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Abstract: The main purpose of the study is to investigate the mechanical properties around an underground gas 

storage cavern in bedded salt rock. Firstly, considering the characteristics of the salt rock formation in China, the 

mechanical model was simplified into a hollow cylinder, which containing non-salt interlayer. In terms of elastic 

theory, Love displacement function was developed, and the elastic general solution of stress and deformation 

components were obtained after determining the undetermined coefficients. Under the same condition, numerical 

simulation was carried out. The validity of the elastic general solution is verified by comparing to numerical 

simulation results. Furthermore, Based on the feasible general elastic solution, viscoelastic solution was obtained 

through Laplace transformation and inverse Laplace transform, which could provide reference for the study on 

the stability and tightness of underground gas storage carven during operation to some extent. 
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1. INTRODUCTION

Energy reserve is the important guarantee for rapid economy development. Underground storage 
is safe and economic, so 60% of the storage facilities are located in subsurface in the world. Salt 
rock has certain distinctive properties, including very low permeability, wide distribution and so on 
[1-4], which is regarded as the ideal medium for gas storage, and salt rock caverns are widely used 
in many countries. According to statistics, about 554 underground salt rock gas storage caverns 
were in operation around the world by the end of 2012 [5]. Generally speaking, ideally underground 
gas storages are constructed in salt domes or diapirs [6-8]. Moreover, salt rock formations in China 
are usually layered structure with many alternating layers (rock salt, anhydrite or mudstone), and 
the geometric extent of the salt beds is large in the horizontal direction but small in the vertical 
direction [9]. In recent years, the related construction of deep salt rock storage cavern is developing 
vigorously in China. Although salt rock cavern is relatively safer than other storages, a series of 
catastrophic accidents (leakage of oil/gas, ground surface subsidence and salt rock cavern failure) 
frequently happen since 1950s, which led to fatal losses in human life and properties.
Scholars’ extensive attentions were paid to the properties of different types of salt caverns. 

In the past few years, the related researches on the mechanical properties and stability of salt rock 
cavern have been conducted. For the properties of salt rock, elastic modulus, shear modulus and so 
on were seen as the important parameters of salt rock [10]. The physical and mechanical properties 
of heated salt rock were investigated [11-12]. The deformation behavior, strength and damage of 
salt rock subjected to cyclic loading were presented under confining pressure condition, using 
TAW–2000 computer-servo rock triaxial testing machine [13]. In order to study the stability of gas 
storage cavern M-D model was proposed to describe creep of salt rock affected by rheology [14]. 
Expanded boundary and expanded damage criterion was presented through experimental study 
respectively [15-16]. The effect of stress and temperature on creep of salt rock was affected [17-18]. 
On the basis of laboratory creep test result of salt rock, a nonlinear constitutive model and damage 
evolution equation was suggested [19]. In China, the salt rock formation is characterized by 
containing non-salt interlayer. Due to the differences in tectonic structure and actual geological 
conditions, non-salt interlayer affected the deformation and failure characteristics of storage cavern. 
An analysis of the influence of interlayer was made based on Cosserate medium expending theory 
[20]. For 3 typical kind of interlayer in china, the deformation and failure characteristics of salt rock 
with tilted unsalted interlayer were revealed [21-22]. With the development of technology, FEM, 
artificial intelligence methods and reliability were introduced in the study of the stability of gas 
storage cavern [23-26]. 

In summary, the study on salt rock gas storage cavern was carried out in many aspects, and a 
large number of achievements were obtained. However, as for three-dimensional theoretical 
analytical solution is relatively bare. In this paper, considering the characteristics of the salt rock 
formation in China, mechanical model was simplified into a hollow cylinder with interlayer, which 
containing non-salt interlayer. In terms of elastic theory, the elastic general solution was solved. 
Under the same condition, numerical simulation was carried out. The validity of the elastic general 
solution is verified by comparing to numerical simulation results, which shows the elastic general 
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solution could describe the mechanical characteristics of gas storage cavern in bedded salt rock in 
elasticity stage well. Furthermore, based on the feasible general elastic solution, viscoelastic 
solution was obtained through Laplace transformation and inverse Laplace transform, which could 
provide reference for the study on the stability and tightness of underground energy storage carven 
during operation to some extent. 

2. MECHANICAL MOSEL OF STORAGE CAVERN IN BEDDED
SALT ROCK

Due to salt rock can be easily dissolved in water, the gas storage caverns are mainly formed 
through aqueous fusion method [27]. The process is as follows (Fig. 1): Firstly, a pilot is drilled 
from surface to the predetermined posit in the bedded salt rock ( ). Secondly, Fresh water or 
unsaturated brine is injected into the cavity through the inner leaching tube (or through the annulus 
between the inner and outer leaching tubes) ( ). Finally, high concentration brine is ejected to the 
surface through the annulus between the inner and outer leaching tubes (or through the inner 
leaching tube) ( ). The ratio of radius and height is relatively small for gas storage cavern formed 
through aqueous fusion method [27]. In addition, considering the characteristics of the salt rock 
formation in China, the mechanical model was simplified into a hollow cylinder, which containing 
non-salt interlayer (Fig. 2).

Fig. 1. The process of aqueous fusion method. 

 

Fig. 2. The mechanical model for theoretical analysis. 

The parameters in Fig. (2) are 

THE ORETICAL ANALYTICAL SOLUTION OF DEFORMATION AND STRESS... 39



pz——the overburden load

pi ——the internal pressure of the cavern; 

σ0 ——initial horizontal stress

�0——the weighted mean specific weight of the overburden of the considered point; 

�g——the specific weight of the stored medium in the cavern;

a——radius of the storage cavern; 

h1, h2, h3 ——the depth of the strata. 

According to the relevant literature and actual condition, the boundary conditions for this problem 
are [22] [29][31]: 

(1) z=0, σz = pz;

(2) z = h3, w = 0, that means that there is no vertical displacement at the reference bottom plane of 
the model; 

(3) r = a, �r = pi = p0 + �gz, internal pressure considering the gravity of the stored medium of the 
cavern;

(4) r� �,
0 0( )

1r zz p
�

� � �
�

�
�

	 	 ; 

(5) r� �, u = 0;

The continuity conditions for this problem are [28]: 

(1) z = hi, ui = ui+1, that means the continuity of the radial displacement at the interface between salt 
rock and mudstone;  

(2) z = hi, wi = wi+1, that means the continuity of the vertical displacement at the interface between 
salt rock and mudstone;  

(3) z = hi, �zi = �zi+1, that means the continuity of the vertical stress at the interface between salt 
rock and mudstone;

where p0——the internal pressure at the upper surface of the model; 

i——serial number of the strata, i = 1, 2, 3 in the model. 

3. ELASTIC ANALYSIS 

3.1 THE BASIC THEORY
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In order to carry out systematic theoretical studies, the major assumptions for the established 
model are [29]:  

(1) The matter of an elastic body is homogeneous 

(2) The matter of an elastic body is continuously distributed over its volume so that the smallest 
element cut from the body possesses the same specific physical properties as the body 

(3) The body is isotropic, that the elastic properties are the same in all directions 

Considering the gravity, the equilibrium differential equations for the spatial axisymmetric 
problem are [29] 

(1) 

For the spatial axisymmetric problem, the displacement and stress components are shown [29] 

                                                

(2)

where 
2 is Laplace operator, 

2 2
2

2 2

1
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 	 � �
� � �

3.2 THE ELASTIC GENERAL SOLUTION

According to basic elastic theory, the Love displacement function was established, which consists 
of polynomial and logarithmic functions [29]: 
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where Ai, Bi, Ci, Di, Fi, M, N are the undetermined coefficients 

Substituting Eq. (3) into Eq. (2) leads to 
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where �i, Gi are the elastic parameters of the material.

The stress components in Eqns. (6)-(9) are proved to satisfy the equilibrium differential equations 
(1).   

Considering the boundary conditions (3) and (4), the radial stress can be expressed by 
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Comparing the both sides of the above equations leads to
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To ensure the condition of limited value, the term lnr in Eq. (5) should not exist, the coefficients 
Bi and Ci should therefore meet the relationship as follows
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that is

2
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Eq. (5) and Eq. (9) can be rewritten as
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Substituting continuity conditions (2) into Eq. (16) 
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Based on the solved coefficients in Eq. (12), Eq. (13) and Eq. (15), the undetermined coefficients
M, N are given 
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Then, the elastic general solution was obtained: 

When serial number of the strata is 1: i=1. 
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When serial number of the strata is 2: i=2. 

When serial number of the strata is 3: i=3. 

3.3 COMPARISON OF ELASTIC SOLUTION AND NUMERICAL SIMULATION 

Fig. 3 is the calculation model for numerical simulation, the radius of the cavern is 20m. The 
lateral boundaries are placed 120m away from the carven center, and the depth ranges from 0m to 
230m. There is 5m thickness interlayer in the depth of 120m. Table 1 lists the parameters of 
calculation model. 

Table 1. The parameters of calculation model 

Parameter

Serial number
�1(kN/m3) �01(kN/m3) �q(kN/m3) Pi(MPa) pz(MPa) �1 E1(GPa)

1 23 23 7.026 6 30 0.3 18
2 26.5 23.14 7.026 6 30 0.25 20.4
3 23 23.08 7.026 6 30 0.3 17.6

 

      

Fig. 3. Calculation model for numerical simulation     Fig. 4. Stress distribution (internal pressure pi = 6MPa) 

The radius stress and circumferential stress were derived from Eq. (6) and Eq. (7). The 3D 
diagram of radius stress and circumferential stress were plotted using Maple 14 software (Fig. 4), 
which represent the trend of radius stress and circumferential stress change. The distribution of 
radius stress and circumferential stress are all similar to paraboloid, and the value tends to content 
finally. However, the trend of value change for radius stress and circumferential stress are opposite 
with the change of radius and depth. Taking the depth is 100 m as an example, the value of radius 
increases from 6.7MPa  to 13.6MPa, and the value of circumferential stress decreases from 21MPa
to 11.1Mpa (point A). The rate of value change is consistent 
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(a)                                                                      (b) 

Fig. 5. The planar diagram of radial stress 

 

Fig. 6. The counter of radial stress 

Taking radius stress as an example to evaluate the calculation results in qualitative. When the 
value of radius and depth are constants respectively(r=20, z=120), the planar diagrams of radius 
stress were presented in Fig. 5((a) and (b)). It is found that the relationship between radius stress 
and depth is linear (Fig. 5(a)), and the continuity is lost in the interlayer. The values of change are 
0.1563MPa and 0.1564MPa at the upper and lower of the non-salt interlayer surface, accordingly 
the rate of change are 2.23% and 2.2%. Fig.5 (b) shows the trend of radius stress change is in the 
same for salt rock and non-salt rock interlayer, and there is some difference in value because of 
different properties of materials. Under the same condition, numerical simulation was finished, and 
the counter of radial stress is presented in Fig. 6. When the radius is 20m, the value of radial stress 
ranges from 5MPa to 10MPa. When the depth is 120m, the value of radial stress varies from 5MPa
to 15MPa. The theoretical calculation results are consistent with the numerical simulation results. 

Fig. 7 is the planar diagram of vertical stress. The value of vertical stress increase with the 
increase of the depth, and the distribution of vertical is continuous. Fig. 8 is the counter of vertical 
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stress, obtained through numerical simulation, and the value change is consistent with the gravity 
effect. The theoretical calculation results matches well with the numerical simulation results. 

   

Fig. 7. The planar diagram of vertical stress          Fig. 8. The counter of vertical stress 

 

(a)                                                                   (b)  

Fig. 9. The planar diagram of radial displacement 
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Fig. 10. The counter of radial displacement 

The radial displacement was computed by Eq. (4), radius and depth are the two influencing 
factors of its value. When the value of radius and depth are constants respectively(r=20, z=120), the 
planar diagrams of radial displacement are presented in Fig. 9(a) and Fig. 9(b). The diagrams 
indicate the radial displacement lost continuity condition at the non-salt layer, which matches well 
with the numerical simulation results (Fig.10). Beside, the maximum value of change is only 
3.9643mm, which meet the requirement of storage cavern design analysis.  

              

 

Fig. 11.The planar diagram of vertical displacement  Fig. 12. The diagram of vertical displacement 

The curve of vertical displacement is a straight line in Fig. 11, the continuity condition was met. 
Fig. 12 was obtained through numerical simulation, which presents the vertical displacement is 
continuous.  
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The comparison of elastic solution and numerical simulation shows a good agreement, which 
indicates the elastic solution can describe the mechanical characteristics of this kind of gas storage 
cavern in bedded salt rock in elasticity stage well. 

4. VISCOELASTIC ANALYSIS 

In order to study the mechanical properties of rock, the stress-strain curves were drawn by Miller 
after uniaxial tests of 28 kinds of rock [31].The characteristics of the stress-strain curves, indicates 
salt rock is viscoelastic material. Based on elastic-viscoelastic correspondence principle, 
viscoelastic solution can be achieved by Laplace and inverse Laplace transform [30]. Modified 
Kelvin model was chosen as the viscoelastic model (Fig. 13).  

Fig. 13. Modified Kelvin model 

Where lG " — shear modulous       

kG " — Kelvin shear modulous  

m# "— kelvin viscosity 

The constructive equation of Modified Kelvin model is [21] 

                                             )'''(''' 011101 qpqeqeqSipS ijijjij $�	�                          (20) 
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According to elastic-viscoelastic correspondence principle 

48 P. XIE, H. J. WEN, G.J. WANG, J. HU



3 2

6 2
i i

i

i i

K G

K G
�

�
	

�
                                      (21) 

                                            2( )
G ( ) l k k m

i

l k m

s
s

s

G G GQ

P G G

#

#

" " " "�
	

" " "� �
=                          

(22)

In addition,  

z = 0,                                     z
z

p
s

s
� 	( )                                                  (23) 

z = H,                                        0w s 	( )                                        (24)

r = a,                                    0

r

gp
s

s

z
�

�
	

�
( )                                                          (25)

r� �,                             
0

( ) ( )
(1 ( ))

( ) i
z

i
r

s z p
s s

s �� �
�

	 �
�

                                                (26)

r� �,                                        0u s 	( )                                                                (27)

0
0 s s

�
� 	( )                                                                (28)                  

After Laplace transform, Eqns. (5)-(9) can be rearranged as:

2

1 1 0 1 0 1

2
2

1 1 0 1 4 0 4 4

1
( ) [( ) ( )]

4

3
( ) ( ) [ ( ) ]

2

g z

z g

a
u s A B z A p B p

r

a
w s C p z D z F X Y L

� �

� � �

	 � � � �

	 � � � � �

�
��
�
�
��

                                 

(29) 

2

1 1 0 g 0 1 0 12

2

1 1 0 g 0 1 0 12

0

2

g 0 1

( ) { [( ) ( )]}

( ) { [( ) ( )]}

( )

( ) ( )
2

r z z

z z

z z

rz

a
s I p I z I z p p I

r
a

s I p I z I z p p I
r

s p z

a
s I

r

�

� � � �

� � � �

� �

� � �

	 � � � � �

	 � � � � �

	 �

	 � �

�
�
�
�
�
�
�
�
�
��

                                  (30) 

Where 

1

2

'

' )(
l l m

l k m

s

s s

G GA
G G G

#

#

" "� �
	

" " "�

THE ORETICAL ANALYTICAL SOLUTION OF DEFORMATION AND STRESS... 49



1 1

3 ( ) 4( )1

3 ( ) 8( )
m l k m l k k m

m l k m l k k m

s s

s s

K G G G G G
B A

s K G G G G G

# #

# #

" " " " " " "� � � �
	 
 


" " " " " " "� � � �

1
[(3 3 8 ) (3 8 ) ]

l k m

m l m k l k m m k m

sG G
C

s K G K G G G K G s

#

# #�

" " "� �
	

" " " " " " "� � �
1

[(6 6 16 ) (6 16 ) ]
l k m

m l m k l k m m k m

sG G
D

s K G K G G G K G s

#

# #�

" " "� �
	

" " " " " "� � �

1

1

2( )
l k m

l k k m

s

s

G G
F

sG G G

#

#

" " "� �
	

" " " "�

4

(3 3 4 ) (3 4 ) 1

(3 3 8 ) (3 8 ) (3 3 2 ) (3 2 )
m l m k l k m m k m l k m

m l m k l k m m k m m l m k l k m m k m

sK G K G G G K G s G G
X

sK G K G G G K G s K G K G G G K G s

# # #

# # # #� �

" " " " " " " " "� � � � � �
	 


" " " " " " " " " " " " "� � � � � �

4
[(3 3 2 ) (3 2 ) ]

l k m

m l m k l k m m k m

sG G
Y

s K G K G G G K G s

#

# #�

" " "� �
	

" " " " " " "� � �

4

(6 6 16 ) (6 16 ) 1

2( ) (3 3 2 ) (3 2 )
l k m m l m k l k m m k m

l k k m m l m k l k m m k m

s

s

G G K G K G G G K G s
L

sG G G K G K G G G K G s

# # #

# # #

�

�

" " " " " " " " " "� � � � �
	

" " " " " " " " " " "� � � �

1

(3 3 4 ) (3 4 )

[(3 3 8 ) (3 8 ) ]
m l m k l k m m k m

m l m k l k m m k m

K G K G G G K G s
I

s K G K G G G K G s

# #

# #�

" " " " " " "� � � �
	

" " " " " " "� � �

Viscoelastic solution was obtained through inverse Laplace transform 
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When serial number of the strata is 1: l=1, k=2, m=1. 

When serial number of the strata is 2: l=3, k=4, m=2. 

When serial number of the strata is 3: l=5, k=6, m=3. 

The viscoelastic solution could be obtained through Laplace transform and inverse Laplace 
transform based on elastic-viscoelastic correspondence principle [31-32]. The effectiveness of 
elastic solution has been verified through the comparison of theoretical calculation results and 
numerical simulation results, which provides the prerequisite of viscoelastic analysis. Moreover, 
The viscoelastic analysis is in consistency with the standard derivation, which is proposed by Zhou 
et al [31-32]. Therefore, viscoelastic solution can provide reference for the stability and tightness of 
underground gas storage carven in bedded salt rock during operation to some extent. 
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5. CONCLUSION 

Considering the characteristics of the salt rock formation in China, mechanical model was 
simplified into a hollow cylinder, containing non-salt interlayer. Love displacement function was 
established, which consists of polynomial and logarithmic functions. Based on elastic theory, 
equations of stress and displacement components were obtained, which contains seven 
undetermined numbers. Connecting the boundary and the continuity conditions, the value of the 
coefficient was solved. The elastic general solution was obtained.  

The 2D and 3D diagrams of stress and displacement components were drawn utilizing Maple 14 
software. The distribution of radius stress and circumferential stress are all similar to parabola, and 
the value tends to a constant finally. However, the trend of value change is opposite with the change 
of radius and depth. The continuity of radial displacement is lost in the interlayer. Nevertheless, the 
maximum value of change is 3.9643mm, which can meet requirement of storage cavern design 
analysis. To testify the validity of the elastic general solution, the comparison between theoretical 
calculation and numerical simulation was employed. The theoretical calculation results matches 
well with the numerical simulation results. The elastic solution can describe the mechanical 
characteristics of storage cavern in bedded salt rock in elasticity stage well.  

Based on the effectiveness elastic solution, viscoelastic solution was obtained through Laplace 
transform and inverse Laplace transform, which could provide reference for the study on the 
stability and tightness of underground gas storage carven in bedded salt rock during operation to 
some extent. 
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