC’ngD (S)

[10—sRC; 0]

(42)
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B 1
- R20102D (S)
Using (62) and (63) we can calculate sensitivity functions with
respect to all filter elements:

Sk [0-1-sRC,01]".  (43)

Sn(f) Vn
SH(S) _ 1 SH(“") _ __1
Ry D(s)’ Ry D(s)’ L
H(s sRC1(1+sRC: H(s sRC1
SRz( )= 55(5) 2)7 SR; )= - D(s)’ (44) Fig. 7. Equivalent input voltage noise source representation of noise
§H(s) _ 14sRCy GH() _ sRCy in OPAMP
Ch D(s) Cs D(s)

whereD (s) = R2C1C3D (s). Vi
O
4. Noise analysis Vi] v oo
Noise performance is one of the very important characteristics o
of Active-RC filters. A number of papers have been published
dealing with noise in Active-RC filters, mostly some particu-
lar topologies such as single amplifier filters, state-space filters
(eg. [13-15]) but also in general setting [16]. In this section,
we present a procedure for evaluating noise in Active-RC fil-
ters, which is based on the matrix description of the general H,, (s) = [Hi (s) -+ Hn(s)] = C (Y + G)"'. (46)

Active-RC filter model presented in Section 2. Note that componentl; of the vectorH ., can be interpreted

We shall carry out the noise analysis of the filter structurg current-to-voltage transfer function frasth node of the fil-
in Fig. 1. The output noise of any Active-RC filter is a com-

L= X o ) . . ter to its output. Now, we can calculate output ndigg, of the

bination of the noise contribution of its all operational ampli; 115 OUTPUL NOW, W ! utpu

: . : . . ilter due to amplifiel0, as follows

fiers and resistors (we treat filter capacitors as noiseless). Tfhe

noise of operational amplifier can be described by the equiva- Uoq = Hogo9mqVoq- (47)

lent input referred noise voltage source vn as shown in Fig. &g reg

Spectral densitys,, (f) of the noise source can be modelled as;, 1a:

Sy ‘

S (f) =S+ 2L (45) So.04 (f) = Soq (f) [Hogo (727 f) *gig ~ (48)

f
. . . The total output noise voltage spectrdin(f) of the filter
where boths, (thermal noise component) ag (flicker noise iq Fig. 1 due to its operational amplifiers can be now calcu-

component) depend on amplifier topology, however, in gener, . . NN
. ’ : 4 h f I
we do not need to restrict ourselves to this model. Noise of '[h%‘tGd using (48) and the assumption of statistical independence

. . . 0f noise sources as
resistor of valueR will be represented by the corresponding

spectral density 41" R, wherek is Boltzmann’s constant, and
T is absolute temperature. We shall assume that noise sources

associated to different OPAMPs and resistors are statistically _ _
independent. As a next step, we shall calculate the output noise of the filter

Our immediate goal is to obtain the explicit formula forin Fig. 1 due to its resistors. First, we consider input resistors.
output (and/or input) noise spectrum of the general Active-REenote byu;; the noise voltage of resistdt;; (corresponding
filter in Fig. 1. In order to do this, one has to consider wha$Pectral density isI'R;;). Recall thatRy; is the part of in-
is the contribution of the noise of each individual operationdPut admittancey,; as shown in Fig. 2. Output noise voltage
amplifier and resistor to the output noise spectrum of the filtef/»: due to this resistor can be calculated from the following

We start from the noise contribution of filter OPAMPs€guation
O4,q = 1,..., k. Letvo; denote the input referred noise volt- Uvi = Higpivpi (50)

age of the amplifiel0,, whose spectral density iSoq(f).  which is because,; acts in this case as an input voltage of the

We assume thato, includes the noise of output resistance ofijter. Equation (50) can be rewritten in matrix form as follows:
the amplifier. Figure 8 shows the model of OPAMP including

noise source. Suppose that we héyg. = z;, O, = x;, and Ubi = Hev€igyivei (51)
Oqo = x (recall that in general, , or O, may be equal to wheree; is usualn x 1 elementary vector. Corresponding spec-
x Or z, as well). Thek-th equation of system (1) contains thetral densitySy; () is given by the formula:

factor (z; — x;)gmq, Which, in presence of noise source has to B 2 9 9
be replaced by the followingx; — z; — v0q)gmq- AS @ next Si () = 4KT Ryi|[Hi (27 f) |93 = AKT |gui| - | Hi (27 ) |

ig. 8. Operational amplifier model with input noise voltage source

Let us denote byH ., thel x n vector defined as follows

ponding spectral densi o,(f) is given by the for-

k
So (f) = Soq(f) [Hogo (j27f) Pgg.  (49)

step, we move the factervo,gnmq into the right-hand side of . trix f (52)
the equation and solve the whole system in order to find g 1N matrixform
output voltage of the filter due ta,. Svi (f) = 4kT |gui| - |Heo (27 f) €], (53)

94 Bull. Pol. Ac.: Tech. 54(1) 2006
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The noise due to feedback resistdts;, i,j = 1,...,n  Finally, the total output noise voltage spectrsin,(f) of the
can be calculated in a similar way (recall thiag; is part of filter in Fig. 1 can be calculated as a sumef(f) andSgz(f):
admittancey; ;). Denote byv; the noise voltage of resistor
Ri; (correspénding spectral density i54R;;). We consider Sno (£) = So (f) + Sk (f)
two cases. Ifi = j, i.e. R;; is grounded resistor, then tlie k ) -
th equation of system (1) contains the factoy;;, which, in = So0q (f) [Hogo (527 f) 97,
presence of noise source has to be replaced by the following: a=1
(z; — v;)gii- As a next step, we move the factew,; g;; into n ) )
the right-hand side of the equation and solve the whole system +ART Z (lgvil + 1giil) [Hew (527 f) €]
in order to find the output voltage of the filter dueutg. Out- =1

(64)

put noise voltag#/;; due to resistoR?;; can be then calculated - - , N2
from the following equation T Z;rl 1961 - | Heo (27f) (€5 — €5) 7.
Jj=
Ui = H; 955034 (54)

Equivalent input referred noise voltage spectrisim(f)
a: C€an be calculated by dividing,,(f) by [Ha,, (j27f) |2 -
the square of modulus of filter’'s transfer function given by (8).
Sii (f) = 4kTRy|H; (2nf) |92 = 4kT|gis| - |H; (27 f) |2 Note that in Egs. (52)—(64) absolute values were taken
(55)  where necessary to include the case when some of the matrix
We can also rewrite (54) and (55) in matrix form, which giveselements take negative values (see discussion after Eq. (9)).
Note also that if formula (64) is to be applied to fully differen-
Ui = Heveigiivii (56) il filter structure, noise spectrum of the filter resistors have to

Sis (f) = 4k T\gui| - | How (2 1) €52, (57) be counted twice, i.e. we have

. . o Sno (f) = So (f) + Sk (f)
The second case refers to floating resistors, i.e. whén. In B
this case we have to modify botkth andj-th equation of the _ S H 9 2 2
system (1): ini-th equation the termuf — z;)g;; is replaced ; 0a (f) 1Hogo (727f) I"ging
by (.TLL' — T — U@j)gij and the term—vijgij is moved into the n
right-hand side of the system; similarly jiath equation the SET . N IEH . (72 2
term (; — x;)g;; is replaced by«; — x; +v;;)g;; and the term * Z (Igvil + 1giil) [Hew (727 ) il
v;59i; 1S moved into the right-hand side of the system. As a n
result, we can calculate noise voltelgg due to resistoR;; as + Z \9i;] - | Hew 27 f) (1 — ;) 2|

j=i+1

Corresponding spectral densiiy; (f) is given by the formul

(65)

i=1

Uij = (H; — Hj)gijvij- (58) o _ _
. ] o . Although formula (64) is quite complex, it can be easily
Corresponding spectral densty; (f) is given by the formula: - gy ajuated numerically and can be used as a basis for automated

Si; (f) = AKTRy;|H, (2 f) — H; (2rf) |ggi2j noise analysis and optimization software.

5 (59) In case of neglecting output resistance of filter amplifiers,
= 4kTgi;| - |H; 2n f) — H; (2n f) |7 we have to modify our equations. The vecHr,, now takes
We can also rewrite (58) and (59) in matrix form, which givesthe form 1
H.,(s) = C(PyY + P5G) (66)
Uiy = Hev (€: = €5) 9igviy (69) " while the output nois&/o,, of the filter due to amplifien, is
Sy () = 4kTlgis| - |Heo (27f) (e =€) (61) caleulatedas

Uoq = HogoAqvoq (67)
Using (53), (57) and (61) one can easily calculate the total ou(-

put noise voltage spectrusiy;(f) of the filter in Fig. 1 due to (eCall thatd, is gain ofO,). Spectral densityS..o,(f) is
its resistors given by the formula:

S0.0q (f) = Soq (f) [Hogo (527 f) P|Aq (£) . (68)

The total output noise voltage spectrin(f) of the filter
in Fig. 1 due to its operational amplifiers can be now calculated

n

Se() =3 [0+ X 5o ] @

=1

that is as
n k
Su(f) =4KT 3, (gl + lgial) | Hew (27 f) e So (1) =" Soq (1) |Hogo (127 F) P44 (£) 2. (69)
. i=1 (63) qg=1
+ Z gij| - | Hew 27 f) (€ — €5) [*]. In order to calculate the output noise of the filter in Fig.
=it ) 1 due to resistors we use the same methodology as before.
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In particular, the output noise volta@g,; due to resistoRRy;,

i1 =1,...,n, can be calculated from the equation 4KTgs; - |H (2nf) — H; (2rf) |?
H; gpiv; ifOO Xq, =1,...k ( qo#x“ q_l k)
Usi = {0 o otheqrw?ie ! (70) 4kT\gi;| - |H; (2 f) [*
if (Ogo#xi, ¢=1,...,k)
whereuwy,; is the noise voltage oR;,; (corresponding spectral S;; (f) = A Og4o =z; for someg=1,...k
density is 4T R;;) andH; is i-th component of the vectdd .,, 4kT)\gij| - |H; 2 f) |2
defined by (66). Note thdt,; is 0 whenever the output node if (Ogo #zj, q=1,....k)
of one of the filter OPAMPs is connected to the naglesince A Ogo =z, for someg=1,...,k
if we neglect output resistance of the OPAMP, thegns con- 0 otherwise
nected to the output of ideal voltage-controlled voltage source. (79)

Equation (70) can be rewritten in matrix form as follows: We can also rewrite (78) and (79) in matrix form, which gives
Usi = Heo Py eigive (71) Uij = HeoPy (€: = ;) gigviy (80)
wheree; is usuah x 1 elementary vector. Corresponding spec-  Sij (f) = 4kT|gii| - [Heo (27 f) Py (e; — e5)[*. (81)

tral densitySy;(f) is given by: Using (73), (77) and (81) one can calculate the total output

AKT\gy| - |H; 2nf) 2 if Ogo 21, q=1,....k noise voltage spectrufiz(f) of the filter in Fig. 1 due to its
Sui (f) = {O otherwise resistors
(72)
or, in matrix form = 4]<;TZ (Igvs] + lgii]) | Heo (727 f) Py e;]?
Spi (f) = 4kT|gpi| - |Hey (270 f) Pye;l*. (73)
Output noise voltagé/;; due to grounded resistor3;;, i = + Z lgij| - | Hew 27 f) Py (e; — €;) |2
1,...,n, can be calculated as j=i+1
. (82)
Uy = {Higiwii if Ogo ?’5% q=1..k (74)  Finally, the total output noise voltage spectrdin, (f) of the
0 otherwise filter in Fig. 1 can be calculated as a sumSef( f) andSr(f):
wher.evi?» is the noise volta_ge_ of;; (corresponding spectral g (f) = So (f)+ Sr (f)
density is 4T R;;) and H; is i-th component of the vector
H ., defined by (66). Corresponding spectral densify f) _ g ) |H 9 A,
is given by the formula: Z 04 (f) [Hogo (127 f) 4 (£)
. _ 4kT|g“| ' ‘Hl (27Tf) |2 if Oqo #mia q= 1a ak
Sii (f) = {0 otherwise ' + 4kTZ (lges| + 1giil) | Hew (527 f) Py e;]*
(75)
We can also rewrite (64) and (65) in matrix form, which gives "
.. . PR . 2
Uii = Hey Py e;gi;vy; (76) * 'Z-i-l 193] - [ Heo (271) Py (1 =€) |
J=1
_ 2 (83)
Sii (f) = 4kT|gis| - [Hey (27 f) Pyeg|”. (77)

Equivalent input referred noise voltage spectrSm(f)

Using similar reasoning as the one leading to (60), we can oban be calculated by dividing,., (f) by [H. (j27 f) |* —the
tain the output noise voltagé;; due to floating resistor®;;, square of modulus of filter’s transfer function given by (14).

i,j=1,..,n,i<j Note also that if formula (83) is to be applied to fully differen-
tial filter structure, noise spectrum of the filter resistors have to
(Hi — Hj) gijoi i (Ogo #2i, g =1,.... k) be counted twice, i.e. we have to putBinstead of 47
Higijvig if (Ogo #i, ¢=1,....k) Finally, if we assume infinite open-loop gain of filter am-
U, = A Ogo = z; for someg =1,...k piifiers we have to consider usual identification of node volt-
! —Hjgijvij if (Ogo #2j, ¢=1,...,k) ages and reduction of equation number. Define the vedtor
A Ogo =z; for someqg=1,....k ~ B _ o
0 otherwise H.,=[H - H, ] =CY! (84)
(78)

whereY andC are given by (21) and (23), respectively. It can

\(/jvherev” is the nOiSﬁ Ivoltage %Rﬁ (correshpon((djmghspectral be shown that the output noigg, of the filter due to amplifier
ensity is 4T R;;) while H; an arei-th andj-th com- 0, can be calculated as follows

ponents of the vectoH ., defined by (66). Corresponding o
spectral density;; (f) is given by the formula: Uog = H.:,Byvog (85)
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whereB, is the mi{O,, O,_}-th column of matrixLPy’Y  Finally, the total output noise voltage spectriip, (f) of the
(if one of Oy, O4— is equal tox, or x, then the other one is filter in Fig. 1 can be calculated as a sumef(f) andSz(f):
taken as a column number). Spectral denSjty, (f) is given

k

by the formula: Sno (f) = S0 (f) + Sk (f) =) _ Soq (f) | Heo (j21f) Byl

S0.0q () = Soq (f) [He, (j27 1) By*. (86) !

The total output noise voltage spectrufip(f) of the filter +4kT > | (Igil + |gii]) | Hew (527 f) LPye;]?
due to operational amplifiers can be now calculated as i=1
k n _
So (f) = Soq(f) [Hew (j2f) By*.  (87) + _Zl \9i] - |Heo (27 f) LPy (e; — €5)|?
q=1 J=it

(95)
Now we calculate the output noise of the filter in Fig. 1 due Equivalent input referred noise voltage spectri§im(f)
to resistors. In particular, the output noise voltdge due to  can be calculated by dividing,..(f) by |H (527 f)|*> — the
resistorRy;, i = 1,...,n, can be calculated from the equation square of modulus of filter’s transfer function given by (22).
Note also that if formula (95) is to be applied to fully differen-
tial filter structure, noise spectrum of the filter resistors have to

whereuy; is the noise voltage oR,,; (corresponding spectral P& counted twice, i.e. we have to putBinstead of 47",

density is 47'R,;). Note thatl;; is O whenever the output For the sake of illustration consde_r evaluatlon of noise for-
node of one of the filter OPAMPs is connected to the nede mula (95) for the second-order filter in Fig. 5. We omit for-
since if we neglect output resistance of the OPAMP, then mu_las _(65) and _(83) vyhich gllow to evalugte filter noise while
is connected to the output of ideal voltage-controlled voltagiking into consideration finite OPAMP gain and non-zero out-

source. Corresponding spectral densigy( f) is given by: put r.esi§tance because they_ lead to really long formulas even
in this simple case. In practice, of course, these formulas are

Spi (f) = 4kT|gpi| - | Heo (27 f) LPye;)?. (89) evaluated by appropriate computer software.
In order to evaluate formula (95) we need to know vector

Upi = H., LPye;gp;vpi (88)

Output noise voltagé/;; due to grounded resistof$;;, i = . — CY-! as well as vectorsd,, ¢ = 1,2. Using (21),
1,...,n, can be calculated as (23)—(25) and (84) we obtain:
Ui; = HeyLPye;giivii (90) _ 1
v He = [ By —sCi] (96)
wherew,; is the noise voltage oR;; (corresponding spectral (s)
density is 4T R;;). Corresponding spectral density; is
ensity ). Corresponding sp i8Y: (f) R 4R +s0r] 5 0
given by the formula: B, = B, = = .
_ 0 ’ Ry'+ Ry +sCy
Sii (f) = 4kT|gis| - |Hew (27 f) LPye;|*. (91) (97)

_ _ _ whereD(s) = C,Cy5?+Cy Ry 's+ Ry ' Ry . We also assume
The output noise voltagé’;; due to floating resistors?;j,  that input referred noise spectrum of both filter OPAMPs is the
i,j =1,..,n,i < jis given by same, independent of frequency, and equa,fo The output
noise spectrum of the filter in Fig. 5 can be then calculated as

Uij = H.,LPy (e; — €;) gijvij (92)
wherev;; is the noise voltage aR;; (corresponding spectral . Sh -1 1, 2
density is 4T R;;). Corresponding spectral densify; (f) is Snolf) = |D (527 f) |2 (R, + By + j2n fCh
Si' (f) = 4kT|gii| : |I_{cv (27Tf) LPY(ei - ej)|2- (93) 8kT 1 1 _9
+— (R, +R{ )R
DG [ T R

Using (89), (91) and (93) one can calculate the total output

-1 —1\ | 2
noise voltage spectruifiz(f) of the filter in Fig. 1 due to its + (B + By 12m fO ]

. (98)
resistors and the corresponding input referred noise spectrum
Sr(f) = 4kT; (lgvil + lgii|) [ Heo (527 f) LPy € Sni(f) = SuRIR3| IRy + Ry' + j2m fC4 |2
- x Ry% + |Ry' + Ry' + j2r fOs?|j2m fC1
n _ 2 2 -1 —1\ p—2
+ 3 gl [Hey (2nf) LPy (e; - €5) 2] . +SKTRyR; [(RB," + Ry Ry
j=it1 + (Ry' + Ry |j2r fCq?]

(94) (99)
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If we assume that all filter resistors are the same and equal
R, the above formulas take the form:

S _ .
= S 2R a2l _ _ _ _ .
|D (j2rf) | Fig. 10. Fully differential 8" order leap-frog Active-RC filter
XxR72+ |2R™' + j2n fCo|?|j2n fC1?]  (100)
8kT

MBI

STLU (f)

VDD

[2R™® + 2R 521 fC1|?]

+ |2+ j2r fCoR?|j2n fC1 R (101)
+8kTR|2+ R*|j2m fCy[?].

5. Verification Fig. 11. Simple class AB fully-differential OPAMP

For the sake of verification we have compared theoretical re-
sults with SPICE simulation using two example filters: ™ 3

order low-pass Chebyshev filter in leap-frog structure with
3 dB frequency equal to 12 MHz (specifications typical for 3
VDSL filters [5]) shown in Fig. 9, and a'5 order low-pass
Butterworth filter in leap-frog structure with 3 dB frequency =&
equal to 5 MHz shown in Fig. 10. The filters are realized = B
using simple two-stage class AB OPAMP with Miller com- \
pensation shown in Fig. 11. The circuit is implemented in C70.24 0.38 0.60 0.96 1.51 2.40 3.80 6.03 9.55 15.14 24.00
standard 0.3pum CMOS process. Simulated OPAMP param- Frequency (MHz)

eters are: DC gain — 71 dB, open-loop 3 dB frequency — 438, 15 Frequency response 6f ®rder 1dB Chebyshev filter in Fig.
kHz, phase margin 45 |n.put.referre.d noise spectrum 14.59: nominal and actual response; theory (solid line), and simulation
nV/Hz'/2 (only thermal noise is considered), output resistance (points)

ro = 15 kQ. Filter elements ar€; = 2.28 pF, C; = 2.01
pF,C5 = 1.53 pF, R; = R = 10k, i = 1,...,6 (Cheby-
shev filter), and”; = 5.10 pF,Cy = 5.59 pF, C3 = 4.56 pF,

Actual response

dB
N O N

~

plitude

1

Actual response

Cy =295pF,C5 = L.O2pF,R; = R=10kQ,i=1,..,10 5 ¢ o
(Butterworth filter). Figures 12 and 13 show theoretical and= -
simulated frequency responses of the filters in Figs. 9 andZ Nominal response

10, respectively. We can observe nominal (ideal) response a§ -2
well as actual response that is distorted due to the finite gain% 3
bandwidth product (GBW) and non-zero output resistance of<

1 1 -4 T
OPAMPS. The agregment between theoretical .and S|mu!ated 0.50 0.63 0.79 1.00 1.26 1.58 1.99 2.51 3.15 3.97 5.00
data is very good. Figures 14-17 show theoretical and simu-
lated input/output referred noise spectrum of the filters in Figs.

tween both sets of data is excellent. 10: nominal and actual response; theory (solid line), and simulation

(points)

Frequency (MHz)

R4 Rg

S

va Ri

R 02

g Tk

R1

0 2 1 6 8 0 12
Frequency (MHz)

Fig. 14. Input referred noise spectrum of the filter in Fig. 9; theory
Fig. 9. Fully differential 3¢ order leap-frog Active-RC filter (solid line), and simulation (points)
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