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Abstract. It is shown that 2(n + 1) is the upper bound for the reachability index of the n-order positive 2D general models.
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1. Introduction

In recent years a growing interest in positive two-
dimensional (2D) systems has been observed [1-9]. An
overview of some recent results in positive systems has
been given in the monographs [1,10] and papers [5-9] and
on the controllability of 1D and 2D systems in [11]. The
asymptotic behaviour of positive 2D systems and their
internal stability have been investigated in [8,9]. The lo-
cal reachability of positive 2D systems described by the
second Fornasini-Marchesini models [2-4] has been ana-
lyzed in [5]. It was shown that the reachability index of
the n-order positive 2D systems is not bounded by n.

In this note it will be shown that 2(n + 1) is the upper
bound for the reachability index of the n-order positive
2D systems described by the general model.

2. Problem formulation

Let R™™™ be the set of n x m real matrices and R" =
RnX1.
Consider the 2D general model
Tiyq 41 = AoTij + A1Tigr,; + Aswi 11
—|—B0uij + BluH_Lj + Bgui,j_g_l (1&)
i,7 € Z4 (the set of nonnegative integers)
Yij = Cxij + D’U,ij (]_b)
where x;; € R" is the local state vector at the point (4, j),
u;; € R™ and y;; € RP are the input and output vectors
and Ay € R"*"™, B, € R"*™, k = 0,1,2, C € RP*",
D e RP*™,
Boundary conditions for (1a) are given by

(2)
Let R? be the set of n-dimensional vectors with nonneg-
ative components.

Tio, © € Z4y and Zoj, JE Zy

DEFINITION 1. The model (1) is called the positive
2D general model (P2DGM) if for all boundary conditions

(3)
and every sequence of inputs u;; € R, i,j € Z we have
Tij € Ri and Yij € Rﬁ_ fori,j € Z;.

Zi0 ERi, i€Z+, Zoj ERi, j€Z+
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THEOREM 1 [10]. The model (1) is a P2DGM if and
only if

A € RU", B, € R*™, k=0,1,2, C € RI™",
D e RU™

(4)

where R7? is the set of p x ¢ real matrices with nonneg-
ative entries.

The transition matrix T;; of the model (1) is defined
by
I, (identity matrix) for i = j =0
AoTi1j—1 + AT 51 + AT 5
fori,j>0(i+j>0)
(zero matrix) for ¢ < 0 or/and j < 0

Ti; (5)

0

From (5) it follows that for P2DGM (1) T;; € R} " for
1,] € Z4.

DEFINITION 2. The P2DGM (1) is called reachable
at the point (h,k) € Z, x Z, if for zero boundary
conditions (ZBC) (2) and every vector zy € R! there
exists a sequence of inputs u;; € R for (4,7) € Dy such
that zpr = xy, where

Dy ={(i,j) € Z4 x Z4 -

DEFINITION 3. The P2DGM (1) is called reachable
for ZBC if it is reachable at any point (h, k) € Z4 x Z.
If z; € RY is reachable at the point (h,k) then it will
be said that the state x is reached in h + £ steps. The
number h + k steps is called the reachability index of (1)
and it will be denoted by Iy, i.e. I = h + k.

THEOREM 2 [10]. The P2DGM (1) is reachable for
ZBC if and only if the reachability matrix
Rpp = [Mo, M} 1 <i<h;M;,1<j<k

My 1<i<hl<j<kji+j#h+k
Mo =Typ—1x-1Bo, M} =Ty_ix—1B1 + Th_i—1.x—1Bo,
i=1,..h
sz =Th1k—jBo+Th—1,—j—1Bo,j=1,...,k
Mij = Th—i—1,k—j—1Bo + Th—ik—j—1B1 + Th—i—1,k—;
Boji=1,. hij=1,. kitjAthtk

(7)
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contains an n X n monomial matrix (in each of its rows
and in each of its columns only one entry is positive and
the remaining entries are zero).

For standard 1D n-order linear systems the reachabil-
ity index is equal to n.

It is also known [5] that for standard (i.e. not neces-
sarily positive) 2D general models the reachability index
is equal to n (Ig = n) i.e. any local state of (1) starting
from ZBC can be reached in h + k steps for h + k < n.

For P2DGM (1) the set X,:er of all local states that
can be reached in h+ k steps starting from ZBC by means
of an input sequence u;; € R’ coincides with the set of all
nonnegative combinations of the columns of the matrix
(7), ie. X,Zk = coneRp.

It is known [5] that the reachability index Ip of
a positive 2D linear systems is not bounded by n.

In [5] it was shown that the reachability index of the
system (1) with 49 =0, Bp = B; =0 and

000 00 0 0 07
1000000
00000O0O

A;=10 00000 0f,
0001000
00000TO0O
[0 0000 0 0l
000 1 00 0 07 r17
00000O0O 0
0100000 0

A =10 0 0 0 0 0 1|, By=11 (8)
00000O0O 0
0000100 0
(00000 1 0l L0

is equal to Ig = 13 (for n = 7). In [5] the conjecture was
also given that n?/4 represents an upper bound for the
reachability index of every 2D positive system.

In this paper it will be shown that 2(n + 1) is the
upper bound for the reachability index of the P2DGM.

3. Problem solution

Solution of the problem is based on the following lemma

LEMMA. Let
det [Inzlzg — A() — A121 — AQZQ]

n n
=22y — Y Y diziz. (9)
=0  i=0
it+j#2n
Then the transition matrices T;; (defined by (5)) satisfy
the equations

n—1
Thino=AyTF = "diAb k=0,1,... (10a)
=0
n—1 ]
Tonpr = AT =" d;A],1=0,1,... (10b)
J=0
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T’I’L+k,n+l = Z Zdijﬂ+k,j+k for k,l = 1,2 (].OC)
=0

=0
i+j#2n

Proof. The relations (10a) and (10b) follow from
the Cayley-Hamilton theorem applied to A, and Aj,
respectively.

Taking into account that

[In2122 — AQ — Alzl — AQZQ]il

_ i i Ty (4D D)

(11)
i=0 j=0
we may write
n n ) n n )
2D Hyma =A% Y, ) dysia
i=0 j=0 i=0 i=0
i+j£2n
oo oo . .
. ZZTijzl—(l-H)z?—(J-H) (12)
i=0 j=0

n n o
where Y Y H;;z}z) is the adjoint matrix to the matrix
i=0j=0
[Inzlzg — AO — Alzl — AQZQ].
From comparison of the matrix coefficients at the
same powers of szz;l for k,l =0,-1,-2,....k+1<0
of the equality (12) we obtain (10c).

THEOREM 3. If the P2DGM (1) is reachable then it is
reachable in at most 2(n + 1) steps (h < n,k < n), i.e.

Ir<2(n+1) (h<n,k<n). (13)

Proof. If the P2DGM (1) is reachable then by
Theorem 2 the reachablity matrix (7) contains an n x n
monomial matrix for h+ k < 2(n + 1) since by the
equation (10) the columns M}, M? and M;; of (7) for
h+k<2(n+1) (h>n, k>n) are linear combinations
of the columns of the matrix Ry, for h +k < 2(n+1)
(h<mn, k<n).

Example. Consider the P2DGM with

00 0 1 00 00
1 000 00 00
Ado=0,Ai=\5 o o o|"42=|g 1 0 0|
00 00 0010
1
0
By=0, Bi= | |, B2=0 (14)
0
Using (5) and (7) we obtain
00 00
Ay fori=1 oo o0 o0
TZO_{O fori>2 2= 10 0 0 0
0100
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R33 = [MO’M117M217M:):’L7M127M227M327M117M127

. 0000 M3, Moy, Mag, Moz, M3y, M3a] =
T_Alforj—lT 000 1 0100000000000 O0 1
0j . s 402 )
0 forj>2 0 0 0O |00 000O0O00O0OOOO0O0T1O0
0O 0 0 O ~“]/0000O0OO0OO0OOOOT1O0TU0O0O0
00 00O0OOOT1TO0OOOOTOOO®
0 010 0 0 0O
Ty = 0000 Tyy = 0010 From Theorem 2 it follows that the P2DGM with (14)
100 0}’ 00 0 1| is not reachable for h + h < n = 4 and it is reachable
0000 0000 for h +k = 6 > n?/4. The reachability index of the
Ti5=0,Tiu=0 system satisfies the condition (13),i.e. [Ir=h+k =06 <
0100 2(n + 1) = 10.
0 0 0O
o=y o o0 ol Te2=1s Tos= A,
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