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Modelling of non-linear long water waves on a sloping beach
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Abstract. The paper deals with a non-linear problem of long water waves approaching a sloping beach. In order to describe the phenomeno
we apply the Lagrange’s system of material variables. With these variables it is much easier to solve boundary conditions, especially condition
on a shoreline. The formulation is based on the fundamental assumption for long waves propagating in shallow water of constant depth thz
vertical material lines of fluid particles remain vertical during entire motion of the fluid. The analysis is confined to one — dimensional case of
unsteady water motion within a 'triangular’ body of fluid. The partial differential equations of fluid motion, obtained by means of a variational
procedure, are then substituted by a system of equations resulting from a perturbation scheme with the second order expansion with respect t
small parameter. In this way the original problem has been reduced to a system of linear partial differential equations with variable coefficients
The latter equations are, in turn, substituted by a system of difference equations, which are then integrated in a discrete time space by means
the Wilson# method. The procedure developed in this paper may be a convenient tool in analysing non-breaking waves propagating in coaste
zones of seas. Moreover, the model can also deliver useful results for cases when breaking of waves near a shoreline may be expected.
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1. Introduction gether with a wide bibliography of the subject, may be found
in Dingemans [5].
In the description of long water waves propagating in shal- |n the classical theories, the governing equations of fluid
low water a vertical momentum equation is usually assumed ifiotion, written in the space variables, correspond to an aver-
such a form that the equation may be integrated independendlgje horizontal component of the velocity field over the fluid
from the equations corresponding to horizontal variables. Pafepth. It means that horizontal displacements of fluid particles
ticular forms of the vertical acceleration term in the verticaforming a vertical material segment are equal to a common
momentum equation lead to different forms of the shallow wayalue depending on space variables and time. This kinematic
ter equations. For instance, two different approximations in thgssumption has been a starting point in a description of the long
description of pressure field have lead to two classical theoriggter waves phenomenon in material variables formulated by
of long water waves. The first one, known as the Airy’s thewilde [6]. Like in the previous cases, in the latter approach the
ory of very long waves, is based on the assumption that thertical material lines of fluid particles remain vertical during
pressure is hydrostatic. In the second approach, developed étire motion of the fluid. With the latter formulation it is much
dependently by Boussinesq and Korteweg and de Vries, tl@sier to solve boundary conditions. The price for it however is
fluid acceleration influences the pressure field [1]. a more complicated structure of the equations of fluid motion.
The theory formulated by Korteweg and de Vries [2] corre-  In the present paper the problem of long water waves ap-
sponds to potential motion of an incompressible fluid. The agroaching a shoreline is considered. The discussion is limited
sumption of potential motion of the fluid and description of théo a plane problem, which, in our formulation, is transformed
problem in space variables simplifies the analysis. A drawbad& one — dimensional in space, time dependent problem of non-
of such a formulation in the space variables is a solution toreaking waves on a sloping beach. The analysis is performed
boundary conditions, especially on moving boundaries of thaith the help of material description of the phenomenon, and,
fluid domain. A solution to the initial value problem for longin a sense, it is a generalisation of the problem discussed by
waves of small amplitude approaching a sloping beach belongélde [6]. Like in the latter approach, it has been assumed
to Carrier and Greenspan [3]. The authors discovered a trarbat vertical material lines, formed by the fluid particles, re-
formation allowing them to reduce non-linear shallow watemain vertical during entire motion of the fluid. In our case, the
equations to a linear differential equation for the fluid velocityanalysis is confined to the description of motion of a triangular
With the equation, they calculated the run-up height of norfluid domain with sloping bottom, starting to move at certain
breaking long waves on a sloping beach. Shuto [4] analysedoment of time.
a similar problem described in material variables. Like in the Fundamental equations of the model considered have been
Eulerian description, a vertical acceleration term does not agerived by means of a variational procedure with prescribed
pear in afirst order approximation of the momentum equationdisplacement field in the material co-ordinates. The resulting
Theoretical results obtained were compared with experimentabn-linear partial differential equations of the fluid motions
data. A detailed discussion of the long waves phenomenon, tare then substituted by a system of linear equations obtained
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by means of a perturbation scheme. As compared to the prewihere the primes denote differentiation with respect tand
ous approaches, the formulation in the present paper seem&itZ1!) is the bottom slope.

be less restrictive one. In the discussed case, shown in Fig. 1, the segméits
and BC have different, but constant slopes. For small horizon-
2. Fundamental equations of an unsteady tal displacements it is justified to neglect higher order terms

in expansion (3) and confine our attention to the linear term
in the equation. However, in order to get a better insight into
In what follows we consider a plane problem of fluid motiornthe problem considered, in what follows, the square term in the
in the Euclidean space. We confine our attention to the triaequation is taken into account and thus, the vertical displace-
gular fluid body shown schematically in Fig. 1. The motiorment is described by the following formula

motion

of the fluid is induced py an assumed horizoqtal motion of W(Z°,1) =f(Z4,1) + u(ZY, )R (ZY)

the generator A-D starting to move at a certain moment of ) 4
time. For the assumed harmonic motion of the generator, af- w(Z’,1) (2% — n(Z"))] )
ter a finite elapse of time from the starting point, the water H—n(Z') ’

surface waves will reach the shoreline. At the same time thveith

run up of the shoreline occurs and thus, the material point C f= }h”(Zl) u* (21 1). (5)
in the figure will be shifted along the slope. In order to de- 2

scribe the fluid motion we introduce the Cartesian system &for & constant bottom slope one should substifute0 in Eqg.
co-ordinates in an actual configuratiesl, » = 1,2) ,anda (4)-

similar system in a reference configuration denoted by capital Having the displacement components(Z',t) and
letters(Z>, A = 1,2). The co-ordinates of the latter systemT{(Zlv Z? t) we can calculate the Jacobian of the transforma-
define names of the fluid particles (positions of the particles #N @

an initial moment of time). Moreover, it is convenient to intro- i , w

duce a common Cartesian system of co-ordinates. The motion J=det 2] = (1+u) (1 Tgo h) (6)

of the fluid is described as the mapping of the names into actyghy incompressible fluids the Jacobian is equal to one, and thus
positions occupied by the material points

ul

1Ly (g _ i
Zl(za’t)zzl_’_u(zl’t)’ ) ’lU(Z ,t)— (H h)1+u/ (7)
2(Z2%t) = Z% +0(Z%,1), (1) Substitution of the relation into Eq. (4) leads to the following

result
inwhicha = 1,2, andu(Z*,t) andv(Z*,t) are components . ) . o' ) )
of the displacement vector of the fluid parti¢lg’, Z?). v(Z%,t) =u(Z",t)h' - g (27 =h) + f(Z7,1). (8)
With respect to the displacement component, the vertical ve-
72,2 locity reads
(7o o 1 o ' 2 (7l

Hereinafter the dots denote differentiation with respect to time.
Knowing the displacement field we can calculate the po-
tential energy of the fluid

f—1,— L, |

L H
Epot. = pg//z2(Za,t)JdZ2le, (10)

Fig. 1. Finite fluid domain with sloping bottom 0 n
wherep is the fluid densityy is the gravitational acceleration,

With respect to the above, it is assumed the vertical conl; = L; + L, (see Fig. 1) and = 1.
ponent of the displacement field Substituting (1) and (8) into Eq. (9) and making integration
w(Z4 1) over the fluid depth, one obtains
U(Za,t):h(zl—FU)—h(Zl)—‘rﬁ(’Zl) 1 L

@) Ewr = grott [ [H %) 200 - o)
In the equation, the first two terms on the right hand side 0
denote a rigid vertical displacement of the water colufiin= T 1
const, andv(Z1, ) is the additional vertical component of dis- —H(1-0) 1+ +(1-a)f|dZ,
placement of a material point of the free surface. The fluid (11)
body vertical shift entering the equation may be expressed ag which o depends only o&*
h(Z1)

h(Z' +u) — WZY) = uh'(ZY) + %th”(Zl) +-0 (3) a=a(Z") = —5 (12)
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At the same time, the kinetic energy of the fluid is described a

by the formula

1 L H
Ein. = ol / / *) Jdz*dz*".
0

h

From substitution of the velocity component (9) into the
last equation and integration along the water depth, the follow-

ing relation results

L
Buan. = yoH [ | (14070 = a)@)? — (1 a?
0
DL/ T () PR e
(I+u)? 3 (I4+u)4
/ . p 2 a/-}é 1
+ 20 (1 —a)uf — H(1 — «) axu)y dz-.

(14)

(13)

-/

1= —a)i, Gz=<1—a>2(13iuu/)s’
G3=(1—a)2(1f;/)z’ G4:(1—a)2ﬁ7
G5:(1—a)3(1f/u,)4, G6=(1—a)3(1(i/);,)57
G7:(1—a)2ﬁ-

For a constant bottom sloge’ = 0, Ry = 0 and all the
termsFy, Fy, ... , F; are equal to zeros. For the linear oper-
ations considered, the terms in integrands (16) may be trans-
formed to another forms. For example

9

Similar relations can be obtained for the remaining terms.
In view of the relation, the variation of the action integral leads
to the equation

Ridu) — Ridu.

The relevant momentum equation is obtained by means of ¢ L
a standard variational procedure. For the conservative system

considered the variation of the action integral reads

51_6/ Eyin. —

Epot. )dt. (15)

Knowing that the operations of variations and differentia-
tions are commutative, the variation of the integrand variables

in the equation gives

) .
51 = 5pH//[Ro(szwRl<5u+R25u’+R3<5u’] dz*dt

ty L
1 1-—
+ —pgH? // Grou' — J(Zh’ + uh)ou
2 H
0 0

x dZ*dt = 0.
(16)
The terms of the integrands are

RO — Fl(hl/)2 +F2h/h// _ F3Hh”7
Ry =2(1+hW*Gy — HW Gs + Fy(h')* + Fsh'h"’ —

4
Ry =2HNW Gy — gHZG6 + F-HR,

2
Rs = §H2G5 — HW G4 — FsHL,

(17)
and
F =201 - a)(i)%u, Fy=2(1-a)(@)?
Fy=(1- a)gm, Fy=2(1-a)(u)’q,
Fs =41 - aui, Fy=(1- )=
Fr=2(1— O‘)Qm’ Fs=(1- a)zma (18)

Bull. Pol. Ac.: Tech. 54(4) 2006

00
x {—Ro + Ry + Ry, — R, + gHGL + g(1 — a)(2h' + h"u)]

L tr
L
xdu dZ'dt + Radu ;¢ . +/[R1 — Ry dullrdz? +/
0 0

L
X |:R2 — Rg +gHG7:| ‘0 ou dt = 0.
(20)

For the discussed case of fluid motion starting from rest,
the arbitrary variatiou vanishes at the end time points, i.e.
fort = 0 andt = t*. At the same time, we require (20) to
vanish for allsu(Z*, t), which implies

—Ro+Ri+Ry—Ry+gHG +-g(1—a) (21 +1h"u) = 0. (21)

For a prescribed generator motiom|,, _, = 0 and the
last term in Eq. (20) gives

Ry — R3 + gHG7:| ‘ZI*L =0. (22)

One can check that the last condition if fulfilled at the shore

FgHAE', point Z! = L identically. Equation (21) is the momentum

equation for the assumed motion of the fluid. From substitu-
tion of the descriptions (17) and (18) into (21) the following
equation results

2
— §H2(1 —a)?

x [@"(1+u')? — 4i'u" (1 + ') — 4a'a" (1 + ') + 10(¢) 0"
+2HK (1 —a) [#' (1 +u)? —2(@')*(1 + )] + 2HK (1 — «)
x [(@)? — i) (1+ )%+

—[2(M)? = HE'(1 —a) —2(1 + u')?] (1 + o) it

2gH{(1a)u”(1+u')3+Z[1(1+u')2} (1+u')4}+

_ 2({02 [u(h//)2 4 h/h//] (1 + u/)ﬁ

h/2)(1 +

+ (1 — ) H 4/ (1 +/)?
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+ 202 L w2a) + 4 b 2 (uir) | (1 + u')o+ wher_e the NL term in the equation depends on the first order
ot ot solution:
_ "oy 2
Hg (1-a) (23 np— SH2(1 = )? [iffu} — 2ilfu — 2d0f] ~ HI(1 - )
X l:at(Uu/)(l + u’)4 _ 21L(1},’)2(1 + u/)3:| « [2u/1u/1 . (ﬂI)Q . ﬁluﬂ 9 [3 + Hh”(l . Ol) + (h/)Q]
1! a . ./ "3 SRR/ "2 x ’dlull + 3gH(1 B a)u,llll/l/ B ggh/(u,l)z
+2HL' (1 - «a) [M(uuu)(l—i—u) — 3utd'u" (1 4+ u') ] W () + 2uq ]
.. 3 1
— AR W util (1 + o')” + HR(1 - ) —g W' (1 = o) [l + 23] — 3gh"urd,.
0
X {1(uu+u2)(1 + )t = 2(iiu 4 o) (1 + ') + _ , (27)
0z Although the equations are linear, they have variable co-

0 efficients and thus, they are still difficult to be solved analyti-
—2 — (uad') (1 + ') + 6uid/u” (1 + u’)Q} + y y

EYA! cally. Therefore, in order to get solutions of the equations we
) resort to a discrete formulation by means of the finite differ-
—20'h" [8(u2u)(1 + ')t — 2uud/ (1 + U’)B} ence method. With the discrete approach, the space derivatives
t . . . -
with respect to the independent varial#é are substituted by
+ gh"u(1+u)® =0. finite difference quotients, according to the formulae:
In the case of a constant bottom slopé = 0, and the ou 1

equation reduces to a simpler form. It is perhaps worth to add 971~ 2a (ujpr —wj1),

here that for the case shown in Fig. 1, the last condition is sat- 2 1 (28)

isfied for all points(0 < Z! < L) except for a small vicinity Az = 2 (uj—1 = 2u; +ujyn))

of the pointB in the figure.
wherea is a constant spacing of horizontal nodal poiﬁﬁs:
3. Approximate solutions to the momentum jra(j =012, N)with the end pointsZ; = 0 and
equation Z} = L — a, respectively. . _
] ) o i In order to save the place, hereinafter we omit the lower
The momentum Eq. (23) is the non-linear partial differential,jices of the dependent variables in Egs. (25) and (26). For
equation with respect to the independent varialffés) < g yypical pointk(Z' = ka) within the fluid domain, the finite

1 . \
Z" < L) andt > 0. The equation has been derived under asjitference analogue of Eq. (25) is written as continuous in time
sumption that the slope of the fluid bottom is a small quantity 4 discrete in space equation

(|h'| << 1). With respect to the assumption, we resort to ap- ) )
proximate solution in which the displacemexttZ!, t) possess —Whiiik—1+Waiix—Wsiig41—S1ur—14+S2ur —Ssup41 = 0,

the power series expansion with respect to a small parameter (29)
(7,8]) in which
u=cur +e’up +’uz + - - - (24) 1(H>2(1 )2 + 1h,H(1 )
==-|— -« —h—(1—-«),
In analysis developed in the further part we do not iden- T3\ 2 a

tify explicitly the parameter of the expansion. Substituting (24) 1, 9 /H\? )

into Eq. (23) and collecting terms with the same power of the Wz =1+ S HA"(1 —a) + 5 (a> (1-a)?  (30)
parameter, a system of linear equations is obtained. In order to 9

simplify the discussion we limit our consideration to the two Wa — 1 <H) (1— a)2 _ %h’g(l —a),

lowest powers of the expansion. The first order approximation °73\a a
of the equation is and
1 1 S, = 1 ﬂ(l —a)+gh
1+ §Hh”(1 —a)| iy — §H2(1 — )il 1= @) g
i} 1 o9 1,
+HR (1 — )it} — gH(1 — a)ul + g(2h'u}) + §h”u1) =0. S2=2 P (I—a)+ 29h ’ (31)
(25) _LfgH o]
For h = 0 the equation reduces to the case of constant depth. 53 = al a (1=a)—gh |
Similarly, the second power terms in the expansion lead to the Such equations are written for all the consecutive points:

following equation Z'=a,2' =2a,---,Z' = L — a. Aremark is needed. With
| — B . 1.9 L \2en 11 _ . Tespectto the discrete formulation we also need information
L+ 2Hh (1—a)| i 3H (1= )iy + HA'(1 = a)iiy about the displacemeni(t) of the corner pointZ! = L (the
" L, 1, shore point C in Fig. 1). In a formal way, a relevant differen-
—gH(1 — a)uy +g(2h'uy + Sh"uz) = NL =0, tial equation for the boundary point may be obtained by taking
(26) the limit Z! — L (o — 1) in Eq. (25). In the discrete model
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considered a better way however is to describe the displagaethod. In this method, the acceleration between the subse-
ment of the point by means of displacements of neighbourirguent time steps is approximated by a linear function of time.
nodal points. For instance, the displacement of the shore poldr a mechanical system, the procedure is unconditionally sta-
may be assumed as equal to the displacement of the next pdite for 6 > 1.37 [10]. In order to make the discussion clear
Z' = L — a. Another way is to express the displacement bgome fundamental equations of the method are summarised be-

means of the Gregory-Newton extrapolation formula [9]

11
Uc = —unN —dUN_1 + 3UN_2 — —UN_3.

3 3 (32)

Numerical tests show that the two formulations lead to
practically the same results except for a small vicinity of the
corner point where differences between the two formulations
do not exceed a few percentages. The final set of Egs. (29) is

written in the matrix form

[AM] (U) + [BM] (U) + (P) = 0. (33)
In the equation
(U = (ug, ug, -+, un),
(O = (i, iig, -, i), (34)
P = (=Wriig — Siug, 0, 0, -+, 0).

In accordance with the extrapolation (32) the matAM ]
assumes the following form

Wy —Ws
—Wy Wy —Wjs
[AM] = ], (3v)
Wy Wy —Ws
wy wg W Wy
where:
11
Wy =w{ —swy, Ws=wy — —Wy,
3 (36)

2
Wy =-3W5", W= §W§V.

low (for details see [10]). Assuming that we know solution of

the problem at the tim& the standard equations of the method

are

. 3 . DT .

i) = 57 (W) — v — 2ty — i),
6

(39)
) 6 )
iis) = oz (ue) = v) = prta) = 2ia),

wherew )y = u(t), u@) = u(t + DT'), and DT =0At with
0 =1.47.
The second of Eqgs. (39) may be rewritten as

DT? .

2
5 ) =uE) - {uu) + DT i) +

T u(l)} . (40)

The relation holds for each nodal point, and thus, the sys-
tem of Egs. (33) written for the timgs) = ¢(;) + DT assumes
the form

([AM1+ br [BM]) (Ug)
(41)
DT?
~ [AM] (UA) +—— (P) =0,
where
(UA) = (Ugy) + DT (Up) + 2 (@) (42)

3

is a known solution for the time leve), = t(;), and(P) de-
scribes the generator motion.

For the initial value problem considered it is reasonable
to assume a smooth beginning of the fluid motion starting to
move from rest, for which not only the velocity, but also the
acceleration field disappear at the initial moment of time. In

The superscripV in the equations denotes the nodal poing, e to describe such a generation of the fluid motion w apply

Z' = L — a. In a similar way, the matri\BM] reads

Sy —S3
—S51 Sy =S5
[BM] = I PN C
—S1 Sy —S3
St 83 —St S;
with 1
3 (38)

2
Sy =35, St= §S§V.

here results developed in [11]. The horizontal motion of the
piston — type generator is described by the formula
uo(t) =a- A(t)cosw t + D(7) sinw ¢, (43)
wherew is the angular frequency,= s—3 is a time factor, and
1 3

A(r) = 57 exp(—7),

1 1
D(r)=1- <1 +T4+ =T+ 73> exp(—7),7 = nt.

2! 3!
(44)
The parametey in the relations is responsible for a growth
in time of the generator amplitude. With passing time the gen-

It should be noted that the non-zero elements of the materation approaches the harmonic generation with unit ampli-
ces depend on the independent variableof the considered tude and the prescribed angular frequency. Having the formu-
point but do not depend on time. It may be seen that the firkte one can calculate the displacement, velocity and the accel-
equation of the set (29) contains termig and ug which are eration on the boundarg! = 0 needed in our procedure at

known functions of time as boundary conditionZt = 0. In

each step of the discrete time. The solution of the Eq. (41) is

order to perform integration of Eq. (29) in the time domainpbtained with the help of a standard procedure for linear alge-
we introduce the discrete time and make use of the Wilsonbraic system of equations. Knowing the solutiort at DT,

Bull. Pol. Ac.: Tech. 54(4) 2006
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it is a simple task to calculate the state of the system at thiee relevant Ursell parameter for the wavés= 40 = 85, and

subsequent moment of time, i.etat At thus, such cases correspond to non-linear shallow water waves
At described by the Boussinesq and Korteweg—de Vries equations
Ut 4+ At) = diqy + —= (tig) — ta)), [12]. In the discussed problem however, we have a finite do-
DT . R .
9 main of fluid with variable depth and therefore the Ursell num-
. . . (At) . . . o
Wt 4+ At) =ty + Atiigyy + ﬁ(u(g,) — i), ber is not a proper characteristic of the phenomenon. The re-

(45)  mainder, higher frequencies in the table, correspond to shorter
waves. The eigenvalues cover a relatively large range of fre-
guencies associated with waves of different lengths and there-
fore, one should be almost certain that in a vicinity of a coast-
line, a fluid flow will fall in a resonance mode with waves ar-

. . riving at the coastline. The result of such a phenomenon is a

4. First order solution growth of water wave up till a breaking of it will be reached.

In order to learn more about main features of the discrete real conditions, due to dissipation of energy of waves ap-

model discussed above, let us consider the first order apprgxoaching a beach, a motion of water near the shoreline is of

imation to the momentum equation. It may be seen from Egourse more complicated than the results of the model consid-

(29), that the discrete model does not contain damping terngyed. Nevertheless, the important result of the model on the

At the same time, for the harmonic generation of the fluid moesonance phenomenon reflects a real feature of flow induced

tion a resonance phenomena may occur. In order to examibg periodic waves arriving at a coastline. It is perhaps of im-

the case, let us consider the homogeneous system portance to emphasise here that, because of the changing wa-

.. ter depth and the resonance phenomenon, the flow within the

2

At
u(t + At) = U1y + At’[l,(l) + (
3

* 6DT

(iiz) — 1))

[AM] (U) + [BM] (U) =0 (46) " finite domain will, in general, not be periodic even for the pe-
obtained by disregarding the forcing te(iR) in Eq. (33). riodic waves approaching the shore. In order to illustrate the
Substituting the time harmonic factexp(iwt), i.e. U = phenomenon, numerical calculations have been performed for
Uj exp(iwt) into the equation, one obtains a set of angular frequencies of the generation. In particular, we
9 have chosen a resonance frequency, and, for comparison, a fre-
([BM] e [AM]) (Uo) =0. (47) guency which does not belong to the resonance set. In all cases

The formula describes the eigenvalue problem for the m&onsidered the amplitude of the generator motion was assumed
trices[AM] and [BM]. A standard procedure enables us td0 be constant and equal to 0.06 m. _ _
calculate the eigenvalues for a chosen water depth on the gen-In the numerical procedure, as a first step, horizontal dis-
erator face and a set of bottom slopes of the triangular fluilacements of chosen material points in the vicinity of the
domain. For the problem considered the most important agdoreline are calculated as functions of a discrete time se-
the lowest eigenvalues. Numerical calculations have been p@tence. Then, in the second step, the space derivatives of the
formed for the deptth = 0.60 m on the left boundary and horizontal displacements are evaluated. The vertical displace-
the bottom slopes equal to 0.05, 0.10, 0.15 and 0.20. In all tfieents are obtained with the help of Eq. (7). Some of the results
cases a discrete model wifli = 101 nodal points has been obtained in numerical calculations are shown in Fig. 2, where

considered. Some numerical results obtained in the computhe graphs illustrate the first order solution of the problem men-

tions are shown in Table 1. tioned.
The plots describe the displacements of the pbiat.. The
_ Table 1 _ _ relevant displacements of the shoreline point are nearly equal
Eigenfrequencies of the fluid domain to that shown in the figure. From the plots it may be seen, that,
Sequence K’ =0.05 h'=0.10 K =0.15 K =0.20 within the resonance range, the model behaves like a classical
number Lo =12 Ly=6 L,=4 Lo=3 linear mass - springs system loaded with a harmonic force of
1 0.3831 0.7641 1.1409 15117 frequency equal to an eigenfrequency of the system. The lin-
2 0.7006 1.3923 2.0666 2.7154 ear model enables us to calculate a run up of the shoreline. Itis

3 1.0141 2.0039 2.9461 3.8200 seen that the displacements of the line exceed the amplitude of
. . : . : the generation significantly. The last feature is mainly a result
of the diminishing water depth, however in the case of a reso-
nance, one may expect additional growth of the displacements.
In order to evaluate the vertical displacement of the fluid par-
The numbers in the table display the subsequent frequetizles forming the free surface we need to calculate the space
cies for each of the bottom slopes. As compared to the caderivative of the horizontal displacement.
of water waves propagating in fluid of uniform depth equal to The amplitude of the derivative grows when going to the
0.60 m, the lowest frequencies for the sldge= 0.1 corre- shoreline. And thus, it may happen, that the assumption that
spond to the waves of length; = 19.95 m, A = 10.95 m  |«/| is a small quantity is satisfied only in a deeper part of the
and A3 = 7.61 m, respectively. Assuming that the waves amfluid, in a certain distance from the coastline, and fails to be
plitude equals)y = xH, wherex € (0.05 + 0.10) in our case, valid within the range of the smallest water depth. More pre-

100 11.6520 16.1542 19.4162 22.0132
101 11.8168 16.6032 20.2116 23.2042
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cisely, because of the denominafar+ «") of Eq. (7), proper to the latter description, one must remember that at the space
results of vertical displacements can be obtained only for caspsint the depth of the fluid should be greater than zero. Oth-
when the denominator is far off zero. In the case the derivarwise, the shoreline poirdt (see Fig. 1.) will occupy a posi-
tive goes to minus one the formula leads to an indeterminatien below the considered space point within a certain range of
result. For the latter case, the vertical displacement may be dime.

tained from the approximated formulee h'u, which delivers

plausible results for the range of smallest water depth — in thg  Second order solution

vicinity of the coastlineC’ in Fig. 1. But, even in the singular Having the first order solution of the momentum equation, one

I I - .
caseu” = 1, the mode| 'presente'd above gives proper horlcan calculate the second order term, and accordingly, the sec-
zontal displacements, which carry important information abo

the phenomenon. Therefore, although the formula (7) may lf)tnd order solution. The latter can be obtained by integration of

S . (26) with respect to time and space.
not valid within the range of the smallest water depth we Ieaveq (26) P P
it as the theoretical result of the model within the whole range L =1.000s1 o b= 0764 ]
0 < Z' < L. It means that as far as the horizontal displace- 0.10 -
ments of the fluid are concerned, the model provides reliableO 05 1 !
results, but fails to deliver similar results for the vertical com-

Generator motion

ponent of the displacement. 0.007
~0.05 1
—— w=1.000s" - w=0.7645" -0.10

Generator motion

m]

14|

0 8 16 24 t [s] 32 19 : : :

0 8 16 24 t [s] 32 -3 : : : ,
0 8 16 24 t [s] 32

Fig. 2. Linear solution for the point — a
Fig. 3. Non-linear solution for the poirt — a

The results obtained enable us to calculate the free surface

elevation at chosen space point héz! = const, t). Denoting Like in the previous case we have the linear partial dif-
by z. the space point we transform Egs. (1) and (7) into thierential equation with variable coefficients, but now, the free
following form term of the equation depends on the first order result. Like in

the previous case numerical calculations have been made for
the bottom slopé’ = 0.1 and the frequencies = 1 s~! and
1 w = 0.7641 s~! of the generation. Some of the results obtained
[H —h(Z")]. ; . . .
in numerical calculations are shown Fig. 3, where the graphs
(48) illustrate main features of the model at hand. From the graphs
Having a solution of Eq. (25) we can find a solution of thét follows that average distributions in time of the second order
last equations by means of an iterative procedure. With respéetms are greater than zero. It means, that much information

ZV 4 u(Zt) = 2.,
u'(Z1,t)

e t) = HEZZD = 0

Bull. Pol. Ac.: Tech. 54(4) 2006 387



www.czasopisma.pan.pl P N www.journals.pan.pl

N
S

K. Szmidt
about bottom slope in the formulation is carried by the secomrite fluid domains provides useful estimation of the run up of
order term. In the case of a resonance both of the componest®reline also for breaking waves.
are reinforced in time.

6. Concluding remarks

— w=1.000s" - w=0.7645"
0.107 1 [n] Generator motion The motion of water in neighbourhood of a sloping beach
0.051" depends mainly on bottom slope and characteristics of water
0.00 1 waves approaching the beach. Since the water depth dimin-
0.05 1 g g A\ ishes towards the beach, one can observe a significant change
0.10 ‘ ‘ ‘ ‘ of the wave height in this zone. For many cases, due to the

growing steepness of the waves, the waves lose their stability
and a breaking phenomenon occurs. The growth of the wave
height is induced by the change of water depth and a reso-
nance phenomenon of the fluid motion. The latter takes place
when a frequency of approaching waves is close to frequency
of waves reflected from the beach. In such a case a collision of
the incoming waves with the reflected waves may reinforce the
waves height. In a general case, in order to describe a motion
of the fluid in such a domain it is necessary to find a solu-

tion of non-linear partial differential equations with non-linear

boundary conditions on moving boundaries. Since we have no
closed analytical solution of the equations, we are forced to

0.2 , , , : resort to certain approximations of the equations. Commonly,
0 8 16 24 t[s]32  the equations are substituted by the so-called non-linear equa-

10074 ] Resulting solution f[ions for shallow_ water with space and time co-ordi_ne_ltes_ as

0.50 A B RS independent variables. But, even in the latter case it is diffi-

0.00 1 cult to find a solution of the equations. In the present work,

in a theoretical description of the problem, we apply material

7(1)28 ' ' ' ' and time c_o-_ordinates as independent variables. Wit_h_ the latter
o 8 16 24 t [s]32  approach it is much easier to solve boundary conditions on a
050+ . o , . shoreline. In particular, with assumed displacements of fluid

05 * Derivative of horizontal displacement . particles, the problem has been reduced the one-dimensional

in space, time dependent model describing the fluid motion. In

0.007 order to simulate water waves approaching a beach a 'triangu-

0251 lar’ fluid domain has been considered with motion induced by
-0.50 ' ' ' T2 a piston type wave-maker. Basic equations of the model have
0 8 16 24 t [s] 32 : 1
_ . . . been derived by means of a variational procedure. The non-
Fig. 4. Non - linear solution for the poitt — L /3 linear equations, obtained in this way, have been substituted

by a system of equations resulting from power series expan-
At the same time, it may be seen that, as compared &ons with respect to a small parameter. With accordance to
the generator motion, the resultant space derivatiy&' = the procedure mentioned, the most important is the linear, first
71, t) has a relatively complex distribution in time. Moreover,order approximation of the equations. The linear momentum
the derivative is not a small number and in some ranges efjuation carries information on the water depth, as well as on
time is close to minus one. On the other hand, one can ethe resonance phenomenon. Formulation of the problem in the
pect less complex distributions of the variables for deeper patiscrete space has led to the eigenvalue problem for two ma-
of the fluid. An illustration of the latter case is presented irices representing the momentum equations for a set of nodal
Fig. 4, where the plots represent the solution for the materiadaterial points. From the analysis it follows that the eigen-
points Z! = L — L,/3. From the plots in Fig. 3 it follows values cover a relatively large range of frequencies inherent
that vertical component of the displacement field in the smalfer water waves, and therefore, a resonance phenomenon of
est water depth cannot be obtained from the formula (7). Thhe waves appears. It should be stressed however, that, in a
component may be estimated directly from the horizontal diggeneral non-linear case, it is not possible to separate the non-
placement. Such approximation is justified for shallow watdinear influence from the resonance phenomenon. Numerical
and may be good enough for practical purposes. On the othetegration of the linear momentum equation in the time do-
hand, from practical point of view, the most important are homain has confirmed that, the generation of water flow with the
izontal displacements, which are described with a reasonabiksonance frequency will result in growing water wave height.
accuracy by the model considered. Although we have confindthe system behaves like a mass - spring system loaded with
our attention to the non-breaking waves, the formulation for flharmonic force within a resonance range. In order to obtain
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vertical component of the displacement field, we need to cal-  in Continuous Dynamical SystepMorth-Holland, Amsterdam,
culate the space derivative,/0Z'. Because of the oscillating 1995.

behaviour of the horizontal displacemettZ!, ¢) in the neigh- ~ [3] G.F. Carrier and H.P. Greenspan, “Water waves of finite ampli-
bourhood of a shoreline, it may happen that the derivative is  {ude on asloping beachJ, Fluid Mechanicst, 97-109 (1958).
close to minus one and, at a certain moment of time the rele[4! Eh;rr‘]‘:;’r'i;g‘:r?j:rf’ac:(l)orz‘g"‘;as"?lsgcg‘?;" sloping beadhdastal
vant vertical displacement becomes undefined. Such a case in- ) ol i

dicates a breaking phenomenon. An approximate evaluation orl]I"5 ] :\gn\?; &gﬂzgi?sxt\i/gg nvg:;/g rzr(l)\lp:\lsa%?ﬂ %g;une\/en Bot-
the vertical displacement for the cage= —1 may be obtained | ’ i .

X . X [6] P.Wilde, “Long water waves in Lagrange’s description and vari-
directly from the horizontal displacement, by means of the ap- * atjonal formulation” |BW-PAN Gdask, 1-34 (1999).

proximate formulay = h'u. The latter approach is justified in [7] J.J. StokerWater Wavesinterscience, New York, 1957.
the range of smallest water depth, say for H < Z* < L. [8] J.V. Wehausen and E.V. Laitone, “Surface waves” Eincy-
It is important to note, that, even in the case of the breaking clopaedia of Physigs/ol. IX, ed. by S. FluggeFluid Dynamics
wave, the discrete model developed above enable us to calcu- I, Springer-Verlag, Berlin, 1960.
late the horizontal displacement of a shoreline (the pGiih [9] R.K.C.Chanand A.L. Street, “A computer study of finite - am-
Fig. 1). plitude water waves”]). Comp. Physic6, 68-94 (1970).
[10] J. Bathe Finite Element Procedures in Engineering Analysis
Prentice-Hall, Inc., Englewood Cliffs, New Jersey, 1982.
REFERENCES [11] P. Wilde and M. Wilde, “On the generation of water waves in a
flume”, Archives of Hydro-Engineering and Environmental Me-
[1] Ch.C. Mei,The Applied Dynamics of Ocean Surface Waves chanics48 (4), 69-83 (2001).
Wiley & Sons, New York, 1983. [12] S.R. MasselHydrodynamics of Coastal ZoneElsevier, Ams-
[2] E. Van Groesen and E.M. de Jagktathematical Structures terdam, 1989.

Bull. Pol. Ac.: Tech. 54(4) 2006 389



