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Energy-optimal current distribution in an electrical network
— controlling by the differential or the integral systems
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Abstract. In the complex RLC network, apart from the currents flows arising from the normal laws of Kirchhoft, other distributions of current,
resulting from certain optimization criteria, may also be received. This paper is the development of research on distribution that meets the
condition of the minimum energy losses within the network called energy-optimal distribution. Optimal distribution is not reachable itself, but
in order to trigger it off, it is necessary to introduce the control system in current-dependent voltage sources vector, entered into a mesh set
of a complex RLC network. For energy-optimal controlling, to obtain the control operator, the inversion of R(s) operator is required. It is the
matrix operator and the dispersive operator (it depends on frequency). Inversion of such operators is inconvenient because it is algorithmically
complicated. To avoid this the operator R(s) is replaced by the R’ operator which is a matrix, but non-dispersive one (it does not depend on s).
This type of control is called the suboptimal control. Therefore, it is important to make appropriate selection of the R” operator and hence the
suboptimal control. This article shows how to implement such control through the use of matrix operators of multiple differentiation or integra-
tion. The key aspect is the distribution of a single rational function H(s) in a series of ‘s’ or “s~!*. The paper presents a new way of developing
a given, stable rational transmittance with real coefficients in power series of ‘s/s™"”. The formulas to determine values of series coefficients
(with “s/s™!”) have been shown and the conditions for convergence of differential /integral operators given as series of “s/s™!” have been defined.

Key words: principle of minimum energy losses, optimal and suboptimal control, power series, operators of multiple differentiation or integra-
tion, decomposition of a rational function.

1. Introduction. Energy-optimal distribution The network is characterized by the so-called internal op-

and control systems erators matrix Z(s) (s = d/dt), contact operators matrix Z(s)
and external operators matrix Z(s).

In DC circuits there is the minimum energy principle, according The equations of network operator assume the form:

to which the currents distribution in a complex network are such

that the total energy losses are minimal [1, 2]. However, this Zi — Zyip =0

rule usually does not work in the sinusoidal current circuits [3]. T . )

On the other hand, in non-sinusoidal signals domain, the term —Zyi + Zyiy = uy

“reactive power” makes no sense, which means that this term
should not be used during testing the quality of electrical energy (0 — zero vector (or zero operator), T — a sign of transposition).
distribution in the network [4, 5]. However, the compensation
problems aimed at resetting the indicator of reactive power

can be solved as optimization tasks consisting in minimizing
energy losses in the network or as related tasks of minimizing RLC
the RMS value of currents [6, 7]. Study [8] showed that in the net-
complex RLC network, besides the currents flows arising from work
the normal laws of Kirchhoff — called current divider — other
distributions of current, resulting from certain optimization cri- @
teria, may also be received through appropriate controls.
The dlstrlbgthn that meets the condlt%on of the minimum I

energy losses within the network was examined (energy-optimal
distribution). In Fig. 1 the RLC network with power given as @
a vector of current signals i, is shown. Distribution of mesh e
currents within the network is determined by the vector of cur- 7
rent signals i. @

N4

Uy ¢—/

*e-mail: szaba@pk.edu.pl
Manuscript submitted 2018-07-25, revised 2018-12-18 and 2019-01-29, Fig. 1. The complex network with multicurrent power; i — internal
initially accepted for publication 2019-02-20, published in June 2019. mesh currents vector; i, external current vector

Bull. Pol. Ac.: Tech. 67(3) 2019 613



W\-\'\‘\’.CZ}.{SU].)ihl'l'li{.llilll.pl P
=

N www.journals.pan.pl

M. Siwczynski;'S! Z4bd, and A. Drwal

“— 1 —pe—m —>

Z(s)=R(s) + X(s) | —Zo= (Ro+ Xy)
n i 0
HERMITIAN ANTYHERMITIAN
v 1 2
A T T
m — Zg Zy, io Uy
l 3

Fig. 2. Scheme the system of equations (1);
1 — internal operators matrix, 2 — contact operators matrix,
3 — external operators matrix, 0 — vector (or operator) zero,
T — a sign of transposition

In Fig.2 the structure of system of equations (1) is illus-
trated. In this figure the sizes of the matrix and vectors are
shown.

Current divider and energy-optimal current distribution are
described by the two matrix-similar systems of operator equa-
tions:

Z(s)i — Zy(s)ig =0 ()

R(S)i — Ro(S)iO =0 (3)

where the matrix operators of impedance Z(s), R(s) and Z(s),
R(s) are related in the way that:

Z(s) = R(s) + X(s) )
where:
X(=s) = -X(s) (5)

which makes that distribution (4) on Hermitian and skew-Her-
mitian part is a unique one:

R(s) = S[2(s) + Z(-s)];

(6)

In this way the systems of equations (2) — (Z, Z,) type
and (3) — (R, Ry) type are identical in matrix way, but in an
operator way equations (3) are the Hermitian variant of equa-
tions (2).

614

Solutions of the systems of equations (2) and (3) are: mesh
currents vector of current divider

. -1 .
i =[Z(s)] Zo(s)io (7)
and energy-optimal mesh currents distribution as a vector

i = [R(s)] 'Ro(s)i ®)

Optimal distribution itself is not as reachable as the distri-
bution of current divider but in order to trigger it off, it is nec-
essary to carry out the optimal control by the control operator
X.(s), generating signal of the voltage source e appropriately
distributed in the internal meshes of network:

e = X.(s)iy ©)

Xc(s) = X(5)[R(5)] " Ro(s) = Xo(s). (10)
So, X.(s) is a skew-Hermitian matrix operator processing
the signal-vector i in the voltage signal-vector e®:

Xc(=s) = =Xc(s)

For DC networks, distributions i% and i overlap because
matrix operators Z(s) and R(s) overlap for s = 0 and it is consis-
tent with the principle that in the DC circuits, currents distribu-
tion is such that the total energy losses are minimal [1, 2].

It also appears that energy-optimal distributions and current
divider distributions can be the same without control when the
deviation operator disappears:

As) = [R(s)] "Ro(s) ~ [Z(s)] ' Zo(s)

which is related to the optimal control operator by the formula:

(11)

(12)

From equations (10) and (12) the following theorem of equiv-
alence is derived:

A=0 XR 'R, = X,
) RS or (13)
X, =0 RX 'X,=Ry"
for each s

Networks fulfilling the condition (13) reach the energy-optimal
current distribution of iy without control. In study [8] such net-
works were called naturally energy-optimal.

Example 1.

A ladder structure — a long line in a discrete model (Fig. 3).
The figure shows a circuit which is powered from both sides.
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A

Fig. 3. A ladder system powered from two sides and optimal control sources distributed in the meshes of the ladder circuit

In the diagram, inner meshes 1, 2, 3 and external 01, 02
was selected. The structure of the system of mesh equations is:

V4 ~Z
1 2 3 01 02
i
1]1,45| -5 4 1
21 -5 2,56 -6 2
3 6 |3,6,7 -7 3 —
i
or |0 X
X X
02 X

The structure of the current divider equations Zi — Zgyiy = 0 is
visible above. Empty places indicate ‘zero’ operators or signals,
places with ‘x’ contain operators or signals that do not take part
in solving the system of equations.

For the branch structure of RLC type:

r sL s'X
is obtained
Z(s)=R(s)+ X(s)=r+sL+s'X
where:
r — matrices of mesh resistances
L — matrices of mesh inductances
X — matrices of mesh elastances (the inverse of the capacity).
The optimal control operator have the following form:
X, (s)=s(Lr'ry — Lo)
or X (s)=s"(Zr'ry — o)
or X (s)=s(Lr'rg — Lo) + s (Zr'ry — Xy).
The condition of the naturally energy-optimal network (A = 0)

takes the form of the following matrix structure:

Bull. Pol. Ac.: Tech. 67(3) 2019

L -wmm r -1 ry L,
1,4,5| -5 1,4,5| -5 4 4
-5 |2,5,6| -6 -5 |2,5,6| -6 =

-6 |3,6,7 -6 |3,6,7 7 7

T ol Lo

Figure 3 also shows optimal control implemented using voltage
sources controlled by the currents 01, 02 distributed in the
meshes of the ladder circuit.

2. Suboptimal control. Decomposition
of the matrix-rational impedance operators
in a power series of s and s~!

As shown in equation (10) to designate the key control oper-
ator X (s) for the approach presented here, one needs to carry
out a complicated operation to reverse the dispersive matrix
operator (it depends on s) R(s). This can be avoided by using
so-called suboptimal control, defined by the operator [9]:

e = (AR(s) + X(s))ig (14)
where:
AR(s) = R(s)(R) 'R} — Ry(s) (15)
is the differential operator of mismatch resistance and:
Xoun(s) = X(5) (R) 'Ry — Xo(s) (16)

is the suboptimal control operator.

Independent of s the matrix operator R' will replace the
dispersive operator R(s).

As a result of such a simplification the full control operator
[AR(s) 4+ X,5(s)] ceases to be skew-Hermitian, which makes
that the property of skew-Hermitian operators is lost, namely
energy-neutral feature [10, 11].

Therefore, making appropriate selection of the R' operator
is important and hence the suboptimal control. One of the many
possibilities of solving this issue is the distribution of a matrix
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rational function in the power series of s or s~ [12-15]. Tt
provides a simple way to separate impedance operators into
Hermitian and skew-Hermetian parts. As a result, one can de-

termine non-dispersive resistance components as zero terms of

the appropriate power series.

The matrix-rational operators type Z(s) and Zy(s) in the
system of equations (2) (see also Fig. 2) are decomposed in a
power series of s:

Z(s)=R(s) + X(s) =

=r+ irnsz” +S<L +iLnszn>

n=1 n=1

17)
Zo(s) = Ro(s) + Xo(s) =
=r’+ Z ris? + s(L0 + Z LSS”’)
n=1 n=1
or in a power series of 5!
Z(s)=R(s) + X(s) =
=14+ rs 4! <}: + Z}:ns‘z”>
n=1 n=1
(18)
Zo(s) = Ro(s) + Xo(s) =
=r'+ z ros 2 457! <ZO + Z ZSS‘”’)
n=1 n=1
where:
r, r,, r’, r’ — resistance matrices;
L,L,, L% LY — inductance matrices;

¥, %,, X% £ _ elastance matrices (the inverse of the capacity).

With a view to the suboptimal control (see formulas (14, 15
and 16)), assuming the nondispersive operator R'asr (R'=r),
the following is obtained:

— the suboptimal control operators

X,u(5) = X()r e — X(s) = {(Lrlro ~ L)+

R (19)
+ Zszn(Lnr‘er — Lg)}
n=1
for s decomposition, or
X up(s) = 57! [(Zrlro - ZO) +
(20

+ i s’2"<2‘.n r i’ —x0 )}
n=1

for s ! decomposition,
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— and the differential operators of mismatch resistance

( +er Jr r—r’ -
ni_l zszn(rr PO

AR(s) = R(s)r 'r’ —

or z (g0~ r0).

They all are the matrix operators of multiple differentia-
tion or integration wherein X, (s) operators are odd opera-
tors (skew-Hermitian) and AR(s) operators are even operators
(Hermitian).

Decomposition of a single rational function H(s) in a power
series of s, which is essential in further proceedings, is carried
out as follows:

bo+ bis + bys® + ...+ by_ sV !
H(S): 0 1 2 N—1 _

2 N
ag+ ais + as™+ ... +ays

2 3
= X+ X185 + X587 + X358 + ...

The set of searched coefficients {x,},~; meets the system of
equations:

agxo = by
apxy + ayxg = by
apxs + ajx; + ayxg = b,
(21)
apXy 1+ aixy 2+ axy 3+ ... +ay_1x9=by

agX, N+ a1X, yn 1+ @ n2t o+ ayx, =0

From the first N — equations of equations system (21) the initial
values of sequence {x,},_, are determined:

{xos X1, ...,XN,I}-

The rest of equations are recursive equations from which the
remainder values of the sequence {x,},-, are determined by
substituting:

This leads to a characteristic equation of the system with the
rational transmittance H(s):
2 N _
{ag+ aip + axp® + ... + ayp™ = 0}. (22)

The roots of characteristic equation (22):

{plaPZap3s ~--5pN9}

Bull. Pol. Ac.: Tech. 67(3) 2019
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are simultaneously poles of H(s) (the eigenvalues). The general
solution of the recursive equation (21) has the form:

N
Xp= D Culu” (23)
m=1

where a set of constant {c,,}»,_, is determined from the the
linear equations:

N
D ewpu" =x, forn=0,1,2,.,N—1 (24

m=1

The same rational function can be decomposed in a series ‘s :

by 14 by a5 by 35 4 o4 bys VD
H(s) = N-1T by—2 N-3 0 1=

ay + aN,ls’l + aN,zs’z + ...+ aos’N
)S’l.

The searched coefficients set of the series {y,},~ meets N
— equations of initial conditions:

= (yo +y1s*' +y2s’2 +y3s*3 + ...

ayyo = by_,
ayy,+ ay_1yo = by_»

ayy, + ay_1y1 + ay_2yo = by_3 (25)

ayyn—1+ay_1Yn_2+ay_2Yyn_3+ ... +a;yo=by

from which the values of {y,} "¢ and recursive equation are
determined:

anYninN+an-1VniN-1 T Ay2Vnin-2+ ..+ ay, =0
which, after substituting x,, = p” transforms into the charac-
teristic equation (22) so in the same equation as for the ‘s’

decomposition. Thus the general form of the series {y,},~
takes a form:

N
Yn = dupr (26)
m=1

where the weighting coefficients {d,,}n_, satisfy the system
of linear equations:

N
D pndy =y, forn=0,1,2,.,N-1 (@27
m=1
and the {p,,},—1 is the set of poles of the rational function H(s).
Example 2.

A special role is played by the 2nd order system, for which:

Bull. Pol. Ac.: Tech. 67(3) 2019

bo + bys by + bys !
H(S): 0 1 :S,l 1 0

ag+ as + a2s2

a, + als’l + aos’2

with real coefficients, but such that a,, a;, a, have the same sign
(a9 #0,a, #0). The ‘s’, ‘s> decompositions then proceed
according to the following scheme:

H(s)=Xo+ x5 +x38° + ... =
)s™!

The common characteristic equation and poles can be expressed
in the form:

= (y() +y1S71 +y2s’2 + ...

ag+ap+ap® =0

hence
_ @ . ar\?
p=o Tt Ga = (7>
{p1,p2} = {p, P’} sothat |p| =+aga,
Note
When:

Initial conditions and the general solution of recursive equations
for sequences {x,},~o, {¥a}n=o take the form:

b
apxg = by X0 = =
ao
- apby — aiby
apX +611XO:b| X1 :72
ag
for the ‘s’ decomposition, and
b
ayo = by Yo= —
as
- aby — a b,
ary1 +aryo = by n=——5
a

for the “s!” decomposition.
Hence:

=ep "+ e(p)’

wherein the coefficients ¢y, ¢, satisfy the system of equations
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X0 1 el
Wy = ot | = (P) xo—x
X1 (P)
1 X0
Wo=| =X1—Pp X W
p X1
w\—1 -1 *
W= (p ) -p =-W.
So occurs:
« W -W,
=—F=—""=0
w -W
On the other hand:
= dlp” + dz( )
where:
di+d, =y 1%
—> d,= ;‘}2
pdy+p'dy=y
W =p'yo—

Wy =—(pyo—»)=-Wyi
W=p —p=-W

and hence: d; = d,.
Thus, the common expansion of s/s~! will take the following
form:

i(cp +c

n=

(=1

I
Mz

—n)sn _
n [2|c||p|7"cos(éc — nép)fn)}s" =
HBRO)

1i(dp +d'(p ))*”:

0

[

= 1i:[2|al||p| cos Zd+n4p)} =
—5'y {d (g) + d*({)nJ.
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The general s/s™' expansion of a rational function of any
order has the following form:

(28)

3. The convergence of s/s”! series
The convergence of operators (differential /integral) set by se-
ries “s/s™!” (28) needs to be tested by a harmonic signal forcing,
substituting s = jo.
Hence the convergence conditions obtained:
— for the series ‘s’

Zl<1l > o< min {p,|} (29)
Pm 1<m<N

— and for the series ‘s
Prlct 5 o> max {|p.). (30)
[0 1<m<N

Particularly for the 1st and the 2nd order systems:

b() . b0+b|S

b
ag+s

B ao,al,a2>0
ag+ aps + as

whose poles are appropriate:
p=—ap

for the Ist order system and

A— 2 o a; 2
=aj — 4aga, = (-1)4(aga, — 3) )~

2
> pi2= —%I Tj\aoar — <%) + |pia = Vagas

for the 2nd order system.

Hence, the following convergence conditions for the series ‘s’
and ‘s are obtained:

Order 1: o < ag > ag
Order 2: o < min|p| o > max|p|
Bull. Pol. Ac.: Tech. 67(3) 2019
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where:
min|p| = =~ VA:
max|p| = 5+ VA;
a 2
and \/K: (7) — dpap

appropriate to the ‘s” and ‘s™"” series for real poles, and:

Order 2: o <\aya, w >\ aga,

for the complex poles and appropriate to the ‘s’ and ‘s !’series.
The appropriate location of the poles on the plane is illus-
trated in Fig. 4.

%ﬁ%
>

Fig. 4 The location of poles of the system on the plane

The ‘s’ series, as a multiple differentiation system is conver-
gent in the low frequency band, while the multiple integration
system described by the ‘s!” power series is convergent in
the high frequency band. It means that the frequency range of
convergence for the ‘s’ decomposition is bound above and an
appropriate range of convergence for the ‘s~!” decomposition
from the bottom.

4. Conclusions

In order to obtain the energy-optimal currents distribution, it
is necessary to determine the optimal control operator. The op-
eration of inverse a matrix-dispersive Hermitian operator R(s)
is considered, which consists of two parts: a matrix operator
inversion and a rational dispersive operators inversion. How-
ever, to avoid executing this second step, so called suboptimal
control with the operator in which the resistive components are

Bull. Pol. Ac.: Tech. 67(3) 2019

nondispersive, is suggested. It can be achieved by decomposing
all impedance operators participating in the issue in power se-
ries of variables s” or *s7"".

It allows for a simple separation of impedance operators
on the part of Hermitian and skew-Hermitian, and also for
finding non-dispersive resistance components as zero terms of
appropriate power series. A key aspect is the decomposition of
a single rational function H(s) in a power series of ‘s’ or ‘s 1"
To examine this the following is proposed.

Theorem. The given, stable rational transmittance

- b() +b|S + b252 + ...+ bN,1SN71

2 N
ag+ ais + a,s™+ ... +ays

H(s)

with real coefficients can be decomposed in power series of
“s/s”! type:

H(s)= ans” =g Z Vs "
n=0 n=0

which complete series coefficients {x,},~¢, {V,}n=0 are de-
termined by formulas:

N N

—-n n

Xp = Z CmPm > Yn = z dmpm
m=1 m=1

where {py, pa, p3. ..., py,} is the set of single poles of the func-
tion H(s), ie. the roots of characteristic equation:

ag+ ais + a4+ ... +ays¥ =0

and the constant weight {c,,}_; and {d,,}_, are determined
from the system of linear equations

N N
> P Cn =Yg Y. Py =Yy
=1 =1

forn=0,1,2,..,N—1

where the initial values of series, ie. {x,}2_,, {y,}A_,, are cal-
culated from the bottom triangle systems of linear equations
(21) and (25).

REFERENCES

[1] C.A. Desoer, “The maximum power transfer theorem for
n-ports”. IEEE Trans., vol. CT-20, 228-230, (1979).

[2] R.A. Rohrer, “Optimal matching: A new approach to the
matching problem for real invariant one port networks”. /EEE
Trans., vol. CT-15, 118-124, (1968).

[3] M. Siwczynski, A. Drwal, and S. Zaba, “Minimum-energetic
sinusoidal signals distribution in electrical circuits”, Wiadomosci
Elektrotechniczne, no. 9, 22-25 (2014), [in Polish].

[4] L.S. Czarnecki, “Discussion on a uniform concept of reactive
power of nonsinusoidal currents in a time-domain”, Przeglgd
Elektrotechniczny, vol. 85, no. 6, 164—-166, (2009).

[5] A.P. Rens, “Validation of popular nonsinusoidal power theories
for the analysis and management of modern power systems”,
North-West University, Potchefstroom Campus, 2006.

619



(6]

620

www.czasopisma.pan.pl P N www.journals.pan.pl
=

M. Siwczynski;'S! Z4bd, and A. Drwal

J. Walczak, and M. Pasko, “The minimization of losses of ac-
tive power and the symmetrization of power flow in the nonsi-
nusoidal systems”, Jakos¢ i Uzytkowanie Energii Elektrycznej,
vol. 5, no. 1, 55-59, (1999), [in Polish].

L.S. Czarnecki, “Currents’ Physical Components (CPC) concept:
a fundamental for power theory”. Przeglgd Elektrotechniczny,
vol. 84, no. 6, 28-37, (2008).

M. Siwczynski, A. Drwal, and S. Zaba, “Energy-optimal current
distribution in a complex linear electrical network with pulse or
periodic voltage and current signals. Optimal control”, Bull. Pol.
Ac.: Tech., 64 (1), 45-50, (2016).

M. Siwczynski, A. Drwal, and S. Zaba, “Energy-optimal current
distribution in a complex linear electrical network with pulse
or periodic voltage and current signals. Suboptimal control”.
Measurement Automation Monitoring, vol. 62, no. 4, 125-128,
(2016).

[10]

(1]

M.A. Krasnosielskij, F.A. Lipszyc, and A.V. Sobolev, “Pozity-
wnyje liniejnyje sistiemy”. Science, Moscow, 1985, [in Rus-
sian].

E.N. Rosenvasser and S. K. Volovodov, “Operatornyje mietody
i kolebatielnyje processy”. Science, Moscow, 1985, [in Rus-
sian].

D.V. Lee, “On the power-series expansion of a rational function”,
Acta Arithmetica, vol. 57, no. 3, 229-255, (1992).

P.B. Laval, “Representation of functions as power series”, Ken-
nesaw State University, USA, 2008.

A. Straub, “Multivariate apery numbers and supercongruences of
rational functions”. Algebra Number Theory, no. 8, 1985-2007,
(2014).

M. Houben, “Congruences for Coefficiences of Power Series
Expansions of Rational Functions”. Utrecht University, Nieder-
lads, 2016.

Bull. Pol. Ac.: Tech. 67(3) 2019



