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The behaviour of energy levels and optical spectra of a charged particle (electron or hole) confined within
a potential well of ellipsoidal shape is investigated as a function of the shape-anisotropy parameter. If two
energy levels of the same symmetry intersect in a perturbation-theory approximation, they move apart
on direct diagonalization of the appropriate Hamiltonian. The intersection of the energy levels leads to a
discontinuity of the corresponding dipole-moment matrix element. The discontinuity of matrix elements
is not reflected in the behaviour of transition probabilities which are continuous functions of the shape-
anisotropy parameter. The profiles of a spectral line emitted or absorbed by an ensemble of ellipsoidally
shaped nanoparticles with a Gaussian distribution of size are calculated and discussed.
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1. Introduction

In a regime of strong size quantization, the electron-hole
Coulomb interaction energy is much less than the energy of a
charged-particle electron or hole confined within a crystalline
semiconductor structure of varied shape and nanometre size. In this
regime one can hence neglect the Coulomb interaction and treat
the electron and hole independently. The most important result
that early investigations revealed is the strong interdependence
between the character of the energy spectrum of the nanometre-
size object and its geometrical parameters [1]. In these works, the
qualitative and quantitative descriptions of the electronic, optical
and mechanical properties apply to spherical nanoparticles, i.e.,
for spherical quantum dots (see Ref. [2] and references therein).
The properties of nanoparticles having cylindrical [3-6], ellipsoidal
[7-10], semi-ellipsoidal [11], pyramidal and lens shape with infi-
nite and finite [12-14] barrier heights were subsequently analysed.
Furthermore, to facilitate the comparison of calculated results with
the probable and available experimental data, size distribution of
growing quantum dots have been taken into account [15-18].

Experiments indicate that small nanoparticles have a nearly
spherical shape, whereas large nanoparticles have an ellipsoidal
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shape. For the growth of a nanoparticle with various methods,
the energy spectrum varies continuously with its size and shape.
An advantage of nanoparticles of ellipsoidal shape with respect
to spherical quantum dots arises from the additional geometrical
characteristics related to shape-anisotropy parameter 8 (8=c/a in
which c and a are prolate ellipsoidal semi-axes). That effect makes
possible the tuning of the spectral properties of objects of nanome-
tre size. The tuneable control of spectral and optical characteristics
of the nanometre objects through size and shape opens exciting
possibilities for the engineering of new functional materials with a
wide prospective application. Ellipsoidal nanoparticles thus play an
important role for applications; the most promising candidates for
further technological advances are precisely the ellipsoidally elon-
gated objects of nanometre size. Acomprehensive knowledge of the
spectral and optical properties of ellipsoidally shaped nanoparticles
is hence desirable.

In our recent papers [19,20], we considered a charged particle
(electron or hole) confined within a potential well of ellipsoidal
shape; the problem was solved in an effective-mass approxima-
tion. We assumed that a spherical potential well with infinitely high
walls was subject to a deformation, which makes its shape that of a
prolate ellipsoid. For a small deviation from the sphere the problem
is solvable according to perturbation theory, with the unperturbed
wave functions and energy levels corresponding to a spherical well.
For an arbitrary deviation from a spherical shape the problem was
solved using a direct diagonalization of the appropriate Hamilto-
nian. The energy levels and the corresponding wave functions have
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been thus obtained for the shape-anisotropy parameter 8 over a
wide range. Using the obtained wave functions and energy lev-
els, we calculated the optical-transition matrix elements in the
dipole approximation. The transition-matrix elements involving
the ground and first excited states are monotonic functions of
B, whereas matrix elements involving the corresponding excited
states have zeros and extrema that are reflected in the behaviour of
their transition probabilities. Furthermore, some matrix elements
involving the highly excited states have a discontinuity. This out-
come is unexpected and requires comprehensive study to establish
its origin and influence on the optical properties of nanoparticles.
Although the existence of an effect of quantum confinement on
the optical response of nanoparticles is well established, the fine
structure of their emission and absorption spectra is incompletely
studied.

For a diatomic molecule, only terms of distinct symmetry can
intersect; the intersection of terms of like symmetry is impossible
[21].If, as a result of some approximate calculation, we obtain two
intersecting terms of the same symmetry, they are found to move
apart on calculating the next level of approximation. This result not
only is true for a diatomic molecule but also is a general theorem of
quantum mechanics; it holds for any case in which the Hamiltonian
contains some parameter of which its eigenvalues are consequently
functions [22].

In this work, we seek to show that the above-mentioned
property of diatomic quasi-molecules is also characteristic for ellip-
soidally shaped nanoparticles with a variable parameter. Explicitly,
we show that for an ellipsoidally shaped nanoparticle some curves
representing the highly excited energy levels of the same symmetry
intersect for the some shape-anisotropy parameter g if the energy
levels are calculated with perturbation theory; the intersection of
these curves is impossible if the energy levels are obtained by a
direct diagonalization of the appropriate Hamiltonian, i.e., when
the interaction between the states is fully taken into account. We
demonstrate that the intersection of the excited energy levels of the
same symmetry leads to the discontinuity of the dipole-moment
matrix elements involving the excited and ground states. Moreover,
we explore the optical properties and show that the appearance of
some features in the profiles of spectral lines emitted or absorbed by
an ensemble of ellipsoidally shaped nanoparticles is caused entirely
by the existence of minima and zeros in the appropriate dipole-
moment matrix elements.

The article is organized as follows. After stating the purpose,
we present briefly the basic equations in Sect. 2. The results of cal-
culations are presented and discussed in Sects. 3 and 4, before a
conclusion in Sect. 5.

2. Intersecting and non-intersecting energy levels

We consider a charged particle of effective mass m* confined
within a potential well of ellipsoidal shape with semi-axes a=b
and c:

X24y2 22
a2 c2

=1. (1)

In (1) a represents the size of a well in directions x and y, c is
the size in the direction z. The simplest potential V(x, y, z) of that
type is zero inside the ellipsoid and infinite on the surface of the
ellipsoid and beyond. The corresponding Schrédinger equation that
describes the motion of a particle trapped inside the ellipsoid, with
the boundary condition for the wave function to be zero on the
surface and outside the surface of the ellipsoid, reads:

2m*
| Az + 1 = Z5V(xy.2)| W(xy.2) = 0, @)

in which K% =2m*E[r2.

In new variables & =xrg/a, n=yro/a and ¢ =zrp/c, the boundary
condition transforms from the surface of the ellipsoid to the sur-
face of a sphere of radius ry = (§2 + 7% + g2)1/2. After writing the
Laplace operator Ayy; in the new variables, we rewrite Eq. (2) as:

[Asng +K2 - CIU(«‘;:, n, g)] lI/(%', n, g) =0, (3)
in which
Cz(az_r(z)) C 2, .2 2 2
U={ 2(c—a) st g P&+ e <n. 4)
o0 if&+n+¢>=13,

and o =r3(c? - a2)/(ac)? is the parameter that reflects the devi-
ation of the potential well from a spherical well. Parameter « is
related to B according to o = r2(1 — B72)/a?.

Transforming from coordinates &, n and ¢ to spherical coordi-
nates & =rsintcosg, n =rsinvsing and ¢ =rcos? in Egs. (3) and (4),
we obtain an equation that describes the motion of a particle in the
sphere:

[Arsyp + K2 —aU(r, 9, ¢)| W(r, 9, ¢) =0. (5)

The problem of the motion of a charged particle in an ellipsoidal
well thus reduces to the solutions of Eq. (5), in which effective
potential U(r, ¢, ¢) is defined with Eq. (4) with Ag, - replaced
with the Laplace operator written in spherical coordinates, and

0/d¢ =0/drcos® —r~1sin?d/dV.
2.1. A perturbation approach

In a spherical potential well (« =0), the states of a particle are
specified with quantum numbers n, [ and m. Here [ is the orbital
quantum number and m=0, +1, £+ 2, ... is the magnetic quantum
number of the particle; n, which has no dependence on m, numbers
the level in the spherical well for given I. The solutions of equation
(A + k%l)llfnlm = 0 are well known and given in textbooks. The
eigenfunctions are ¥, (1, 9, ) = Coifi (k7)) Yim (9, ), in which G are
normalizing factors, j;(k,;r) are spherical Bessel functions and Y, (%,
@) are spherical harmonics. The corresponding eigenvalues depend
on the size of the potential well, ry, and two quantum numbers n
and I: k% = 72, /2, in which t,; is the nth root of a spherical Bessel
function determined from the condition j;(k,;1ro) =ji(Tn)=0.

In Ref. [19] we assumed that U is a small perturbation and
solved Eq. (5) using perturbation theory. For the first-, second-
and third-order corrections to the unperturbed energy, Efﬁ) =
h2t2 /(2m*13), we obtained:

nlm nl °’

2
r
_(!lo (1) 2p(2) 3£3) (0)
Enm = (az +aE, +a°ES +o En,m> E

a _ 12l + 1)+ 2m?
nim = (21 -1)(21+3)

E(z) :A2 3(3)

2 pB3)
nlm [+2%nl4+-2 +A1—ZB (6)

nl-2°

@) _ (€@ -1g) ORI CRE
Enlm = r2(c2 _ az) —A [Al+23nl+2 +A172Bnl—2 Tt
0

InEq.(6)A;and A, are defined with expressions (A7) presented
in Appendix A of Ref. [19]; Bfl)ﬁ =3 rﬁ,lﬁ/(rrz’l - rﬁ,lﬁ)s is the
infinite sum; 7,y and 7,/ , are the roots of spherical Bessel functions
Jilkyr) and jiuo(ky 7). respectively. For some states the energy
levels calculated using Eq. (6) are given in Appendix A.

We introduce dimensionless quantity &, that is related to
energy E,;, through equation. Figure 1 shows €131, €211 and €157 as
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Fig. 1. Quantities &3 (magenta dotted curve), €211 (red dotted curve) and &151 (blue
dotted curve) as a function of B calculated using perturbation theory. The solid
curves represent the same quantities but obtained from a diagonalization of the
Hamiltonian.

a function of shape-anisotropy parameter 8. Dimensionless quan-
tities &,;, were calculated using Eqs. (A.5), (A.7) and (A.9) in which
the latter two terms were neglected. In these equations a=ry is
fixed and c increases from c=rg up to c=8rg. Figure 1 shows that
the curves representing energy levels E;11 and E;sq intersect at
B=B0o=3.28.

From equations presented in Appendix A follows that the per-
turbed energy levels other than E>11 and Eq51 do not intersect.

2.2. Diagonalization of the Hamiltonian

We proceed to solve Eq. (5) by a direct diagonalization of
the Hamiltonian H=Ho+ah?U[2m* in which Ho=—h%Ay,[2m*,
U=02%/0¢2 and 0/0¢ = 0/drcost? — r~1sind/0 (a=rp in Eq. (4). An
analysis of the roots of the Bessel functions yields the following
series of energy levels in the spherical well: 1s, 1p, 1d, 2s, 1f, 2p, 1g,
2d, 1h, ... (s, p, d, ... denote energy levels with angular momen-
tum quantum number =0, 1, 2, ... [22]). For our purpose it is more
convenient to consider the states with given m separately and to
enumerate the states as follows: Y1 = ¥10m, ¥2 = ¥12m, ¥3 = ¥20m,
VY4=Y14m,. .. and analogously V1 =Y 11m, Y2 =V13m, ¥3=Y21m,
Y4 =Y¥15m,. . .. We hence introduce states in two sets with even and
odd I. Taking into account that the matrix element (Y| UV, ,)
differs from zero if I =1+ 2 [19], one obtains that the introduced
sets of wave functions are not bound; the states with even and odd
I can hence be considered independently.

We seek the solutions of Eq. (4) with a given parity of l as follows:

4
Wi, 0, 9) =Y GEW(r, 9, ¢). (7)
j=1
In Eq. (7) G are expansion coefficients that depend on energy E;
of the ith state.

The solution of Eq. (5) we thus reduce to the solution of a system
of homogeneous linear equations:

2m*ﬁ*2(E - E]]] )G — UG =0,

aUs1Cy = 2m* i 2(E — Ua3)Co + aUz3C3 + alUaCy = 0, (8)
alUsz Gy — Zm*h’z(E - l~]33)C3 =0,

alUgpCy — Zm*ﬁ’z(E — 044)C4 =0,

in which U; = Ego) + ah?U;;/2m*, Uj; are the matrix elements of
the operator U with respect to the unperturbed wave functions
Yi=Ynim: EEO) = E;(I)) are the energy levels of a charged particle
trapped in the spherical potential well.

The consideration of only four states in Eq. (7) is stipulated by
the fact that in this case the equation for the energy arises of the
fourth degree, which can be solved algebraically using the Ferrari
method [23]. The four-state approximation can reproduce satis-
factorily accurately all levels of an ellipsoidal nanoparticle that
correspond to the spherical quantum-dot levels specified at the
beginning of this subsection (an exception is level 2d with m=0,
which should be treated in a five-state approximation).

In Figure 1 the solid curves represent dimensionless quantities
& = 2m*r3E, /12, €3 = 2m*r3E3 /2 and &4 = 2m*r3E4/h? that are
obtained from the solution of the secular equation (the equation
derived from the condition that the determinant of the coefficients
of the unknowns in Eq. (8) vanishes). Figure 1 shows that the
solid curves do not intersect. We thus obtained that, in accordance
with the general theorem of quantum mechanics, the intersecting
energy levels of the same symmetry move apart on calculating the
next approximation. In the present case, the non-crossing of the
energy levels is caused by the interaction of ¥/51.1 and {151 states
with third state 1311, rather than a result of the direct interaction
of Y5141 and ¥ry5.1 states (Us4 =Uy3 =0 in Eq. (8). Another charac-
teristics that follows from Figure 1 is that for =, energy level
E3 obtained on diagonalizing the Hamiltonian coincides with the
energy levels Egi) + ah?Us3/2m* and Eg(;) + ah?Uyq/2m* calculated
using perturbation theory.

3. Discontinuity of the dipole-moment matrix elements

After analysis of the energy spectrum, we derive the matrix
elements of electric dipole moment d = ef with respect to wave
functions (7); e is the charge and 7 is the position vector of a particle
trapped in the ellipsoid. Specifically, we derive the matrix elements
of operators d =2-12(x + iy)/ro and d, =z/ro, which determine the
circularly and linearly polarized radiation, respectively. Because the
integrals from the normalized spherical Bessel functions are pro-
portional to rg, the calculated matrix elements are independent of
the size of the sphere for which the integration is implemented.

In Appendix B we present explicit expressions for expansion
coefficients G(E;) in Eq. (7) obtained from the solution of sys-
tem of homogeneous linear equations (8). The derived expressions
show that expansion coefficients C;(E3), C3(E3) and C4(E3) have a
singularity when E3 = Uyq, E3 = U3z and E3 = Uyy. In Sect. 2, we
revealed that E; # Uq; for an anisotropy parameter of arbitrary
shape, whereas E3 = U3z = Uy for B=p8, (see Figure 1). Unnor-
malized wave function ¥3(r, ¥, ¢) has hence a singularity for
ag=1- ﬁaz, which vanishes after normalization. A small calcu-
lation confirms that, in the vicinity of «g, ¥3(r, ¥, ¢) takes the
form:

)= lo — a0l Usp ¥z + Ugp g
— 2 2
% Us +Up
We thus obtain that normalized wave function ¥s(r, ¢,
@)=¥2111(r, U, @) has a discontinuity, which in turn leads to a dis-

continuity of the dipole-moment matrix elements derived using
this wave function. Figures 2(a) and 2(b) show dipole-moment

l]’3(r, ﬁ7 (2 (9)
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Fig. 2. The dipole moment matrix elements as a function of .
(a) - Wioold+|¥21-1 and (b) = Wizo|d:|¥W21-1.

matrix elements (W1gold+|¥21-1) and (¥120]d+|¥51-1) as a function
of B. These figures clearly show that both matrix elements have a
discontinuity for 8= 8. The magnitudes of the left and right parts
of the dipole-moment matrix elements coincide at 8= 8¢ but have
opposite signs.

We introduce the oscillator strength [24]:

Fi = (2m& 192)/12 (E; — Ep)I(f1d £, 2)i)12 (10)

which is a dimensionless quantity that expresses the proba-
bility of emission and absorption of electromagnetic radiation in
transitions between energy levels E; and E; of a nanoparticle.

In the dipole approximation, the transition probability during
unit time from an initial state |i) to a final state |f) is proportional
to the quantity [24]:

wie (€ 2k 11

A= Zgmecz \ ne ) it an

in which

wif=——(6—-¢&)= ——=¢§ 12
if Zm*rtz)( i— &) P if(B) (12)

is the transition frequency corresponding to given shape-
anisotropy parameter f.

Figure 3 shows the interband electron-transition probabilities
as a function of B calculated for an ellipsoidally shaped nanoparti-
cle of ZnO using dipole-moment matrix elements (¥190/|d+|¥21-1)
and (Yy9ld|¥51-1). The small semi-axis of the ellipsoid is fixed
at a=rg=1nm,; the effective mass is m*=0.24m, with electron
mass me. Figure 3 shows that transition probabilities Wigg21-1
and Wiyp21-1 are continuous functions of the shape-anisotropy
parameter in the entire region of 8 including the vicinity of point
B =B (the discontinuities disappear because transition probabili-
ties are proportional to the squared modulus of the transition dipole
moment). Figure 3 shows also that Wygp21-1 is equal to zero for
B=2.29 and W30 21_1 becomes small when =1.29.

4. Profiles of spectral lines

The system of nanoparticles is generally inhomogeneous
because the particle size varies greatly. The results of calculations
of the absorption coefficients of non-uniform nanoparticle ensem-
bles are reported in the literature. However, a realistic approach for
interband transitions considering the size distribution of nanopar-
ticles is not yet developed.

In this section, we calculate the profile of a spectral line emitted
or absorbed by an ensemble of ellipsoidal shaped nanoparticles. The

Wy x10' sec™

B

Fig. 3. Interband transition probabilities Wigp21_1 (red curve) and Wiz021-1 (blue
curve) as a function of § calculated for a ZnO nanoparticle using Eq. (11); Wi2021-1
is divided by 5.

observed optical spectra are considered as a superposition of the
contributions from each individual nanoparticle in the ensemble.
Although both Gaussian and Lorentzian distribution functions are
reported in the literature [15-18], the experimental work [25,26]
indicates Gaussian distributions.

If ellipsoidally shaped nanoparticles are statistically distributed
about mean shape-anisotropy parameter 8 according to a Gaussian
function, one can write that [18]:

22

n(B)=De 22 , (13)

in which s is the standard deviation of the Gaussian function;

n(B) is the normalized with the condition:

—

n(B)dp = 1. (14)

~~—3

Introducing the relative standard deviation of the Gaussian func-
tion as . = s/ B, we obtain:

_B/B-1?
n(B)=De 2 . (15)

The explicit expression for normalizing factor D is given in
Appendix C.

For ellipsoidally shaped nanoparticles with shape-anisotropy
parameter § lying in a given interval dg, the total transition prob-
ability during unit time from initial state |i) to final state |f) is:

I5(B)dB = Wr(B)n(B)dp, (16)
in which Wg(B) is defined with Eq. (11).
Further, rewriting Eq. (16) as:

I5(B)AB = wﬁ(ﬂ)n(ﬂ)%dwif = l(y)doy, (17)

we obtain a profile of a spectral line as:

Wi i )In(wyr)
1%

I(wy) = : (18)
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Fig. 4. Profiles of spectral lines for transitions between excited state ¥5;_;and the ground state calculated for the ensembles of ZnO nanoparticles; red curves - p =0.05,

blue curves - 1 =0.10 and green curves - £ =0.15.

The dependence of transition frequency wj; on 8 is determined
with Eq. (12); hence:

ldwifl_ h ldé‘ifl
g \2mw3) dB”

in which |dey/dp| is calculated for B corresponding to the given
transition frequency.

Using Egs. (11), (15), (18) and (19), we calculated the profiles
of spectral lines for interband optical transitions of ensembles
of ellipsoidally shaped ZnO nanoparticles. Calculations were per-
formed for the transitions between excited state ¥1,_; and ground
state Wqgp of nanoparticles with varied mean shape-anisotropy
parameter § and relative standard deviation u; the results appear
in Figure 4 . These profiles depend strongly on both the size
of the nanoparticle (8=c/a in which a=rp=1nm) and rela-
tive standard deviation w. Explicitly, there is one maximum for
almost spherical shaped nanoparticles (8 = 1.01), whereas two
maxima appear for ellipsoidally shaped nanoparticles with 1.5 <
B < 3.0. For nanoparticles with a strongly prolate ellipsoidal
shape (B > 5.0) there is again one maximum. The left maximum
thus increases and the right maximum decreases with increas-
ing size of the nanoparticle, which indicates a red shift of the
line profiles. Increasing relative standard deviation & . alters the
magnitude of maxima and leads to the broadening of line pro-
files.

Figure 5 elucidates the appearance of two maxima in the pro-
file of a spectral line for B=2.29, i.e., when dipole-moment matrix
element (W1gold+|¥21_1) is zero [see Figure 2(a)].

(19)

5. Conclusions

In this work, we consider a charged particle confined within an
ellipsoidally shaped potential well with infinitely high walls. Using
this model, we have analysed the optical properties of crystalline

0.1

100 105 110 115

M -1
@y % 1[}‘4 sec

Fig. 5. As in Figure 4, but for =2.29 and ;£=0.1; red curve - Wii(wir) x 101%sec?,
green curve - n(wy)ldwy /dBl '5.788 x 10"sec~! and blue curve - I(wj) x 1074,

semiconductor objects with ellipsoidal shape and nanometre size.
The optical transition-matrix elements have been calculated in a
dipole approximation as a function of shape-anisotropy parameter
B using perturbation theory and with a direct diagonalization of
the appropriate Hamiltonian. Matrix elements (¥1gg|d+|¥21_1) and
(W1201d+|W>1-1) are shown to be discontinuous, which is caused
by the intersection of energy levels of the same symmetry calcu-
lated with perturbation theory (the intersecting energy levels move
apart on calculating with a direct diagonalization of the Hamil-
tonian). The discontinuity of the matrix elements is not reflected
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in the behaviour of transition probabilities, which are continuous
functions of the shape-anisotropy parameter.

We investigated the effect of size non-uniformity on the pro-
files of spectral lines of ZnO nanoparticles with a size distribution
described with a Gaussian function. The line profiles depend
strongly on the shape-anisotropy parameter; the appearance of
structure in the line profiles is entirely caused by the existence of
zeros and minima in the dipole-moment matrix elements. In the
Gaussian function, increasing relative standard deviation & . alters
the magnitude of maxima and leads to broadened spectral lines.
The revealed optical properties make attractive ellipsoidally elon-
gated objects of nanometre size for various applications, such as
infrared detectors.

In our calculations of the profiles of spectral lines, we applied the
ellipsoidally shaped potential well with infinitely high walls, which
makes difficult achievement of agreement with the reported exper-
imental results. Calculations with the ellipsoidally shaped potential
well with finite walls are at present under consideration.
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Appendix A.

Energy levels of some states were calculated with Eq. (6) and
a=ry:

2mr2Ergo /% = (1 ~0.3333« — 0.009302 + 0A0012a3) 9.8697, (A1)
2m*r3E110/H° = {1 —0.6c0 — 0.0158¢:2 + 0.0062a3} 20.1906,(A.2)
2m*r3Eq /2 = (1 —0.2c0 — 0.0105¢2 + 0.0014a3) 20.1906, (A.3)
2m*r3Eis0 /= {1 —0.5111a — 0.3516a2 + 0.7637c° } 48.8307, (A4)
2m12E 31 /2 = (1 ~ 0.4667a — 0.242402 + O.4685a3) 48.8307, (A.5)
2m*1gEy10/h? = (1 - 0.6 + 0.25510% + 0.8707a%) 59.6787, (A.6)
2m*r3Ey /W2 = (1 —0.2a +0.17000 + 0.1935a3) 59.6787,(A.7)
2mr2Ers0 /% = (1 ~0.5043c — 0.103502 + 0A1165a3) 87.5310, (A.8)

2m*r2Er51 /12 = (1 —0.4872a + 0.0023c + 0.1037a3) 87.5310, (A.9)
Appendix B.

In the four-state approximation, normalized wave functions
Yi(r, 9, @) (i=1, 2, 3, 4) are represented as

W =C (Ciyn + V2 + 33 + Catla) (B.1)
in which
O[ﬁ2U12

C1 =,

2m*(E; — Un)

2

C= U2 (B.2)

2m*(E; — Us3)
C4 aﬁ2U42

2m(E; — Uag)’

“1)2
I\ 2 2 2 2
= Gm) |5 (55%) (55 |y
2m Ei —Un E;i —Uss Ei — Usa
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E; are the roots obtained from the solution of the secular equa-
tion. Explicit expressions for E; are presented in Appendix B of
reference [19].

Appendix C.

Integral Eq. (14) with n(8) defined according to Eq. (13) can be
reduced to tabulated integrals. A small calculation of the normal-
izing factor in Eq. (13) yields:

-1
1
p=—L (f’ +x(v)) , (€1
V2B
in which v =2-1/2(8 - 1)/(Bw) and [27]
V2 v4 V8
forv<1,
oy eV’ 1 1.3 1.3.5
K0 =5 102 (1o i~ s )| (©)
forv>1.
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