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BUCKLING RESISTANCE OF QUASI-STRAIGHT
H-SECTION BEAM-COLUMNS UNDER UNEQUAL
END MOMENTS
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Steel prismatic elements of equal flanges double-tee section subject to major axis bending and compression, unrestrained in the
out-of-plane direction between the supports, are vulnerable to buckling modes associated with minor axis flexural and torsional
deformations. When end bending moments are acting alone on the quasi-straight member, the sensitivity to lateral-torsional
buckling (LTB) is very much dependent upon the ratio of section minor axis to major axis moments of inertia, and additionally
visibly dependent upon the major axis moment gradient ratio. In the case of major axis bending with the presence of a compressive
axial force, even of rather small value in relation to the section squash resistance, there is a drastic reduction of structural elements
in their realistic lengths to maintain a tendency to fail in the out-of-plane mode, governed by the large twist rotation. Increasing the
load effects ratio of dimensionless axial force to dimensionless maximum major axis bending moment, the buckling mode goes
away from that of lateral-torsional one, starting to become that closer to the minor axis flexural buckling (FBZ) mode. Different
aspects of the flexural-torsional buckling (FTB) resistance of the typical rolled H-section beam-column with regard to the General
Method (GM) formulation, developed by the authors elsewhere and based on the parametric finite element analysis, are dealt with
in this paper. Investigations are concerned with different member slender ratio, different moment gradient ratios and different load
effects ratio. Final conclusions are related to practical applications of the proposed format of General Method in relation to the
effect of large displacements on the FTB resistance reduction factor described through the dimensionless measure of action effects

and the FTB relative slenderness ratio of quasi-straight beam-columns.
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1. INTRODUCTION

The flexural-torsional buckling of laterally and torsionally unrestrained beam-columns is one the
most important failure modes need to be considered in design of steel framework elements. The
current design regulations presented in Part 1-1 of Eurocode 3 implemented in Poland as PN-EN 1993
[6], introduce buckling strength interaction equations of clause 6.3.3 for checking the resistance
utilization ratio of beam-columns under a triple action effect of compression and bending moments
about both section principal axes y-y and z-z. The said equations are also valid for all special cases of
a single action effect of major axis bending, minor axis bending or compression, and for a double
action effect of biaxial bending without compression, and compression with mono-axial bending
about y-y axis or z-z axis, as it has been explained in the Eurocode 3 Design Manual [18]. For a double
action effect of compression and bending, the most important case in practical design is the major
axis bending since majority of frameworks are still designed with use of plane frame models. In
Eurocode 3 [6], the rules based on interaction equations of clause 6.3.3 are supplemented with
recommendations based on the so-called General Method (GM) of clause 6.3.4. An idea of GM
introduced in [6] is to bring the checking method for beam-columns closer to the Ayrton-Perry
verification procedure of columns and beams, requiring a single verification criterion instead of triple
criteria, two based on the buckling interaction equations with the so-called equivalent uniform
moment factors and the criterion of cross section resistance. Although the GM version implemented
in [6] has a general format of that of Ayrton-Perry for compression or major axis bending (based on
the conventional definition of minor axis flexural slenderness ratio A, or the lateral-torsional
slenderness ratio A, 7, respectively), it does not follow the same way of imperfection inclusion as that
used for compression or bending. The effect of imperfection is not implemented through the
interpolation of equivalent imperfection amplitude for beam-columns from those for buckling under
compression and for buckling under major axis bending. It is recommended to calculate the beam-
column strength reduction factor through the adoption, alternatively [18]: a) the minimal value of the
reduction factors calculated for compression y, and bending y;r, both based on the calculated beam-
column slenderness ratio /Top (denoted hereafter by Apr), or b) the value being interpolated between
the above mentioned two by using a relationship that is dependent upon the action effects ratio
(dimensionless axial force over the dimensionless maximum bending moment).

The Ayrton-Perry version of Eurocode’s GM is not fully aligned with the original version of Ayrton-

Perry concept, and this inconsistency has recently been widely studied. The information on the
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application of the GM can be found in [15, 18]. Comparison of the GM with the other rules given in
[6] was made in [4, 24]. Ferreira et al. [7] compared the GM with other overall methods. The safety
of this method was assessed in [17] for prismatic members and with the use of advanced nonlinear
numerical simulations. Recent international research is more frequently based on a direct application
of the Ayrton-Perry approach. Tankova et al. [23] presented an Ayrton-Perry format proposal for
beam-columns based on the theoretical derivation of [21]. Other proposals were reported in [14, 22].
A novel analytical GM model based on a generalised Ayrton-Perry formulation was proposed by the
authors of this paper in [9].

In this paper, GM is studied in relation to quasi-straight wide flange beam-columns subjected to
unequal end moments giving the moment gradient ratio ¥, = My, pin/My 1nqy. Similar study but
related to lateral-buckling of quasi-straight double-tee section beam-columns, under compression and
uniform bending (1, = 1), was presented in [10]. Straight and residual stress free beams (when end
moments do not exist) are more sensitive to LTB when the ratio of minor axis to major axis moments
of inertia is closer to zero (for the section shape being closer to the thin web plate without flanges)
while less sensitive otherwise, and ultimately insensitive to LTB in the case of double-tee section
beams with equal moments of inertia about both principal axes. Quasi-perfect inelastic beams with
an infinitesimally small value of the amplitude of geometric imperfection profile fail in: a) plastic in-
plane mode with limited contribution of the twist rotation (the range of stocky beams), b) quasi-elastic
mode combining the effects of out-of-plane deformations with prebuckling deflections (the range of
intermediate lengths), and finally c) plastic out-of-plane mode (the range of slender beams). In the
other words, the buckling failure mode changes with an increase of the beam length, from that of the
plastic major axis failure, governed almost entirely by large in-plane deformations, through the mode
associated with an increasing contribution of the minor axis bending as a result of the development
of quasi-elastic out-of-plane deformations, to finally that of the minor axis failure, governed almost
entirely by large minor axis plastic deformations as a result of large twist rotations. In the case of
major axis bending with the presence of a compressive axial force, even of a small value, there is a
drastic reduction for structural elements in their realistic lengths to maintain a tendency to fail in the
out-of-plane mode governed by the large twist rotation. The objective of this paper is twofold. Firstly,
to prove that regardless of the moment gradient ratio, the GM buckling resistance reduction factor of

quasi-straight and residual stress free beam-columns may be represented, except for the values for
low beam-columns slenderness ratio Apr, by the elastic buckling hyperbola % Secondly, to confirm
FT

that the large twist rotation affecting the resistance of very slender beams by increasing the resistance
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above that resulting from the elastic buckling hyperbola, might be considered as negligible when the

major axis bending moment is accompanied by a small axial force.

2. FINITE ELEMENT SIMULATIONS

Let us consider a simply supported beam-column with free warping boundary conditions at end
sections of the wide flange rolled section HEB 300 made of steel grade S 235, under compression
and major axis end moments (Fig. 1). Three loading cases of beam-columns are considered in this

paper, namely ¥, = 1,0, —1. The parametric finite element simulations were carried out for the

. . .oT Ny . .
fourteen values of minor axis flexural slenderness ratio 4, = /N—p (where N: is the flexural minor
z

axis bifurcation force according to [6, 18]) where /Tz =0.5; 1.0; 1.5;2.0; 2.5; 3.0; 4.0; 5.0; 6.0; 7.0;
8.0; 9.0; 12.0; 16.0, and twelve values of the action effects ratio a,, = n/m, (or omy = my/n = 1/on,)
where a,,,= 0; 1/50; 1/20; 1/10; 1/4; 1/2; 3/4; 0.0; 4/3; 2; 4; o (or aum,y = o0; 50; 20; 10; 4; 2; 4/3; 0.0;
3/4; 1/2; 1/4; 0). For the moment gradient ratio 1, = 1, the slenderness ratio A, = 0.5-6.0 and the
action effects ratio a,,, without values 1/50; 1/20; 1/10 are considered. For the moment gradient ratio
Y, = 0 the slenderness ratio A, =0.5-12.0 and all of the action effects ratio o, are considered. In
case of antisymmetric major axis bending moment (i, = —1), all of A, and @y, are considered. The

_ Mymax

. . . N . .
dimensionless action effects are defined by: n = my where the section plastic

pl My p1

resistances: Ny, = Afy,, My, = Wy, 11 fy; A, Wy, p1— section area and section plastic modulus, £, — steel

(My,max My,min:'//yMy,max
Y
e

z

Fig. 1. Loading pattern of considered beam-column of HEB 300 cross-section

yield stress.

The finite element model is obtained by geometric discretization of section walls with use of shell
elements S4R (a 4-node doubly curved thin or thick shell, reduced integration, hourglass control,
finite membrane strains). The mesh density adopted was chosen such that it insures the convergence
of the equilibrium path trace and the limit point placement on this path. The shell finite element size

changes, depending on the beam-column length, with the dimension being constant along the mid-
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thickness line of section walls (30 mm for the flanges and 28 mm for the web) and variable along the
member axis of 50 mm on average. The boundary conditions for end sections are modelled using
rigid sub-contours for two flanges and one sub-contour for the web with shell elements multipoint
constrained. The web sub-contour is “hinged” to the rigid flange contours so that the former would
rotate in the section plane independently from the other two. Hence, the flange sub-contour rotation
in the section plane is constrained at the flange-to-web intersection so that the flange sub-contours
may freely rotate only out of the section plane, ensuring warping conditions as in the Vlasov theory
of thin-walled members, but all the sub-contours are restricted to differential rotations in the section
plane. Such a shell modelling technique facilitates the introduction of end section translational and
rotational boundary conditions, as well as the application of external concentrated loads, in the same

way as in the Vlasov theory of thin-walled members. Details are shown in Fig. 2.

MPC - web
RIGID BODY - flanges

Conneéctor:
Join

s ux=uy=uz=0
RP1 8x=0
z

0x=0 Xl—y)

Fig. 2. Numerical model details: end boundary conditions

The elastic-plastic behaviour of steel is modelled assuming Hooke’s relationship for isotropic
material in the linearity range while for detection of plastic behaviour the Huber-Mises yield
condition is applied [13, 20]. After crossing the yield condition the plastic strains are determined on
the basis of flow rule associated with chosen yield condition and isotropic strain hardening model is
applied to describe material’s behaviour after plasticization. The elasto-plasticity constitutive model
parameters are calibrated on the basis of a trilinear engineering stress-strain relationship illustrated
graphically in Fig. 3, in which the first line represents the region of elastic behaviour, the second one
the region of inelastic linear behaviour between the yield stress £, and the tensile strength of £, = 1.1
/v at the strain of ¢, = 0.15 %, followed by the constant tensile stress under the strain increased above
the level of €,=0.15 %. For the elasticity the assumed Young’s modulus value for steel is equal to

E =210-10° N/mm? while Poison’s ratio is equal to 0.3.
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Fig. 3. Stress-strain relationship adopted for modelling of steel behaviour, £, = 235 MPa

Abaqus finite element code is used to solve the problems of linear eigenvalue analysis (LEA) for
elastic buckling mode and geometrically and materially nonlinear analysis with a disturbance to
perfect geometry (GMNA+) in the form of infinitesimally small minor axis end moments that produce
the initial configuration corresponding to the lowest buckling mode [1, 2]. Exemplary lowest overall
buckling modes for the slenderness ratio A, = 5.0 and specified dimensional » and my values are given
in the Appendix.

The option Nlgeom is used that allows for the nonlinear buckling analysis through the large
deformation theory [5]. The engineering stress-strain relationship is transformed into the true stress
and true strain relationship according to approximate relations given in manual [2]. The Riks
incremental-iterative method is used to solve all the GMNA+ problems related to compression and
uniform, symmetric major axis bending moment (SMY), compression and triangular major axis
bending moment (TMY) and bi-triangular, antisymmetric major axis bending moment (AMY).

It is worth underling here that the FEM approach used as a base for all calculations presented in this
paper was verified/validated in the previous authors’ contributions [8, 9, 11]. In fact, the approach
was not validated with use of the authors’ original experiments, but rather was based on experiments
accessible in the subject literature. What is more important, such an approach has additionally been
verified many times by checking with analytical models meeting the current steel Eurocodes’

Expectations (ECE).

2.1 RESULTS FOR UNIFORM BENDING MOMENT (SMY)

The results of finite element simulations of the buckling resistance M, = y,rM,, ,; are shown in
Fig. 4 in the form of multiple buckling moment reduction factor curves under the simultaneous action

of the bending and axial compression load effects, each curve representing the buckling moment
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Mypt

reduction factor =™ and the lateral-torsional LT) slenderness A,y = Ayprer =
it My,pi1 ref Mcr,LEA

where M, ;g4 is the critical moment according to the beam theory of thin-walled members:

. ioN
2.0 Merpga = loy/N,Np = ;sz

z/AT

where:
io — section polar radius of gyration; N., N7 — bifurcation forces corresponding to minor axis flexural buckling
and torsional buckling modes, respectively; 4,, A7 — relative slenderness ratios corresponding to above stated

bifurcation forces [18].

The LT slenderness ratio can be modified with regard to the effect of prebuckling displacements [11],
following the notation A,y meq = 3/1— I,/ I, A where I and I, are the moments of inertia about the

z-z and y-y axes, respectively.

G,y
1.00 1.00/——
0.80 - 1.33|——
: 2.00 | ——
| 4,00 ——
5 0.60 [ I
< 0.482 s
0.40 - —
0.20 ==
0.00

000 040 080 120 1.60 2.00 240
ALT = ALTref

Fig. 4. FEM buckling reduction factor vs. the LT slenderness ratio for the case of SMY [10]

Figure 4 shows that for uniform bending without compression (o, = 0), numerical results coincide
with the upper bound of elastic-plastic instability in the wide range of 2. The upper bound is
constituted by minimum from the values of elastic hyperbola (dashed line) and plastic hinge
resistance (dotted line) at the level of x .+ = X17.max Where Xirmax = 1. The level of minor axis
failure of slender beams, at the twist rotation amplitude of 90 degrees, corresponds to X7 min =

M1/ My = 0.482. This level is marked in Fig. 4 by the dotted lower bound line at the level of

XLT = XiTmin- It is visible that for slender beams with the slenderness ratio A7 greater than
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/TLT,max ~ 1.6, the buckling reduction factor starts to approach the constant value of x; 7 in. When
there is the bending moment accompanied by the compressive axial force, buckling reduction factor
curves are placed below that for the bending moment without compression. For stocky beam-columns
the buckling resistance reduction factor starts to decrease from that of ;7 = M, 1 reqa/ My, (Where
M, pirea 1s the section plastic moment resistance reduced by the presence of axial force) and the curves
are located below that for bending without compression. The position is lower for the greater value
of the action effects ratio of a,,. One can notice that the range of constant level of the buckling

reduction factor vanishes for slender beam-columns.

2.2 RESULTS FOR TRIANGULAR BENDING MOMENT (TMY)

The FEM simulation results for TMY case are shown in Fig. 5. The slenderness ratio is calculated

using the critical moment M, ;g4 according to the beam theory of thin-walled members:

; ioN
2.2) Mg ga = 1.82ig,/N,Ny = 1.82 ZOJPTI
where there is the same notation as used in Eqn. (2.1).

It shows that for bending without compression (0., = 0), due to the major axis moment applied over
one support, the numerical results coincide with the upper bound of elastic hyperbola only in a narrow
range of A, between approximately 1.15 and 1.4. For A7 below unity, numerical results are placed
above the plastic hinge level of Y17 = X17max Where X7 max = 1. This indicates that the effect of
strain hardening is influencing the in-plane resistance of stocky beams much more in the case of non-
uniform bending than in the case of uniform bending. It is also visible that for slender beams with the
slenderness ratio 1,7 greater than /TLT'max ~ 1.4, there is a similar tendency to that observed in the
case of SMY. The buckling reduction factor starts to approach the constant value of x, 7 min. When
there is the bending moment accompanied by the compressive axial force, buckling reduction factor
curves are placed below that for the bending moment without compression as it has been observed
for uniform bending and compression (cf. subsection 2.1).

Figure 6 shows the comparison of FEM results for different values of oy, in the cases of SMY and
TMY. For the reference, there are also shown the results from FEM simulations for the case of a,,, = 0.
One can notice that for all the values of the slenderness ratio considered, buckling moment reduction

factors for TMY are placed above those for SMY but the difference is the decreasing function of the
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slenderness ratio. This is due to the fact that the effect of strain hardening is much more pronounced
for stocky elements in the case of TMY than in the case of SMY. This conclusion supports the remarks
made by the authors of this study in [9]. The effect of strain hardening plays more and more important

role when the bending moment diagram goes from that corresponding to SMY to the one

corresponding to AMY.

1_00 [ ..

0.0
e
0.482 AETm P

0.40 -

0.20 -

0.00 T . S
0.80 1.20 1.60 2.00 240

ALT

0.00  0.40

Fig. 5. FEM buckling reduction factor vs. the LT slenderness ratio for the case of TMY

1.00 J Ony T™MY
iy 1.00 | ——
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0 SI%J 1.33 | ——

' 2.00 | ——
L 0.60 - 4.00 | —-—
R0.482 SMY

0.40 A dashed lines

0.20

0.00

0.00 0.40 0.80 120 1.60 2.00 2.40 2.30
ALT,ref

Fig. 6. Comparison of buckling reduction factor function of LT slenderness ratio for the cases of SMY and

™Y

2.3 RESULTS FOR BI-TRIANGULAR BENDING MOMENT (AMY)

The FEM simulation results for AMY case are shown in Fig. 7. The slenderness ratio is calculated

using the critical moment M, g4 according to the beam theory of thin-walled members:
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, ioNp;
(2.3) Mgy = 2.64i0\/N,Ny = 2.64ﬁ

where there is the same notation as used in Eqns. (2.1) and (2.2).

It shows that for bending due to the moments of the same direction and applied over both supports
without compression (a,,=0), the numerical results coincide with the upper bound of elastic
hyperbola only in a narrow range of 1,7 being approximately similar to that identified in the case of
TMY. For 1,7 below unity, numerical results are placed above the plastic hinge level of y,r =
XLTmax Where X1 mayx = 1. Itis visible that for slender beams with the slenderness ratio ALr greater
than )fLT,max ~ 1.4, there is a similar tendency to that observed in the cases of SMY and TMY. The
buckling reduction factor starts to approach the constant value of ¥, min-

Figure 8 shows the comparison of FEM results for different values of a,, in the cases of TMY and
AMY. For the reference, there are also shown the results from FEM simulations for the case of
any= 0. One can notice that for all the values of the slenderness ratio considered, buckling moment
reduction factors for AMY are placed above those for TMY but the difference for stocky beam-
columns is not so much pronounced as it exists when comparing the results of TMY and SMY (cf.
Fig. 6). This is due to the fact that the effect of strain hardening is similar for non-uniform bending
cases TMY and AMY than that between the uniform moment case SMY and the non-uniform bending

cases TMY and AMY.

AMY

. Ony Oniy

oo B:S;g:&”_%\\ [ZLtmax | [0.00[——|[0.25 —=—
0.02 |—2—|0.50 |—=—
0.80 - 0.05 |—o—|[0.75 |—o—
0.10 |—e— || 1.00 | =
& 0.60 - = 1.33 | ——
= 0.482 CEE Py p—
0.40 - 4.00 | —o—

020 A £

—2

-—-- I/J.Lr,mod

0.00 - T |

000 040 0.80 120 1.60 2.00 2.40
Lt

Fig. 7. FEM buckling reduction factor vs. the LT slenderness ratio for the case of AMY
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Fig. 8. Comparison of buckling reduction factor function of LT slenderness ratio for the cases of TMY and

AMY: a) a,,,= 0.00 and a,,> 0.25; b) o, = 0.02, 0.05 and 0.10

3. BUCKLING RESISTANCE BY GENERAL METHOD IN
AYRTON-PERRY FORMAT

The GM concept of the buckling resistance assessment developed in [9] enabled to extend the Ayrton-
Perry approach used for the resistance assessment of the member under a single load effect (N, when
the member is subject to a compressive force N or M, when it is subject to a bending moment 4, for
the assessment of the member resistance under a combination of the load effects of N and M,. In order
to do that, an Euclidean dimensionless measures are introduced, referred respectively to the actual

member state and the buckling resistance state:

3.1 s=,n?+m3
(3.2) sp =+/n2 +mé

where:
n=N/Ny, m, =M,/M,, n, = Np/Ny, m = My/M,,; and each pair of measures represented by

Eqns. (3.1) and (3.2) are associated with the same action effects ratio of a,, Or @y = my/n = 1/oy,.

Numerical results presented in the previous chapter may be effectively used for the evaluation of the

member buckling resistance measure s5. Connecting discrete values sp,; calculated for the selected
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value of the slenderness ratio 1, and different values of c or am,, (from zero to unity), the buckling
resistance measure curve may be obtained. Fig. 9 shows these curves obtained for three moment
gradient ratios, namely in Fig. 9 for SMY, in Fig. 10 for TMY and in Fig. 11 for AMY. In each figure
there is a number of curves for different values of the slenderness ratio values A, used in FEM
simulations.

The slenderness ratio either 4, used in Fig. 9 or A, used in chapter 2, are not of a general nature,
since they are associated with independent buckling modes. In order to formulate the buckling
resistance measure curve in the same way like for compression and bending, the following two

measures are introduced:

(3.3) Ser =N + My

(3.4) Spy = fnzz,l +m?,

where:

Nep = Ney/Npy, Mgy = My /M, — pair of the dimensionless values of compressive force and bending
moment at the elastic critical state, and ny,, = N/Np;, mp, = M, /M, ,; — pair of the dimensionless
compressive force and bending moment (satisfying Eqn. (3.8) where P — 6§, effect is accounted for the
moment evaluation) at the in-plane ultimate strength reached when the plastic hinge forms at the most stressed

section.

Using Eqns. (3.3) and (3.4), the following definitions for the flexural-torsional buckling resistance

measure and the flexural-torsional buckling slenderness ratio are introduced:

3.5) Sp = XFTS;I;II

- STt
(3.6) Apr = i
where:

Xer = Sp/sp; — flexural-torsional buckling reduction factor.
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It is important to notice that for compression without bending (o, =0 or am,= ) there is
sp = Ny, /Ny, and for bending without compression (oum,y = 0 or au,y = o) there is s, = M}, /M,, ,,

In order to present the results of FEM simulations in the coordinate system of the flexural-torsional
buckling reduction factor yzr and the flexural-torsional slenderness ratio Apr, the critical action
effects measure and the in-plane ultimate state action effects measure are studied first, and they are

summarized in the following subsections.

| SMY | Gny An,y

1.00 s

0.80 A

L 0.60 1

“.482
0.40 -

0.20 4

0.00
0.0 1.0 2.0 3.0 4.0 5.0 6.0

Fig. 9. Buckling resistance measure curves for SMY
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. 0.60 -
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Fig. 10. Buckling resistance measure curves for TMY
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Fig. 11. Buckling resistance measure curves for AMY

3.1 CRITICAL ACTION EFFECTS MEASURE

The critical state of beam-columns under a moment gradient defined by y, is described by the

relationship used in [9] and rearranged to the following dimensionless formats:

3.7 (mcrziT,ref.Bmod)z = (1 - Tlcr@)(l - ncr/g)(l - ncr/TZT)

where:
Zy — column slenderness ratios corresponding to flexural buckling about the y-y axis [6], Bnoq — factor depends
on the moment gradient ratio y, and N/ N. and the effect of prebuckling in-plane displacements on the critical

moment [9].

The critical state curves are evaluated from discrete points calculated for three values of y, and the
same slenderness ratio (in order to better represent the elastic critical state additionally 1, = 0.6; 0.7;
0.8 were used) and action effects factor values as for numerical simulations. The results are presented

in Fig. 12 for the case of SMY, in Fig. 13 for the case TMY and in Fig. 14 for the case of AMY.



www.czasopisma.pan.pl L\% www.journals.pan.pl

BUCKLING RESISTANCE OF QUASI-STRAIGHT H-SECTION BEAM-COLUMNS UNDER... 337
a) b)
- - —q1 -
wy=1 7: Eqn.(3.7 o wy=1 7. Eqn.(3.7
6.0 0.5 —— 2.0] ——
5.0 0.6 —— | g 2.5 —=—
0.7| —a— 3.0] ——
4.0 | 0.8 —o— 0.6 | 4.0 —o—
£3.0 ¥ LO| —— | & 50 ——
LS| —— 04 6.0/ ——
20 i 1 I
1.0 o | ™ 0.2
0.0 ¥ 0.0 -
0.00 0.50 1.00 1.50 2.00 2.50 3.00 3.50 4.00 0.00 0.05 0.10 0.15 0.20 0.25
ncr ntr
Fig. 12. Analytical elastic critical state curves for SMY [10]
a)
14.0 w=0 ph ‘Eqn. @7
12.0 20 ——
2.5 —=—
10.0 3.0|
tS,O 4.0[ —
S 5.0 ——
6.0 e
4.0
2.0 \\
0.0 * S X %
0.00 0.50 1.00 1.50 2.00 2.50 3.00 3.50 4.00 0.00 0.05 0.10n 0.15 0.20 0.25
Ter or
<)
0.5 4
0.4
0.3
50.2
0.1
0.0 " 2 3
0.000  0.005 0.010  0.015 0.020  0.025
"L‘Y
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Fig. 14. Analytical elastic critical state curves for AMY

3.2 IN-PLANE ULTIMATE STATE ACTION EFFECTS MEASURE

The in-plane ultimate state of beam-columns under a moment gradient defined by y, is widely

presented in [8]. For this study, the relationships described in [19, 25] are used and rearranged to the

following dimensionless formats:

-for/Ty <1

a) when ¥y, > cos(nd,\/n,;)

mpl\]1+[cot(niy\/n_pl)—wycosec(niy\/n—pl)]2 1

mn,y

(3.80)

b) when i, < cos(n)fy, /npl)
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(3.8b) T’:—;ly =1
- for /Ty > 1:
a) when ), > cos(m,/n,;)

mpl\/l+[cot(7r\/n_pl)—1pycosec(n\/n—pl)]2

(3.8¢) o~ =1
b) when i, < cos(n /npl), Eqn. (3.8b) holds
where:

cot, cosec — trigonometric cosecant and cotangent function, respectively; my,, — dimensionless section reduced

moment resistance for bending about y-y axis according to Eqn. (3.9).

Eurocode’s interaction criteria for the evaluation of section reduced moment resistance my,, of steel
double-tee sections subjected to axial force and bending about y-y axis generate unconservative
results compared to the exact solution (which can be found in [26]), particularly for low values of 7,
[16]. The authors of paper [12] derive the bending moment - axial force interaction relations for mild
steel bisymmetric I-sections by considering elastic-plastic and strain hardening idealisations with
linear and parabolic strain hardening characteristics. Other modern alternative interaction criteria
were given in [3, 19, 27]. For the purpose of this study, the proposal of [19] is taken into account
since it is likely to be adopted for the future generation of Eurocode 3. The formula presented in [19]

is rearranged to calculating my,, and the following dimensionless format:

A? A
3.9a myy,=1————n2 for n, <%
( ) N,y AWy pitw pl pl ="y
__Ab
AW t A
— _ ypL:w Aw
(3.9b) myy = (1—ny) iy for ny >
A

where:

Ay, = hyt,; A — cross-section area; s, — double-tee section mid-flange depth; #, — web thickness.

In-plane resistance curves are evaluated from discrete points calculated for three values of y, and the
same slenderness ratio and action effects factor values as for numerical simulations. The results are

presented in Fig. 15 for all considered cases of the moment gradient ratio.
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Fig. 15. Analytical in-plane resistance curves for: a) SMY [10], b) TMY, ¢) AMY

3.3 FLEXURAL-TORSIONAL REDUCTION FACTOR BY GENERAL METHOD

For each value of the action effects ratio, the results presented in Figs. 9 and 15a are used to calculate
XrT = sb/sz’,’, for the case of SMY, in Figs. 10 and 15b are used for the case of TMY and in Figs. 11

and 15c for the case of AMY. Each discrete value of yzr corresponds to particular slenderness ratio

App = ’511711 /Ser calculated with use of the results presented in Figs. 12 and 15a are used to calculate

Apr = ’s{,’l/scr for the case of SMY, in Figs. 13 and 15b for the case of TMY and in Figs. 14 and

15¢ for the case of AMY. All pairs of (ypr, Apr) are plotted respectively in Fig. 16 for SMY, Fig. 17
for TMY and Fig. 18 for AMY.
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Fig. 16. Numerical FTB curves in FT coordinates for the case of SMY [10]
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Fig. 18. Numerical FTB curves in FT coordinates for the case of AMY
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The following conclusions can be drawn:

1. Buckling curves in the FT coordinates presented in Figs. 16-18 are more general than those in the
LT coordinates presented in Figs 4, 5 and 7.

2. In the case of the flexural minor axis buckling with zero contribution of the bending moment
(aum,y = 0) the buckling curves in Figs 4, 5 and 7 reduce to the abscissa straight line while in Figs. 16-
18 the FTB curves for the Azy > 1 reduce to the elastic buckling hyperbola.

3. For Apr > 1, the FTB resistance decreases rapidly and the results are practically equal to elastic
buckling hyperbola ypr = 1/A%;. For the Az < 1, the numerical GMNA+ results are placed close to
unity representing the full yielding of the element most stressed section under a given combination
of stress resultants.

2. In all the values of the gradient moment ratio considered and the case of bending without

compression (a,,=0) for approximately Apy > My /M, = 144, the buckling resistance

reduction factor starts to approach the constant value of x,7min = M1/ M, = 0.482.

4. FINAL REMARKS AND CONCLUSIONS

It has been proven that regardless of the moment gradient ratio, the GM buckling resistance reduction
factor of quasi-straight and residual stress free beam-columns may be represented, except for the
values for low beam-columns slenderness ratio Agr, by the elastic buckling hyperbola 1/%;. It has
been showed that only in the case of bending without compression (a,,, = 0), the buckling resistance
reduction factor for App > m starts to approach the constant value of Y, 7y =
M; 1/ M, ;. This confirmed that the large twist rotation affects the resistance of very slender beams
by increasing the resistance above that resulting from the elastic buckling hyperbola. This factor
might be considered as negligible when the major axis bending moment is accompanied by an axial
compressive force. In summary, the FTB reduction factor for quasi-straight prismatic beam-columns

under considered load cases may be approximated analytically in the following way:

(4.1a) Xrr = —S’S"ﬁT =1 for Ar <1
pl

(41b) XFT = _S:'II;T = —A_z for /TFT >1
pl FT

Mz,pl

_ SbFT __ _
(4.16) XFT = S XLT,min = M
pl

for  Apr> [-*= and a,, =0
ypl Mz pi g
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Eurocode design rules [6] are based on the imperfect member model. The presented herein GM

concept considers only a disturbance to perfect geometry (GMNA+) in the form of the lowest

buckling mode with infinitesimally small amplitude that produce the initial configuration

corresponding to the quasi-perfect initial state. Results presented in this study show the general

behaviour of beam-columns and they might be useful for the refinement of GM in order to include

the effect of a non-zero residual resistance of slender beam-columns.

—
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Appendix: Buckling modes for AMY and TMY loading cases

The lowest overall buckling modes for specified dimensional » and m, values:

Moment antisymmetrical (AMY) Moment triangular (TMY)

and axial compression and axial compression

n=0— LT mode corresponding to the n=0- LT mode corresponding to the triangular
antisymmetric moment diagram moment diagram

n/my=0.01 n/my=0.01
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n/my,=0.02
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n/my,=0.04

n/my=0.04
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n/my=0.05
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n/my=0.10 and greater values of n/m,, the n/my=0.10 and greater values of n/m,, the
shapes are similar to that of 0.10 shapes are similar to that of 0.10

my= 0 —minor axis flexural buckling under compression
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WYBOCZENIE POZORNIE PROSTYCH ELEMENTOW DWUTEOWYCH SZEROKOSTOPOWYCH, SCISKANYCH

1 ZGINANYCH MOMENTAMI PODPOROWYMI O ROZNYCH WARTOSCIACH I ZNAKU

Stowa kluczowe:  metoda ogélna, duze przemieszczenia, wyboczenie gigtno-skretne, stalowe walcowane przekroje dwuteowe
szerokostopowe, elementy $ciskane i zginane

STRESZCZENIE:

Dwuteowniki stalowe o przekroju bisymetrycznym, poddawane $ciskaniu i zginaniu wzgledem gtéwnej osi bezwtadnosci
przekroju, sa wrazliwe na wyboczenie wzgledem osi mniejszej bezwladnos$ci, przy jednoczesnej podatnosci na
deformacje zgigciowe i skrecenie wzgledem tej osi bezwladno$ci. Analizy numeryczne wykazaty, ze w sytuacji, kiedy na
koncach elementu quasi-idealnego wystegpuje obcigzenie podporowymi momentami zginajacymi, wrazliwos¢ na
wyboczenie gigtno-skretne zalezy w gtdwnej mierze od stosunku momentéw bezwladnos$ci analizowanego przekroju oraz
dodatkowo zalezy, i to w sposéb istotny, od gradientu momentu wzglgdem gléwnej osi bezwladnosci przekroju. W
przypadku zginania wzglgdem przekrojowej gtownej osi bezwladnosci (osi y-y) z udziatem sity Sciskajacej, nawet o
bardzo matej wartosci w pordwnaniu z sita powodujaca uplastycznienie (réwna nosnosci przekroju klasy 1 na $ciskanie),
nastgpuje drastyczna redukcja nosnosci elementdéw o typowo konstrukcyjnych dlugosciach. Na podstawie
przeprowadzonych obliczen mozna zaobserwowac, ze wyboczenie nastgpuje wskutek zginania w ptaszczyznie mniejszej
bezwtladnosci przekroju, ktoremu towarzysza znaczne skrgcenia przekroju. W miar¢ wzrostu wartosci wspotczynnika
obcigzenia, ktory definiujemy jako stosunek bezwymiarowej sity osiowej do bezwymiarowego maksymalnego momentu
zginania wzgledem osi wigkszej bezwtadnosci, nastgpuje oddalanie si¢ krzywej wyboczeniowej od tej dla wyboczenia
gigtno-skretnego i zblizenie si¢ do krzywej dla wyboczenia wzglgdem osi mniejszej bezwtadnosci. W niniejszej pracy
przeanalizowano wplyw wybranych czynnikow na no$no$¢ przy wyboczeniu gig¢tno-skretnym typowego elementu
stalowego, definiowana w ujeciu tzw. eurokodowej metody ogdlnej, rozwijanej przez autoréw w innych pracach. Do
analiz parametrycznych wykonywano metodg elementow skonczonych (MES).

W uwagi na fakt, ze w wypadku rozwazanych elementow $ciskanych i zginanych, zwichrzeniu oraz wyboczeniu
gietno-skretnemu w sytuacji matego udziatu podhuznej sily $ciskajacej, towarzyszy zwykle znaczny obrét przekroju,
wszystkie analizy MES wykonano w ramach teorii umiarkowanie duzych deformacji, tj. wprowadzajac logarytmiczna
miar¢ odksztatcenia i tensor napr¢zen Kirchhoffa. Nie jest to formalnie teoria dowolnych deformacji, tylko ptynne
przejécie z teorii matych odksztatcen do teorii duzych deformacji, co w przypadku analizowanych zagadnien jest
przyblizeniem wystarczajaco dokladnym. W rozwigzywanych zagadnieniach utraty statecznosci, elementy $ciskane i
zginane sg modelowane przy zastosowaniu elementow powlokowych SR ze zredukowanym calkowaniem. Przyjeto
sprezysto-plastyczny model materialu z warunkiem plastycznosci Hubera-Misesa
i stowarzyszonym z nim prawem plynigcia. Uwzgledniono izotropowe wzmocnienie odksztalceniowe.

W niniejszej pracy analizowany jest wptyw smuktosci elementu, wptyw rozktadu momentu na dlugosci elementu
(wykres momentu staly, trojkatny i antysymetryczny) oraz wplyw stosunku znormalizowanej sily $ciskajacej do
znormalizowanego momentu zginajacego. Ostateczne wnioski i wyniki symulacji numerycznych sa odniesione do
sformutowan analitycznych, w tym eurokodowej metody ogdlnej, odnoszacej si¢ do definiowania nosnosci elementéw
ulegajacych wyboczeniu gigtno-skretnemu. W pracy wykazano, ze niezaleznie od rozktadu momentu zginajacego
wzgledem gldwnej osi bezwladnosci przekroju y-y, redukcja nosnosci elementu quasi-idealnego bez naprezen wstepnych,

za wyjatkiem elementdéw o bardzo niskiej smuklosci, moze by¢ okreslony przez hiperbolg wyboczenia gigtno-skretnego,
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a wige w sposob analogiczny do sprezystego wyboczenia eulerowskiego. Zaobserwowano, ze znaczne obroty przekroju
wplywaja istotnie na no$no$¢ elementéw o bardzo duzej smuktosci, podnoszac ich nosnos¢ ponad przewidywana
hiperbolg wyboczenia sprezystego. Efekt ten moze by¢ pominigty wowczas, gdy zginaniu wzgledem osi wigkszego
momentu bezwladnosci towarzyszy sita Sciskajaca. Wykazano, ze jedynie przy zginaniu bez udziatu $ciskajacej sity
podtuznej, wskaznik redukcji nosnosci elementéw smuktych zbliza si¢ do stalej wartosci rownej Xprmin =
M, /My W podsumowaniu artykutu podano wzory analityczne, pozwalajace na okreslenie wspotczynnikow
redukcyjnych w zaleznosci od tego, czy wystgpuje podtuzna sita $ciskajaca, czy tez nie. W wypadku wystgpowania

SET _ q

niezerowej  wartosci  sity  Sciskajacej wyrézniono dwa  przedzialy smuklodci:  ypr = przy
pl

F’

Apr < 1012z Ypr = S'S"TT = % przy Agr > 1. Z kolei w sytuacji, gdy zginaniu nie towarzyszy sita podtuzna, wystepuje
pl FT

Mz,pl

trzeci przedzial smuktosci, w ktorym obowiazuje stata relacja yrr = % = Xirmin =5, -
Dl ypl

Eurokodowe reguly projektowania konstrukcji stalowych sa formutowane dla elementéw z imperfekcjami.
Prezentowana w niniejszej pracy koncepcja oceny no$nosci w ujeciu metody ogolnej dotyczy wytacznie sytuacji, w ktorej
zaburzenia idealnej geometrii zadawane sa w postaci najnizszej formy wlasnej wyboczenia z amplituda o najmniejszej
mozliwej wartosci, ktora eliminuje osobliwos¢ zadania (geometria quasi-idealna).

Wyniki i wnioski z analiz przedstawionych w niniejszej pracy moga by¢ w przyszlosci w tatwy sposob
wykorzystane do udoskonalenia metody ogdlnej w kierunku uwzglednienia realnych imperfekcji geometrycznych
i materialowych (naprezen wiasnych) w celu okreslenia projektowego wspoétczynnika redukcyjnego do no$nosci

wyboczeniowej, ktory uwzglednia efekt podwyzszenia no$nosci smuktych elementéw zginanych i $ciskanych.
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