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THE INFLUENCE OF EQUIVALENT RADIUS AND THREAD 

INCLINATION ANGLE IN A SCREW JOINT ON DISSIPATION 

OF ENERGY FOR FRICTIONAL MODELS OF BOLTED JOINT 

The article presents the problem of structural friction appearing in a screw 
joint with frictional effects between its elements. In the article, two mathematical 
models of screw joint are analysed. In the first model, high stiffness of a nut is 
assumed. In the second model, the influence of both cooperating elements (the 
screw and nut) is assumed. 

1. Introduction

Damping of vibration results from mechanical energy dissipation, which 
is associated with motion of mechanical assemblies [3,] [4], [5], [19], [20]. 
The largest intensity of vibrations appears in resonance states, and can cause 
defective operation of equipment (reduced accuracy of performance of 
elements). Furthermore, the vibrations can destroy mechanical elements and 
cause disconnection of joints, too. In many cases, constructors use special 
dampers of vibrations. Admittedly, it raises costs and causes additional 
problems with exploitation. Thus, it seems useful to continue works on 
suppression of vibrations by natural ways, such as structural friction. 

Real bodies are not perfectly stiff, and therefore even after application 
of very small forces to shift two tightened elements springy deformation 
of some areas of these bodies follows. There are very small slides on the 
areas. The forces of friction execute work, so they cause dissipation of 
energy. There are many joints in machines and systems that are motionless 
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by definition. Yet, in consequence of the deformations in the joint bodies, the 
dissipation of energy· appears in them. The resistance caused by friction in 
motionless joints related to elasticity of connected bodies is called structural 
friction [3], [4], [17], [19]. 

The article presents the problem of structural friction appearing in a screw 
joint with frictional effects between its elements (Fig.I). The description 
of this problem is not simple, therefore, basic laws of mechanics of stress 
and deformation distribution tension, compression, torsion and shearing are 
often applied. 

The hysteresis loop is the measure of energy dissipation in mechanical 
arrangements. In the paper, the influence of angle of thread inclination of 
a screw joint and of equivalent radius on dissipation of energy (hysteresis 
loop) for two mathematical models of screw joint is presented. 

aP 

X 

Fig.I. Physical model of the considered screw joint 

2. Mathematical models of screw joint

The purpose of this article is to show the influence of angle of thread 
inclination of a screw joint and equivalent radius on dissipation of energy 
for the frictional models of bolted joint. First, two models are drawn up. In 
the first model, high stiffness of a nut is assumed. In the second model, the 
influence of both cooperating elements (the screw and nut) is assumed. 

The considerations in both cases were divided to two stages, analysing 
first the segment of screw joint (Fig.2, Fig.3), and then solving the value of 
dislocations and deformations of extreme section of the whole connection 
(Fig.I). 
where: 
d

0 
- equivalent diameter, d, d

3 
- external and internal diameter of cube of 

surface of segment, d -external diameter of screw joint, p -unit pressure, 
s -height of segment;µ -friction coefficient, a"

1 
, a"

2 
- stresses, /3 - angle of

thread inclination of a screw joint, Ltr
01 

- absolute extension, u-dislocation
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a) b) c) 

Fig.2. Model 1 - segment of screw joint: a) axial loading; b) axial releasing; c) dislocation of the segment 

of screw joint. 

D 
d,12 

a) b) 

: :: 

c) 

Fig.3. Model 1 - segment of screw joint: axial loading;axial releasing; dislocation of the segment of screw 

joint. 

of the segment of the screw joint, L1 - clearance between cooperating 
elements. 

Assumptions: 
1. Distribution of the pressure per unit area between cooperating surf ace

of screw joint is uniform.
2. Joined elements can be characterized by a constant coefficient of

friction for any value of the pressure per unit area.
3. Friction forces on the faying surface of mating elements are subject

to Coulomb's law.

4. Properties of the material are subject to Hooke's law.

5. Friction is fully developed in the slip zone and amounts to zero outside
of it.
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6. Changes in the force Pare slow, which justifies the omission of inertia
forces.

7. Assumption of plane sections (transverse sections are plane and do
not deform after stress) holds.

8. In the model, the role of internal friction is not taken intro account.

It is assumed that the screw joint is axially loaded. Therefore, the problem 
is split into two stages (loading and releasing) and the maximum stresses are 
in elastic strain of material of screw joint. When the loading increases, the 
forces of friction on the joined surface increase gradually, too. When the 
unit pressure p is very high, the elements become permanently joined. The 
friction forces change their sign from µ-p to -µ-p . The elements in the 
system do not get relocated, which results in a permanent radial deformation 
(segment 2 - Fig.4). 

Umin Umax U 

Fig.4. Hysteresis loop of the screw joint. 

The system is exposed to normal stresses ax and ax+Aax distributed 
evenly on the surfaces of the elements in the system (Fig. 2). The normal 
stresses occur due to action of the ax P ( O �a� 1 ) axial load in the discus­
sed system. 

The value of the average radius is the following [l], [14], [15]: 

d 2 
_o =r. 

2 ° 3 (2.1) 

For the model 1, the process of loading and unloading ( segment 1 and 3 -
Fig.4) can be described with the following equations: 
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The equation of the equilibrium of forces operating in the system (in the 
direction of the x-axis, Fig. 2) is as follows: 

- for the screw sector

- a ·:r ·r.
2 

- µ ·p ·cos/3 ·21r ·r. s - p ·sin/3 ·21r ·r.
0

s 
+ ix O O 

2cosf3 2cosf3 (2.2) 
+ ( alx + .l\alx ) •jf ·ro2 =O

The equation of the equilibrium of forces operating in the system in the
radial direction (y-axis, Fig. 2) takes the following form: 

- for the screw sector

-o-1r +µ-p·sinp-p·cos P=O

p·cosP·(l-µ-tg P)·(l-v i ) 

E l

(2.3) 

(2.4) 

L1rot 
u =- (2.6) 

tgp 

After substituting formula (2.5) into formula (2.6), the following formula 
on the axial displacement is obtained: 

u =

p·cos P·r 0·( 1-µ·tg P)·( 1-v i ) + v 1
·r0 ·a tx 

E
1
·tg p E

1
·tg p

(2.7) 

(2.8) 
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After transformation of formulas 2.4 and 2.8, we obtain: 
u" +(v 1·r0 _ 2v 1·r0·cosfi·(l -µ·tg P) )·tg P·(tg p+ µ) ·a' _

Ix tg P tg P+ µ r�·cos P·( 1-µ·tg P)·(l-v
1) 

Ix 

+tg P·(tg p+ µ) 
•(J =O (2.9) 

r�·cos P·( 1-µ·tg P)·( 1-v1 ) Ix 

(2.10) 

where: 
v 1 ( tg P + µ-2 sin P + 2 cos p · µ · tg2 p)

r
0
·cosP·( 1-µ·tg Pl-(l-v 1

) 
b = tg P·(tg p+µ)

' 0 r�·cosP·(l-µ·tgfi)·(l-v0) 

(2.11) 

The axial displacement of the whole screw joint during loading of the system for the boundary conditions (Fig.l): 
for x=O=>u

1x=O 
a·P for x=H=>u 1x=--

2 
n·r

0 

where: 
a - coefficient which changes from Oto 1 O�a� I (Fig.4)can be described: 

a·P cos ,8·(1-µ-tg ,8)·(1-v i )
ul ----!x=H1-1C·E( tg ,8. 2(tg ,8+µ) 

✓a 2 +4b00 

th [ � ✓ a 
0

2 + 4b0] 

VIa+­
o r 0 

(2.12) 

(2.13) 
where: H-height of screw joint, u-axial displacement, P- axial force,p-pressuresper unit area;µ-coefficient of friction; E; -Young's modulus of elasticity.

Similarly, the dislocation of the extreme cross-section in stage three is solved, and it has the following form: 
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a· P cos ,8·(1 + µ·tg ,8)·( 1 -v 1) 
ul!x=HI 1e·E

1
·tg ,8 2(tg ,8-µ) 

(2.14) where: 
v 1 (tg ,8-µ-2 sin,8-2cos ,8· µ·tg2 p) tg ,B·(tg ,8-µ) 

a=------------, b
11 r

0
-cos,8·( 1 + µ·tg ,8)·( 1-v i ) r�·cos,8·(1 +µ·tg ,B)·(l-v 1) 

(2.15) 
The energy dissipation for one cycle of stress (Fig. 4) equals: 

where: 
r0 

cos,B·(l-µ·tg,8)·(1-v i ) ✓a02+4bo
n,

=

�· 2(tg,8+µ) . 
th[H. la +4b l 

ao 
2 " 0

2 0 

r
0 

cos,8·(1 +µ-tg,8)·(1-v i ) ✓di +4b
1n =-· · 

.----- - a 
' v, 2(tg p-µ) th[� -✓ai+4b, l t 

(2.16) 

(2.17) 

The dislocation of the extreme cross-section and energy dissipation for one cycle of stress for model two are solved similarly and they have the following form: 

(2.18) 
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I I I · 1o +4b 
a·P 1·r0 o 1·2 2v12 1 

ul ,=--· -----+--------=----� 
(x =H ir·r� tg p 2tg fJ 2t P·th[ H I +4b lg 2 v o 12 i 

v2·ro v
l 11 =- ( 2 2)+-E E · r -r 1 2 zO 0 

2v 1 • r O • cos /J · ( 1 -µ-tg fJ) m = --------0 E l ·( µ+tg P)
2v i 'r0·cos /J·( 1 +µ-tg fJ)m1 = 

£1 ·(tg {J- µ)

Energy dissipation for one cycle of stress (Fig.4) equals: 

where: 
/I. r o a · I Io.Jo 2 + 4bo

m = ---__Q_Q_+ ____ o ----
' tg p Ztg p 2tg p-,h[ f ✓a

0
2+4b0 ]

l 1·ro 01·/2 l2·)012 +4b 1
m = -----+--------

' tg p Ztg p 2tg P·th[ � ✓a

12+4b1 ]

(2.19) 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

A detailed analysis of this problem was described in earlier articles by the author [10], [11], [12], [13]. 
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3. Simulation results

Simulations have been conducted with the help of professional software 
(Mathematica 4.1). The main purpose of the simulations was to show the 
influence of the angle of thread inclination of a screw joint and of the 
equivalent radius on dissipation of energy for the frictional models of bolted 
joint. 

The values of the loop field of hysteresis and the values of displacement 
for selected angles (metric and unified screw thread) of thread inclination 
were taken down in Table 2 and Table 3. 

Simulations show (Fig. 5 and Fig. 6) that the dependence between the 
angle of thread inclination of a screw joint and the field of hysteresis is not 
linear. Similarly, the dependence between the angle of thread inclination of 
a screw joint and the displacement of the extreme cross-section is not linear 
either. 

Moreover, it can be easily noticed that both values decrease with the 
growth of value of inclination angle of screw thread. It can be proven that in 
inch screw joints (thread angle amounts to 55 degrees) the natural dissipation 
of energy is larger than in metric screw joint (thread angle amounts to 60 
degrees (Table 2). The screw connection should be self-locking and the 
thread angle has to meet condition (tgp 5: µ). 

Table 1 

No. Parameter [unit] Value 

1. Maximum axial force P [NJ 8000 

2. Parameter a1 
1 

3. Parameter a1 
0.125 

4. Poisson ratio v 0.32 

5. Young's modulus E [Nim] 2. l xl011 

6. Coefficient of friction µ 0.17 

7. Angle of thread inclination of a screw joint � [0] 55;60 

8. Full diameter of screw d [m] 10xI0·3

9. Inside diameter of screw d1 [m] 8.026x l0-3

10. Equivalent diameter of screw joint d. [m] 13xl0·3

11. Height of screw joint H [m] 20.03xl0·3

12. Pitch of thread s [m] l .5xl0·3

13. Equivalent radius ro [ml 4.525xl0·3
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Angle 
IH°l 

60 

55 

Angle 
�[

OJ 

60 

55 

Model 

Model 1 

Model2 

Model 

Model 1 

Model2 
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Loop field of hysteresis� [Nm] 

Model I Model 2 

0.0014177 0.0017854 

0.0018024 0.0022564 

Displacement u [mm] 

Model I Model2 

0.0011412 0.00139738 

0.0015071 0.0018562 

Loop field of hysteresis � [Nm] 
�=55 [0] �=60 C0l 

0.0018024 0.0014177 

0.0022564 0.0017854 

Displacement u [mm] 

�=55 [0] 

0.0015071 

0.0018562 

0.0035 

I 0.003
-

:, 

,:0,0025 
QI 
E 

c30.0015 

�=60 [0] 

0.0011412 

0.00139738 

In percentages [%] 

Model I Model 2 

79.40 

79.88 

In percentages [%] 
Model 1 Model2 

81.67 

81.19 

In percentages[%] 

�=55 [0] �=60 [0] 

100 

100 

In percentages [%] 

�=55 [0] �=60 [0] 

100 

100 

�0.002

L� 
------·--�-l- -�--�-�-� 

40 45 50 55 
Angle of inclination thread of a screw joint p fl 

60 

Table 2 

100 

100 

100 

100 

Table 3 

78.66 

79.13 

75.72 

75.28 

Fig.5. Dependence of angle of thread inclination of a screw joint u(�) on displacement: 
a) model I; b) model 2

It can be stated that while designing machines, devices and constructions 
in which one intends to have the best utilization of natural properties of 
damping of vibrations of thread joints, one should use screw threads with 
the smallest angle of screw thread /3 (Fig. 6) - taking all geometrical 
parameters and the property of screw joint (e.g. self-locking condition) into 
consideration. 
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Fig.6. Dependence of angle of thread inclination of a screw joint 'ljl(f3) on energy losses: 
a) model I; b) model 2

The influence of equivalent radius on displacement of the extreme 
cross-section for the frictional models of screw joint is not linear (Fig.7). 
Similarly, the influence of radius on dissipation of energy is not linear, 
either (Fig.8). Calculations have-been conducted with professional software 
(Mathematica 41). The program allows for changing all geometrical 
parameters of screw joint. 

Graphs 7 and 8 show that, with the growth of value of equivalent radius, 
both values (energy losses and displacement) decrease. 

Moreover, displacement and energy losses are larger for model 2 Fig.5 
and Fig.6 

..... 0.0020 I 
E 
.s..o.001a r 
::, I 

C I e 0.0016
., I 
u I 
! 0.0014: 

-!!! I 00.0012 I 1 
L __________________ -----�--=--=---=====:::::::-.-=.,=· !
4 4.2 4.4 4.6 4.8 5 x10·

3 

Equivalent radius r0 [m] 

Fig.7. Dependence of equivalent radius of a screw joint u(rJ on displacement: a) model I (f3=60°); 
b) model 2 (f3=60°); c) model 1 (f3=55°); d) model 2 (f3=55°)
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Fig.8. Dependence of equivalent radius of a screw joint 'lj)( rr) on energy losses: a) model 1 (�=60"); 
b) model 2 (�=60•); c) model l (�=55°); d) model 2 (�=55°)

4. Conclusion

The article presents a problem of dissipation of energy in screw joints 
with frictional interaction between its elements. The structural friction in 
screw joints can be used to damp vibrations in dynamic systems. Thus, it 
seems useful to continue works on suppression of vibrations by natural 
ways, such as structural friction. Basic laws of mechanics have been appli(?d 
during the analysis of the distribution of stresses and deformations at tension 
and compression. The calculations have been conducted with professional 
software (Mathematica 4.1), which made it possible to analyze them 
quickly. 

The article presents two mathematical models of screw joints. In the first 
model, high stiffness of a nut is assumed. In the second model, the influence 
of both cooperating elements (the screw and nut) is assumed. 

The results of the simulation show that geometrical parameters of screw 
joint (Table 1) have large influence on the dissipation of energy (Fig .6 and 
Fig.8) and the dislocation of the extreme cross-section of screw joint (Fig.5 
and Fig .7). The value of the loop field of hysteresis and the maximum values 
of displacement for selected angles of thread inclination were taken down in 
Table 2. Simulations show (Fig.5 and Fig.6) that the dependence between 
the angle of thread inclination of a screw joint and the energy losses is not 
linear. Similarly, the dependence between the angle of thread inclination of 
a screw joint and the displacement of the extreme cross-section is not linear, 
either. 

Moreover, the growth of value of inclination angle of screw thread both 
values decrease. It can be proven that in inch screw joints (/3=55°) the natural
dissipation of energy is larger than in metric screw joint (/3=60°).
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Mathematical models were created on the basis of an equivalent 
radius (formula 2.1). The value of the equivalent radius depends on 

character of pressure per unit area. In the article, it has been assumed that 
the distribution of the pressure per unit area between cooperating surface 
of screw joint is even (2.1-2.25). This is not true. In real mechanical 
systems, the distribution of pressure per unit area can have different 
shapes (triangular, parabolic etc.) and that is why the value of equivalent 
radius is different too. 

Graphs 7 and 8 show that with the growth of value of equivalent 
radius both values (energy losses and displacement) decrease non-linearly. 
Simulations show that in model 2, the values of dissipation of energy and 
displacement are larger than in model 1. 

Manuscript received by Editorial Board, May 25, 2007; 
final version, December 20, 2007. 
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Wplyw ktta pochylenia gwintu i promienia ekwiwalentnego 

na rozpraszanie energii dla czysto- tarciowych modeli pol11a.enia gwintowego 

S t r e s z c z e n i e  

W artykule przedstawiono problem tarcia konstrukcyjnego w aspekcie rozpraszania ener­
gii w politczeniu gwintowym. Rozpatrzono dwa modele matematyczne politczen gwintowych: 
model czysto - tarciowy z zatozeniem duzej sztywnosci n�tki oraz model czysto-tarciowy 
z uwzgl¢nieniem oddziatywania obu wsp6lpracujitcych element6w (sruby i n�tki). 




