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An output sensitivity problem for a class
of linear distributed systems
with uncertain initial state
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MOSTAFA RACHIK and ABDESSAMAD TRIDANE

In this paper, we consider an infinite dimensional linear systems. It is assumed that the initial
state of system is not known throughout all the domain Q c R”, the initial state xo € L(Q)
is supposed known on one part of the domain Q and uncertain on the rest. That means
Q=wVw U...VUw; with w; Nwj = @, Vi,j € {1,...,t}, i # j where w; # @ and

t
x0(0) = a; for 8 € w;, Vi, i.e., xo(0) = Zaiﬂw,r (6) where the values «y, ..., a, are sup-
i=1
posed known and @41, . . ., @; unknown and 1, is the indicator function. The uncertain part
(ay,...,a,) of the initial state xq is said to be (g,..., &)-admissible if the sensitivity of
corresponding output signal (y;); > relatively to uncertainties (ax )1k < i8 less to the treshold
9yi
aak
set of all possible gain operators that makes the system insensitive to all uncertainties. The char-

acterization of this set is investigated and an algorithmic determination of each gain operators
is presented. Some examples are given.

&g, €., < &g, Yi 2 0,Yk € {1,...,r}. The main goal of this paper is to determine the
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1. Introduction

During the measurement of a system state we are always confronted with the
presence of certain unknown parameters and then we are not able to have a full
access to the state variables. This uncertain parameters that come from the natural
relationship which exists between a system and its environment, data errors and
additives unknown internal and external noise. To better avoid damages being able
to be caused by such uncertainties on the evolution of a system, many research
has focused their work on the determination and characterization the set of this
uncertainties, see [5, 6] and [16].

Output admissible sets have many important applications in the areas of stabil-
ity analysis and design of closed-loop systems with state and control constraints.
Although, the theory of output admissible sets has been appeared in a variety of
contexts see [8,9, 15]. The case of the disturbances which infect the initial state
for linear system has considered in [2,7] and [10]. The output admissible set in
this case has determined based on the mathematical programming. However, in
most of the studies available, the problem for infinite dimensional systems is not
considered and hence their applicability is severely limited.

The aim of this work is to present a contribution to the study of the output
admissible set for a class of infinite dimensional discrete systems. A control law is
introduced in order to reduce the effects of these intolerable uncertainties and/or
makes the system insensitive to the effects of all unknown parameters that infect
the initial state.

Without loss of generality, we consider the linear system described by

(1) = Ax(r), t >0,
{xo x(t) W

x(0) = xo = a1, + p1,,,

where x(1) € X = L*(Q) is the state variable, Q is an open bounded of R",
Q = w) Uw; and w) Nwy = @. A generates a continuous strongly semigroup
(S(2))r>0 on the space X. The initial state x¢ is supposed to be known on w; but
not on wy.

The associated output of the system is discrete and is governed by

y(t) = Cx(t;) + Dvi, Vi >0, (2)

where (¢;);>0 is a constant step subdivision of [0, +oo[, i.e., [0, +oo[= U2 [t tis1],
to =0, t; =i6 and ¢ is the step of sampling. The control is assumed closed loop,
ie., v = Kx; where x; = x(t;) and K € L(X,RP) with C € L(X,R¥) and
D € L(RP,RF).

We will propose a technique to determine among these controls law which
makes the system insensitive the effects of these unknown parameters S.
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A uncertainty is said to be admissible if

0y
&1 < g, for Vi > 0. (3)
B
The constraints may be summarized by a single set inclusion
8 .
ygz{yieRk/ 8_),[)31 < g, for Vi}()}. 4)

If these constraints are violated for any i > 0, serious damage may happen.
We say that makes the system insensitive the effects of these uncertainties, if the
output of the system never exceed the specified constraints (3). With (1) and (3),
itis desired to determine the set K of all gain operators K that have an admissible
uncertainties, to be explicit:

K = {KGL(X,R”)/‘

@ < g, for Vi}O}.
I

In this paper, we are interested in studied the output sensitivity for a class
of infinite dimensional linear systems with uncertain initial state. We will show
that, under some hypothesis, the output system will be insensitive to the effects
of unknown parameters in initial state of system under a corresponding control
law. We are interested with the investigation of the set of all gain operators those
makes the system insensitive of the effects of uncertain initial state. Under some
assumptions, we determine that this set cab be described by finite number of
inequalities and an algorithmic procedure is established for computing this set.

This paper is organised as follows: In section 2 the characterization of the gain
operator set is presented. A algorithmic determination for the characterization of
the sets S.(K) for each gain operators will presented in section 3. In section 4
we give some assumption to determine the set S;(K) by a finite number of
inequalities. In section 5 we give another approach to characterize the set of
output sensitivity and the concluding remarks are given insection 6.

2. Characterization of the gain operators Set

The linear systems considered in this paper have the following form

{)'c(t) = Ax(t), t>0,

(5)
x(0) = xo = a1, + B1,,

the corresponding output is

yi = Cxs;, + Dv;,
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where (#;);>0 is a constant step subdivision of [0, +oo[, i.e., [0, +00[= U2 [t;, tis11,
to = 0, ¢ = id and ¢ is the step of sampling. x(f) € X = L*(Q) is the state
variable, Q is an open bounded of R”, Q = w; Uw; and w; Nwy = @. A generates
a continuous strongly semigroup (S(#));>0 on the space X. The initial state xg is
supposed to be known on w; defined by @ but not on w, where f is the uncertain
parameter of the initial state. The control feedback is v; = Kx; where x; = x(¢;)
and K € £(X,R?) with C € L(X,R¥) and D € L(R?,R%).

Definition 1 Output function is insensitive to the effects of the uncertainties, if
the corresponding output satisfies the following condition

|7

<& for Vi>O0. (6)

The control law
vi = Kx;

is introduced in order to reduce the effects of these intolerable uncertainties and/or
makes the system insensitive to the effects of all unknown parameters that infect
the initial state.

As x(t) = S(t)xgo then

vi = a(C+ DK)S(t;)1,, + B(C + DK)S(¢;)1,,

then P
5%:(C+wammm=<C+DKwﬂ®ﬁ%z

Our problem is to determine under some assumptions, the gain K such that
|(C + DK)[S(8)1Luy|| < & for Vi > 0.
Some of the control objectives are to stabilize the system and to maintain

its output trajectory within the domain of constraints. The constraints may be
summarized by a single set inclusion

%€%={%€W/

dyi
B

Our goal is to characterize the set K of control law such that the output of
system never exceed the specified constraints (3)

<eg for Vi>0}.

¥ = {K e L(X, Rp)/"ay’

<eg, for Vi}O}.
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Lete > 0 and K € L(X,R?), we note
Se(K) = {xe X / |[(C+DK)SW®)I'x|| <& Vi>o0
then
K = {K e LX.R")/ |(C+DK)[S(6)'Ly,|| <& Vi o0}
= {K € L(X,RP) [ 1,, € Sc(K)} .

We note that the set of all gain operator S.(K) is defined by an infinite number
of inequalities. We will establish sufficient conditions which allow us to describe
it by a finite number of inequalities. In order to characterize the set S;(K), we
introduce the following notations

S.(K) = {x ex/ ||62(ix|| <& Vi> 0}

where C = C + DK and A = S9).

Let consider the Banach space Y = {(x,-),;o, x; € RF / sup x| < oo} and
i>0
we introduced the operator defined by

H: X —Y

X — (GA?)C),;().

(7

Remark 1 The operator H is the observability operator of discrete-time linear
system

(S) { -x)z(':+l Z I;}xi’ i P 0 and (0) {yl = ax,', i > 0
0

with x; € X is the state of system (S), X = L*(Q), y; € R¥ is the corresponding
output. The system (S)-(O) is observable if the operator H is injective.

Proposition 1 If (A, C) is observable and ||A|| < 1 then So(K) is bounded, i.e.,
there exist y > 0 such that S;(K) C B(0,7y).

Proof. If ||A|| < 1 then the operaor H is bounded and if H is injective then
H~!': ImH — X is bounded because the graph of H~! is closed. Let consider
x € Sy(K) and z = (z;); = Hx = (CAix); € Y then z; € B(0,&), Vi > 0. Then
with the norm of the Banach space Y, z € B(0,&) and x € H ~1B(0, &) which
implies S.(K) ¢ H™'B(0, £) then there existy > O such that S,(K) c B(0,y).O
In order to characterize S.(K) we introduce for each integer i the set Szi (K)
defined by ’

S(K)={xeXnBO0,y)/||CAx||<e Vj=01,...i},

where vy is a real positive such that S.(K) c B(0,y).
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Proposition 2 Sgl.(K ) is a closed, convex and symmetric set.

Proof. The results are easily checked from the definition of Szi(K ). O

Remark 2 For every integeri > 0 we have

Se(K) € 8], (K) € SL(K).

Definition 2 S.(K) is finitely determined if there exists an integer i such that
S:(K) = S;i(K).

The finite determination of S;(K) is characterized by the following theorem.

Theorem 1 S.(K) is finitely determined if and only if there exists an integer i
such that Szi(K) = S‘Zm (K).

Proof. If we suppose that exist an integer i > 0 such that
Y _ QY
S7,(K) = 87, (K)

then
xeS)(K)=>xeS8) (K)= Ax € S/ (K)

&,

and by iteration we have
x €S (K)= Alx € 87 (K),¥j >0,

then
x € S;(K)

that implies
S;i(K) c S.(K).

And we know that S;(K) c S} (K) for every i > 0, hence Sy(K) = S} (K).
Conversely, if S;(K) = S?.(K) for some i > 0, then obviously S” .(K) =
S;’i 1 (K). Which complete the proof. O

Remark 3 Suppose that S (K) is finitely determined and let i* be the smallest i
such that S! (K) = 8. (K), then Se(K) = S] (K) = S;i*(K) foralli > i*.
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3. Algorithmic determination

As a natural consequence of the previous proposition, we shall give the
following conceptual algorithm for determining the index i* such that S.(K) =
Sgi* (K) and consequently the characterization of the set S.(K).

Algorithm I

step 1: Seti =0

step 2: If S;/,i+1(K) = S;l.(K) then seti* =i and stop,
else continue.

step 3: Replace i by i + 1 and return to step 2.

Clearly, the algorithm I will produce i* and S, (K) if and only if S;(K) is finitely
determined. There appears to be not finite algorithmic procedure for showing that
S:(K) is not finitely determined.

Algorithm Lis not practical because it does not describe how the test S, 4 (K) =

8 ; +1 (K) is implemented. In order to overcome this difficulty, let R¥ be endowed
with the following norm

k
[lx]| = 1rnax |xil, Vx=(x1,x2,...,%x,) €R".

\l\n

Let with 4; : R — R is described for all x = (xy, ..., xx) € R¥ by

hor_1(x) = x, — &, for r €{1,2,...,k},
hyr(x) = —x,—¢, for rel{l,2, ..., k}

In this case, for every integer i, Sgl.(K )is given by

SY.(K)={x € XnB(0,y); hj(CAx) <0, j=1....2k s=0,...,i}
on the other hand

(K) = {x € 8,(K); ICA*' ()] < &}

£z+1

= {x € 87.(K); hj(CA™*(x)) <0, for j=1,...,2k}.
Now, since S, | (K) c 8], (K) for every integer i, then

(K) = Sy (K) = 37 (K)c S (K)

8l+1 &+l

= x eS8 (K); hj(CA*!(x)) <0, forall j=1,...,s
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& sup h;(CAY'(x)) <0, forall j=1,...,s
xS} (K)
— sup hi(CA*x) <0, forall jel{l,...,2k}.
hj(CA!(x0))<0

—————
je(l,...2k), 1€]0,...i}

Consequently the test SZl.(K ) = Szl. .1 (K) leads to a set of mathematical
programming problems, and algorithm I can be implemented as follows.

Algorithm II

step 1: Leti = 0;
step2: Forj=1,...,s do:
Maximize J;(x) = h;(CA™!(x))
{ h(CAl'x) < 0
j=12...,2k,1=0,...,i.
Let J;.‘ be the maximum value of J;(x).
If J; <0, for j=1,...,s thenset i* :=i and stop.
Else continue.
step 3: Replace i by i + 1 and return to step 2.

Remark 4 The optimization problem cited in step 2 is a mathematical program-
ming problem and can be solved by standard methods.

4. Sufficient conditions for finite determination of S.(K)

In order to show that the finite determination property is not so restrictive, we
give the following result.

Theorem 2 If A is asymptotically stable (1 < 1 for every A eigenvalue of A ),
then there exists an integer io such that the output function y; is not sensitive to
uncertainties f3 for every i > iy.

Proof. Let £ > 0, the asymptotic stability of A implies that there exists a certain
ip such that

ICA| < %,Vi>io

where M > 0 is the bounded of 1,,,, i.e., [|1,,|lx < M (€ is bounded in R")
then

|CAML,|| < & Vi>io.
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Then

<eg, for Vi>ip,

9yi
0B

and the output function y; is not sensitive to the uncertainties g for every i > iy.0

Theorem 3 Suppose the following assumptions to hold:

1. the pair (Z, é) is observable, i.e., the operator H defined by (7) is injective.

2. Ais asymptotically stable.

Then the output sensitivity set S¢(K) is finitely determined.

Proof. By the observability of (Z, 5) and by Proposition 2 there exists ay > 0

such that S;(K) c B(0,y). A = A+ BK is asymptotically stable, then there exists
an integer i¢ such that

S €
ICA'|| < —, Vix>ip.

Let x € SziO(K) then ||x|| < y and ||51:17x|| < &, Vi <ip and by the asymptoti-
cally stable of A = A+ BK we have
ICA|| <& Vi>0

then S;yio(l( ) € S:(K) and S.(K) is finitely determined. O
Example 1. Let consider X = L?(0, 1) and the evolution equation defined by

x(f) = A t), t>0,
{x() x(t) ®

x(0) = xo = a1, + p1,,,
where x(7) € L*(0, 1), A is the Laplacian operator with
D(A)={ye X |Aze X, and z(0) = z(1) = 0}.

The operator A generate a strongly continuous semigroup S(¢),>o defined by

[(00]

S0z =Y "Nz, u)dn,

n=1

where (., .) is the usual inner product on L?(0, 1) and ¢, (s) = \/Esin(mrs) is a
basis of L2(0, 1).
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The system (8) is augmented with the output function
yvi=Cxi+Dv;, i>0
where

C: L*0,1) — R
X — (x,g), where g(s) = s2, Vs €]0, 1]
D:R— R, Dv=uv.

The observability operator is

(Hx)i = CA'x = 3" e ™%(x, ) ((hns ) + Kb), Vi >0
n=1
2 2V?2
then if K¢, # —(¢dp, g) = —£(—1)” + V2 [1-(-1)"], Vn > 1, we deduce
nm (nm)3
that the operator H is injective. Also we have ||S(6)z||> = Z e dn)’,
n=1

then we verify that || A]| = [|S(5)]| < 1.
The set K of control law is given by

K = {K € LIX.R") [ |AS(6)'1,,| < & Vi> o0}

i \DemiCm+1)Pn%s (—1 + (—1m)) ( V2
m=0

= {KGL(X,R”)/

Cm+Dr )\ 2m + 1)7r+
42
" Qm + 1313 +K¢2m+1>+
N —idm?n2$ 1+(_1m) B \/i .
' mzzlﬁe ( Q2m)r )( Qm)m +K¢2m> <8 Viz 0}.
For
K: X — R
1 (o)
x — Kx= —fx(s)ds = Z ﬁ((_l)n —1)x, 6y
nm

0 n=1
the system is observable and the set S;(K) is given by

S:(K)y=3xeX/ Z (( )3[1 - (-D)" - %) fx(S) sin(nrs)ds| <& Vi>0p.
nm

n=1 0
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5. The output sensitivity problem for parabolic systems

Let consider the system (1) with the corresponding output (2) and we will
to determine the set of all gain operator K, such that v; = Kx; where ||K|| < k
with k is a fixed positive real, those makes the system insensitive of the effects of
disturbances, i.e., those verify (3). The operator A generate a continuous strongly
semigroup (S(7);>0) on the space X = L3(Q).

oo

Sx = e"x, ¢,

n=1
where (¢), is a basis of L?>(Q) and A, are the eigenvalues of A which verify

A, <0, liIP (Ape1 — Ay) = =00, A, and (4,41 — A,) are decreasing
n—>+0oo

we have
o0v; .
‘0_21 <& Vi>0e |(C+DE)SE) ]| <& Viz0
& |1> (L 60) (C + DKIS(O) || < &, Vi > 0
n=1
3 ; )
— (L, #n) (C + DK)[S(6) 1¢pu+
n=1
> (Lom 60} (C + DE)IS(6) 16| < &.
n=N+1
Vi>0, YN > 1.
Let consider the integer
1 - 2(A—A11)6 1
N:E( 1n(f( £ ) ))
26(2—A1) \2 et (ICN + KIDID L, |l
where E is the whole party, then
1 1 = 2(2—1)é 1
N> In (f( - ) )
26(A2— A1) \2 e219 (ICI + KNIDID L, |l
witch implies that
216 N &
26(A2-11) e
U+ KD Lon 755 (@ ) <3 (10)



www.czasopisma.pan.pl P N www.journals.pan.pl
N
~—

150 A. LARRACHE, M. LHOUS, S. BEN RHILA, M. RACHIK, A. TRIDANE
and
D (M, $2)(C + DEYIS©) 1| < || D (Laons $)(C + DK)e“"%nH
n=N+1 n=N+1
< ICH+KIDI) . Koy ¢ €0
n=N+1
< (Il + k||D||)||nw2||( > ez"”"‘s)
n=N+1
< ICH+ kNPl > et
n=N+1
If we put u,, = ¢**9 then Untl _ p2(Ana=An)3 < 2= dd <

Uy
And with 2 = €* 2719 we have |u,| < Alu,—1| and |u,| < V' uy|, then

0 N
Z </11 |M1|_
n=N+1 -4
Thus

2(A2=01)6N p2116

1 _ 62(/12—/11)5

= e
(ICI + KNIDID Loy I Z >0 < (ICIl + KIIDI)) 1L,
n=N+1
and by (10) we deduce that
D (L $a)(C + DE)IS(6) 1| <
n=N+1
Then to have (6) it enough that

N M

> (L, 6a)(C+ DK)S(8) 16

1o, € TN(K, &) = {x e L*(Q)|
n=N+1

< g Vi > 0}
<X, ¢1>

={xeL>(Q)||CA|l <
<x’ ¢N>

where the matrices C and A are given by

g, Vi>0

C: RV — R?
X1 N

— (C+DK)Zx,-¢,-

XN i=1
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then )
C,-j = ((C+DK)¢j,el~>, ief{l,...,p} and j € {l,...,N}
and
e 0 ... 0
i=| 0
: 0
0O ... ... eNd
<]10.)2’ ¢1> &
If we pose & = : and SV(K, ) = {x e RN |||ICAx| < > Vi > 0},
<]]-a)2’ ¢N>
then

1o, € TN (K, 6) = £ e SV (K, ¢).

We note that the set SV (K, ) is defined by an infinite number of inequalities.
We will establish sufficient conditions which allow us to describe it by a finite
number of inequalities. In order to characterize the set S N(K, ), we introduce
for each integer k the set S,]{V (K, &) defined by

SV(K, &) = {x e RV |IICAx]| < 3, Vie (0. .,k}} .
Definition 3 The set SN (K, €) is said to be finitely determined, if there exists an
integer k such that SY (K, &) = S]iV(K, ).

The finite determination of T is characterized by the following theorem

Theorem 4 SV (K, &) is finitely determined if and only if there exists an integer
k such that S,I(V(K, €)= SII(V+1 (K, e).

Proof. The proof of the theorem is similar to that of Theorem 1. O
For the characterization of SV (K, &) we give the following algorithm.
Algorithm III

step1: Leti =0;
step2: Forj=1,...,s do:
Maximize J;(x) = h;(CA™!(x))
h(CAlx) <0
j=12...,2k,1=0,...,i.
Let J]’.k be the maximum value of J;(x).
If J;." <0, for j=1,...,s thenset i* :=i and stop.
Else continue.
step 3 : Replace i by i + 1 and return to step 2.
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In order to show that the finite determination property is not so restrictive, we
give the following result.

Theorem S5 Suppose the following assumptions to hold:

_ e = —_\N-1
1. The pair (A, C) is observable, i.e., [CT |ATCT| . ‘(AT) CT] has
rank N.

2. A is asymptotically stable (|| < 1 for every A eigenvalue of A).
Then the set SN (K, &) is finitely determined.
Proof. By the observability of (A, C), the rank of the matrix H is N, where
C
ci
H=| CA2

C_A}V—l

which implies that H” H is invertible, so there exists ¢ = inf reo(HTH) A > 0 such

that
cllxl? < <HTHx, x>, Vx € RV

which implies that
cllxl® < ||| 1Hx|Ix]l, Vx e RN,

We have

N-time

&

)xB(0.5)x .. xB(0.5), vreS) (K2

erB(O,

where B (0, g) = {Vx e R/ |Ix|l < g}, since

N-time

£
B0, =
(05

and

) X B (0, g) X...XB (0, g) is bounded, then de( such that ||Hx|| < €

2
cllxl> < eo||HT|| Ixll. Vx e SY_ (K. ).
then there exists v > 0 such that

_ el

llxll <y , Vx e SN_ (K, &). (11)
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Hence
Sy_|(K.&) € B(0,y) = {¥x e RN/ |Ix|| < v}.

The asymptotic stability of A implies that 3ig > N — 1 such that

s < £

then since SN (K,&) ¢ SY_(K,&) c B(0,y) and CA®*'B(0,y) C B (0 E)
then for x € SN(K £) we have |ICAo*1x|| < & and then x € SN 1 (K, &) which
implies that SLIOV(K, g) = i0+1(K’ €). Then SV (K, ¢) is finitely determmed O

Example 2. Let consider the Example 1, with the operators
A=A Cx={(xg) with g(s)=s% and Dx =v.

If we take
1

Kx = —fx(s)ds, £ =0.01 and 6 = 0.005
0
-n25 0

0 e—4ﬂ
Using the Algorithm III, we find that k* = 0 and

SN(K’S):{(;C)G (\/5 4\/_) V2

bis 773 21

\001}

In this paper the output sensitivity problem for infinite dimensional linear
system with uncertain initial state is considered. A control law is introduced in
order to reduce the effet of these intolerable incertainties and which makes the
system insensitive to the effects of all unknown parameters. Necessary conditions
are given to described the set of all gain operators by a finite number of inequalities
and some examples are given. In a future work, we plan to extend the approach
developed in section 5 for the parabolic case to another type of system, as the
hyperbolic systems or generally the distributed systems whose state space is
separable, i.e., proceeds a countable basis.

_ - 2 4
then,wehaveN:Z,A:(e 26)andC: \/_ \/_, \/_]

X— =y

2n

3

6. Conclusion
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