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Abstract. To improve the curve driving stability and safety under critical maneuvers for four-wheel independent drive autonomous electric 
vehicles, a three-stage direct yaw moment control (DYC) strategy design procedure is proposed in this work. The first stage includes modeling 
of the tire nonlinear mechanical properties, i.e. the coupling relationship between the tire longitudinal force and the tire lateral force, which is 
crucial for the DYC strategy design, in the STI (Systems Technologies Inc.) form based on experimental data. On this basis, a 7-DOF vehicle 
dynamics model is established and the direct yaw moment calculation problem of the four-wheel independent drive autonomous electric vehi-
cle is solved through the nonsingular fast terminal sliding mode (NFTSM) control method. Thus optimal direct yaw moment can be obtained. 
To achieve this direct yaw moment, an optimal allocation problem of the tire forces is further solved by using the trust-region interior-point 
method, which can effectively guarantee the solving efficiency of a complex optimization problem such as the tire driving and braking forces 
allocation of four wheels in this work. Finally, effectiveness of the DYC strategy proposed for autonomous electric vehicles is verified through 
the CarSim-Simulink co-simulation results.
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1. Introduction

With the problems of energy, pollution and traffic safety in
the world becoming increasingly serious, traditional vehicles
should speed up their transformation in the electric and intelli-
gent directions [1–3]. In recent years, the field of autonomous
electric vehicles has attracted more and more attention. The
four-wheel independent drive autonomous electric vehicle is
just one of the many iconic products in line with this trend [4].
It not only has the advantages of short drive chain, high trans-
mission efficiency and compact structure, but also it is con-
venient for vehicle stability control design under autonomous
curve driving conditions because of the independently control-
lable driving and braking forces of each wheel [5, 6].

In fact, several studies have been conducted to improve the
curve driving stability and safety under critical maneuvers for
the autonomous electric vehicles and they all entail calculating
an optimal direct yaw moment [7–12]. However, although these
studies have made great efforts in the DYC algorithm design,
the model accuracy of the controlled object is always ignored.
In fact, the DYC system is only activated under those driving
conditions in which the vehicle system presents high nonlinear-
ity, especially the tires [13]. Thus, the tire nonlinear mechanical
properties, especially the coupling relationship between the tire
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longitudinal force and tire lateral force, focused on in this work,
must be considered carefully during the design procedure of the
DYC strategy. As it constitutes one of the most important com-
ponents of vehicle system dynamics, great attention has cer-
tainly been paid to the modeling of tire mechanical properties.
However, many tire models cannot reflect the tire forces cou-
pling relationship effectively. Therefore, previous studies based
on a simple tire model cannot achieve satisfactory DYC per-
formance in practical applications. To solve this problem, a tire
nonlinear mechanical properties model in the STI form, which
is proposed by an American company named “Systems Tech-
nologies Inc.” [14, 15], is considered to be used in this work.
The STI tire model can not only accurately reflect tire nonlinear
properties, but also focus on describing the coupling relation-
ship between the tire longitudinal force and tire lateral force,
thus it is very suitable for DYC strategy design in which the
calculation of the optimal direct yaw moment must consider
the tire forces coupling relationship.

Based on an accurate model of the system, the effectiveness
of the DYC strategy can then be guaranteed. Recently, several
methodologies have been adopted in DYC strategy design, such
as the fractional order PID control [16], nonlinear model pre-
dictive control [17], non-smooth control [18] and slide mode
control (SMC) [19]. Among them, the SMC methods have
shown high overall control performance due to their strong ro-
bustness against uncertainties and disturbances. However, tra-
ditional SMC methods still have drawbacks, thus much atten-
tion has been paid to improve them [20–22]. At this stage, one
of the effective improvement methods is the nonsingular fast
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terminal sliding mode (NFTSM) control method. This method
can achieve fast convergence and chattering elimination simul-
taneously [23, 24], thus it can be applied in this work to calcu-
late the optimal direct yaw moment. On this basis, it is obvi-
ous that an optimal allocation problem of the tire forces should
then be solved. Although several algorithms have achieved ef-
fective allocation of the tire forces [25–27], the calculation time
is still too long for the complex optimization problem such as
the tire forces allocation in this work, which cannot be accepted
by the actual DYC strategy design. Thus, a novel numerical
method for solving nonlinear programming problems, i.e. the
trust-region interior-point method [28–30], is adopted in this
work to achieve the real-time solution of the optimal allocation
problem of the four wheel forces.

According to the above descriptions, modeling of tire nonlin-
ear mechanical properties in the STI form, the NFTSM control
algorithm used for calculating the optimal direct yaw moment
and the optimal allocation of the tire forces of four wheels based
on the trust-region interior-point method are the three unique
features of this research. These three points are essential for
moving forward the scientific and industrial knowledge on DYC
strategy design. Although the aforementioned methods are not
innovatory for this research from a separate perspective, it is of
great significance to combine them to achieve DYC strategy de-
sign for autonomous electric vehicles. By conducting this work,
the tire forces coupling relationship is considered more com-
prehensively, the calculated direct yaw moment becomes more
reasonable and the solution of the optimal allocation problem
of the tire forces is quicker. Thus the DYC system is rendered
more suitable for real-world vehicle implementations.

The organization of this paper is as follows: modeling of the
tire nonlinear mechanical properties in the STI form and estab-
lishment of a 7-DOF vehicle dynamics model are reported on in
Section 2. Calculation of the optimal direct yaw moment based
on the NFTSM control algorithm is given in Section 3. The
optimal allocation of the tire forces by using the trust-region
interior-point method is reported in Section 4. The CarSim-
Simulink co-simulation study used to verify the effectiveness
of the DYC strategy is shown in Section 5. Finally, the conclu-
sions are provided in Section 6.

2. System description and modeling

2.1. Tire nonlinear mechanical properties modeling. In this
work, to reduce computational complexity and facilitate the
real-time application in DYC system, the STI tire model is
firstly simplified on the premise of ensuring model accuracy
and preserving the whole structure of the tire model. Mean-
while, to obtain the most accurate tire model parameters, tire
tests are conducted, thus the STI tire model parameters can be
fitted accurately based on the experimental data, which is highly
consistent with the tire actual mechanical characteristics.

2.1.1. STI tire model description. To model the tire mechan-
ical properties in the STI form, the composite slip coefficient σ
must be defined firstly as [31]:

σ =
πa2

p

√
k2

α tan2 α + k2
s (s/(1− s))2

8µFz
, (1)

where ap is the tire contact patch length, kα is the tire lateral
stiffness, ks is the tire longitudinal stiffness, α is the tire slip an-
gle, s is the tire slip ratio, µ is the road adhesion coefficient and
Fz is the tire vertical load. According to the expression of the
composite slip coefficient, it can be seen that many factors are
considered carefully, thus the STI tire model can precisely de-
scribe the tire mechanical characteristics under composite con-
ditions on this basis.

In Eq. (1), the length of the tire contact patch can be further
defined as [15]:

ap =
0.0768

√
Fz ·Fzt

Tw(Tp +5)
, (2)

where Fzt is the tire design load, Tw is the tire width and Tp is
the tire pressure. Tire lateral stiffness kα and tire longitudinal
stiffness ks in Eq. (1) can be measured by means of experimen-
tal tests. On this basis, to further consider the saturation effect
of the tire longitudinal stiffness, modified tire longitudinal stiff-
ness ksm is defined as:

ksm = ks +(kα − ks)
√

sin2 α + cos2 α . (3)

Based on the defined composite slip coefficient σ , a tire force
saturation function is further defined as:

f (σ) =
C1σ3 +C2σ2 +(4/π)σ
C1σ3 +C3σ2 +C4σ +1

, (4)

where C1, C2, C3 and C4 are the fixed coefficients, which can be
obtained by fitting the experimental data. Function f (σ) is con-
sistent with the mechanical properties of the tire force friction
circle, thus it can reflect the tire force saturation characteris-
tics effectively. Then, on the basis of the above equations, the
standardized expressions of the tire longitudinal force and tire
lateral force in the STI form can be described, respectively, as:




Fx =
f (σ)ksms√

k2
α tan2 α + k2

sms2
µFz ,

Fy =
f (σ)kα tanα√

k2
α tan2 α + k2

sms2
µFz +Yγ γ,

(5)

where Fx is the tire longitudinal force, Fy is the tire lateral force,
γ is the tire camber angle and Yγ is the tire camber coefficient.
As can be seen in Eq. (5), the coupling relationship between
the tire longitudinal force and tire lateral force is reflected in an
exact manner.

2.1.2. Tire mechanical properties tests. To obtain the exper-
imental data which can accurately reflect the tire nonlinear me-
chanical properties, tire mechanical properties tests are con-
ducted. During the tire test process, three different tire vertical
loads, reasonable tire slip range (−1∼0.5), tire sideslip angle

2 Bull. Pol. Acad. Sci. Tech. Sci. 69(3) 2021, e137065

NFTSM control of direct yaw moment for autonomous electric vehicles with consideration . . .

range (−15◦∼15◦) and two road longitudinal adhesion coef-
ficients are achieved. The tire camber angle is assumed to be
zero, thus the influence of the camber angle on the tire lateral
force shown in Eq. (5) is not considered in this work. The tire
slip range is set as [−1, 0.5], which means that the tire can be
completely locked when braking, while for driving on slippery
roads, the maximum tire slip is set to 0.5. The specific parame-
ter settings of the tire mechanical properties tests are provided
in Table 1.

Table 1
List of parameter settings

Parameter Setting

Tire pressure (kPa) 880

Tire width (m) 0.114

Tire design load (kN) 12

Vertical load (N) 8060, 9480, 11770

Tire slip angle (◦) −15∼15

Longitudinal slip ratio −1∼0.5

Adhesion coefficient 0.34, 0.77

2.1.3. Tire model parameters fitting. Based on the experi-
mental data, the parameters of the STI tire model can then be
fitted. According to the expressions of the tire forces, it is obvi-
ous that the parameters to be fitted are the four fixed coefficients
C1, C2, C3 and C4 in Eq. (4). Consider the case of the tire bench
test under the low road adhesion coefficient: the STI tire model
parameters fitting process is shown in Fig. 1.

Fig. 1. STI tire model parameter fitting process

Before achieving the fitting of the four coefficients C1, C2,
C3 and C4, tire lateral stiffness kα and tire longitudinal stiffness
ks should be measured based on the experimental test results
firstly. On this basis, the value of the composite slip coefficient
σ can then be calculated for different tire vertical loads, tire

slip angles and tire longitudinal slip ratios. Meanwhile, the tire
force saturation function can also be determined based on the
experimental results and Eq. (5). Therefore, by combining the
value of the composite slip coefficient and the value of the tire
force saturation function, the fixed coefficients C1, C2, C3 and
C4 can then be determined by using the curve fitting function.
Finally, the values of the four fixed coefficients C1, C2, C3 and
C4 are determined as 6.5, 4.54, 4.6 and 0.25, respectively.

Based on the fitted tire force saturation function, the tire force
comparisons between the experimental results and the simula-
tion results of the STI tire model are further shown in Fig. 2 and
Fig. 3, where the solid lines represent the fitting data and the
lines with data points represent the experimental data. As can
be seen from these two figures, the simulation results of the STI
tire model are in good agreement with the experimental results,
which indicates that the derived STI tire model can accurately
describe the tire nonlinear mechanical properties and the cou-
pling relationship between the tire longitudinal force and tire
lateral force.

Fig. 2. Tire longitudinal force comparison

Fig. 3. Tire lateral force comparison

2.2. Vehicle dynamics modeling. In this section, a 7-DOF ve-
hicle dynamics model is established for the four-wheel indepen-
dent drive electric vehicle based on previous literature [32–34].

Bull. Pol. Acad. Sci. Tech. Sci. 69(3) 2021, e137065 3



3

NFTSM control of direct yaw moment for autonomous electric vehicles with consideration of tire nonlinear mechanical properties

Bull. Pol. Acad. Sci. Tech. Sci. 69(3) 2021, e137065

NFTSM control of direct yaw moment for autonomous electric vehicles with consideration . . .

range (−15◦∼15◦) and two road longitudinal adhesion coef-
ficients are achieved. The tire camber angle is assumed to be
zero, thus the influence of the camber angle on the tire lateral
force shown in Eq. (5) is not considered in this work. The tire
slip range is set as [−1, 0.5], which means that the tire can be
completely locked when braking, while for driving on slippery
roads, the maximum tire slip is set to 0.5. The specific parame-
ter settings of the tire mechanical properties tests are provided
in Table 1.

Table 1
List of parameter settings

Parameter Setting

Tire pressure (kPa) 880

Tire width (m) 0.114

Tire design load (kN) 12

Vertical load (N) 8060, 9480, 11770

Tire slip angle (◦) −15∼15

Longitudinal slip ratio −1∼0.5

Adhesion coefficient 0.34, 0.77

2.1.3. Tire model parameters fitting. Based on the experi-
mental data, the parameters of the STI tire model can then be
fitted. According to the expressions of the tire forces, it is obvi-
ous that the parameters to be fitted are the four fixed coefficients
C1, C2, C3 and C4 in Eq. (4). Consider the case of the tire bench
test under the low road adhesion coefficient: the STI tire model
parameters fitting process is shown in Fig. 1.

Fig. 1. STI tire model parameter fitting process

Before achieving the fitting of the four coefficients C1, C2,
C3 and C4, tire lateral stiffness kα and tire longitudinal stiffness
ks should be measured based on the experimental test results
firstly. On this basis, the value of the composite slip coefficient
σ can then be calculated for different tire vertical loads, tire

slip angles and tire longitudinal slip ratios. Meanwhile, the tire
force saturation function can also be determined based on the
experimental results and Eq. (5). Therefore, by combining the
value of the composite slip coefficient and the value of the tire
force saturation function, the fixed coefficients C1, C2, C3 and
C4 can then be determined by using the curve fitting function.
Finally, the values of the four fixed coefficients C1, C2, C3 and
C4 are determined as 6.5, 4.54, 4.6 and 0.25, respectively.

Based on the fitted tire force saturation function, the tire force
comparisons between the experimental results and the simula-
tion results of the STI tire model are further shown in Fig. 2 and
Fig. 3, where the solid lines represent the fitting data and the
lines with data points represent the experimental data. As can
be seen from these two figures, the simulation results of the STI
tire model are in good agreement with the experimental results,
which indicates that the derived STI tire model can accurately
describe the tire nonlinear mechanical properties and the cou-
pling relationship between the tire longitudinal force and tire
lateral force.

Fig. 2. Tire longitudinal force comparison

Fig. 3. Tire lateral force comparison

2.2. Vehicle dynamics modeling. In this section, a 7-DOF ve-
hicle dynamics model is established for the four-wheel indepen-
dent drive electric vehicle based on previous literature [32–34].

Bull. Pol. Acad. Sci. Tech. Sci. 69(3) 2021, e137065 3



4

X. Sun, Y. Wang, Y. Cai, P.K. Wong, and L. Chen

Bull. Pol. Acad. Sci. Tech. Sci. 69(3) 2021, e137065

X. Sun, Y. Wang, Y. Cai, P. Wong and L. Chen

The vehicle 7-DOF dynamic model includes the longitudinal
motion, lateral motion, yaw motion and rotational dynamics of
the four wheels. Based on Newton’s theorem, the related dy-
namic equations are given by [35–37]:




m(v̇x − r · vy) =
(
Fx f l +Fx f r

)
cosδ −

(
Fy f l +Fy f r

)
sinδ

+ Fxrl +Fxrr ,

m(v̇y + r · vx) =
(
Fx f l +Fx f r

)
sinδ +

(
Fy f l +Fy f r

)
cosδ

+ Fyrl +Fyrr ,

Iz · ṙ =
[(

Fx f l +Fx f r
)

sinδ +
(
Fy f l +Fy f r

)
cosδ

]
a

+
[
(Fx f r −Fx f l)cosδ +(Fy f l −Fy f r)sinδ

] tw1

2
+ (Fxrr −Fxrl)

tw2

2
− (Fyrl −Fyrr)b,

(6)

where Fxi j and Fyi j denote the tire longitudinal and lateral
forces, respectively, the first subscript i = f or r represent front
and rear axles, respectively, and the second j = l or r denote
left and right wheels. m is the vehicle mass, vx and vy are the
longitudinal and lateral velocities of the vehicle, δ is the front
wheel steering angle, a is the distance from the center of the
vehicle to the front axle, b is the distance from the center to the
rear axle, tw1 and tw2 are the wheel bases of the front and rear
axles and r is the vehicle yaw rate. It is noted that the tire lon-
gitudinal and lateral forces in Eq. (6) are calculated by the STI
tire model which has been established in the previous section.

The dynamic equations which describe the rotation motion
of the four wheels are given by:

J · ω̇k = T −Fxi j ·R, (7)

where J is the moment of inertia of the wheel, ωk (k = 1,2,3,4)
represent the angular velocities of the four wheels, R is the
wheel radius and Tk (k = 1,2,3,4) represent the driving or brak-
ing torques acting on the four wheels.

Considering that the vehicle load will transfer during the ve-
hicle curve driving process, thus the tire dynamic vertical load
can be calculated by combining the static tire vertical load and
the load transfer effect caused by longitudinal and lateral accel-
eration. Thus, the related equations of the tire vertical load are
expressed as [38, 39]:




Fz f l = mg
b
2l

−max
hg

2l
−may

hg

tw1
· b

l
,

Fz f r = mg
b
2l

−max
hg

2l
+may

hg

tw1
· b

l
,

Fzrl = mg
a
2l

+max
hg

2l
−may

hg

tw1
· a

l
,

Fzrr = mg
a
2l

+max
hg

2l
+may

hg

tw1
· a

l
,

(8)

where hg is the height of the vehicle center, l is the length of the
electric vehicle, and the lateral and longitudinal accelerations
of the vehicle are respectively expressed as:

{
ax = v̇x − r · vy

ay = v̇y + r · vx
. (9)

In addition, the calculation of the tire slip angle of each wheel
can be given as follows:




α f l = δ − arctan
(

vy +ar
vx − tw1r/2

)

αrl = δ − arctan
(

vy +ar
vx + tw1r/2

)

αrl =−arctan
(

vy −br
vx − tw2r/2

)

αrl =−arctan
(

vy −br
vx + tw2r/2

)

. (10)

Since the vehicle driving states have been calculated, the
wheel center speed of each wheel can then be obtained as fol-
lows [40]:





vt_ f l =
(

vx −
tw1

2
r
)

cosδ +(vy +ar)sinδ

vt_ f r =
(

vx +
tw1

2
r
)

cosδ +(vy +ar)sinδ

vt_rl = vx −
tw2

2
r, vt_rr = vx +

tw2

2
r

. (11)

By combining angular velocity and the wheel center speed
of the four wheels, the tire longitudinal slip ratio can then be
calculated by:




s f l =
ω f lR− vt_ f l

vt_ f l
, s f r =

ω f rR− vt_ f r

vt_ f r

srl =
ωrlR− vt_rl

vt_rl
, srr =

ωrrR− vt_rr

vt_rr

. (12)

As can be seen from the above equations, the tire vertical
load, the tire slip angle and the tire longitudinal slip ratio can be
calculated by the vehicle dynamics model in real time, thus on
this basis, the tire longitudinal and lateral forces can be calcu-
lated through the established tire model in the STI form, which
lays an important foundation for the following DYC system
design.

3. DYC strategy design

By establishing the 7-DOF vehicle dynamics model whose tire
forces are calculated by the STI tire model with fitting param-
eters, the vehicle DYC system design can then be achieved in
this section through the NFTSM control algorithm.

3.1. Control system structure. The control objective of the
DYC system for the four-wheel independent drive autonomous
electric vehicle is to improve the curve driving stability and
safety under critical maneuvers by enabling the vehicle driv-
ing states to track the target values calculated by the reference
model. As mentioned before, the DYC system is only activated
under those driving conditions in which the tire-road friction
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force cannot meet the requirements of both the tire longitudi-
nal force and tire lateral force [41], thus the first task of the
DYC system design is to calculate an optimal direct yaw mo-
ment by considering the tire forces coupling relationship care-
fully through the STI tire model. On this basis, a real-time al-
location algorithm should be further adopted to distribute the
driving and braking forces of the four wheels, thus the opti-
mal direct yaw moment can be achieved effectively. Finally, to
verify the effectiveness of the designed DYC strategy, the Car-
Sim vehicle model, which can accurately reflect the nonlinear
dynamic characteristics of vehicles, is adopted to conduct the
co-simulation work with Simulink.

3.2. Reference model. Just like in other research [42], the 2-
DOF vehicle model, i.e. the linear bicycle model, is adopted in
this work as the reference model to compute the reference con-
trol objectives. The concrete expressions of the 2-DOF vehicle
model can be written as:





β̇ =
k f + kr

mvx
β +

(
ak f −bkr

mv2
x

−1
)

r−
k f

mvx
δ

ṙ =
ak f −bkr

Iz
β +

a2k f +b2kr

Izvx
r−

ak f

Iz
δ

, (13)

where β is the vehicle slip angle while k f and kr denote the
cornering stiffness of the front tire and the rear tire.

On this basis, the reference vehicle yaw rate and slip angle
can be obtained as follows:

rd = min
{∣∣∣∣

vx/L
1+Kv2

x
δ
∣∣∣∣ ,

∣∣∣∣
µg
vx

∣∣∣∣
}
· sgn(δ ), (14)

βd = min
{∣∣∣∣

b/L+mav2
x/(krL2)

1+Kv2
x

δ
∣∣∣∣ ,

∣∣∣∣µg
(

b
v2

x
+

ma
krL

)∣∣∣∣
}
· sgn(δ ), (15)

where rd is the reference yaw rate, βd is the reference vehicle
slip angle and K is the stability factor, which is expressed as:

K =
m
L2

(
a
k2

r
− b

k2
f

)
. (16)

3.3. Calculation of the optimal direct yaw moment. To en-
sure that the position and attitude of the four-wheel indepen-
dent drive autonomous electric vehicle can be operated in a rea-
sonable range when tracking curve paths under critical maneu-
vers, an optimal direct yaw moment is calculated in this section.
Firstly, according to the specific definition of the NFTSM con-
trol algorithm, the following first-order terminal sliding mode
variable is defined as [43–45]:

s = e+
1

α1
eg1/h1 +

1
β1

ėp1/q1 , (17)

where α1, β1 ∈ R+, p1, q1, g1 and h1 ∈ N+ are positive odd
integers which satisfy 1 < p1/q1 < 2, g1/h1 > p1/q1.

In Eq. (17), e represents the system tracking error, which is
always expressed as:





e = c1(β −βd)+(1− c1)(ϕ −ϕd)

ė = c1

(
β̇ − β̇d

)
+(1− c1)(r− rd)

ë = c1

(
β̈ − β̈d

)
+(1− c1)(ṙ− ṙd)

, (18)

where c1 is the weight coefficient used to determine the control
specific proportion of the vehicle slip angle and the yaw rate,
and ϕ is the vehicle yaw angle. On this basis, the time deriva-
tive of the sliding mode variable defined by Eq. (17) can be
obtained by:

ṡ = ė+
g1

α1h1
eg1/h1−1ė+

p1

β1q1
ėp1/q1−1ë

= ė+
g1

α1h1
eg1/h1−1ė

+
p1

β1q1
ėp1/q1−1

[
c1

(
β̈ − β̈d

)
+(1− c1)(ṙ− ṙd)

]
, (19)

To reduce the chattering phenomenon and ensure control in-
put continuity of the system, a terminal attractor with the nega-
tive exponential factor is further adopted in this work to design
the sliding surface reaching law [46]:

ṡ = (−k1s− r1)sm1/q1−1, (20)

where k1, r1 ∈ R+, m1 and n1 ∈ N+ are positive odd integers
which satisfy 0 < m1/n1 < 2. Combining the above two equa-
tions, the NFTSM control law, used for calculating the optimal
direct yaw moment, is derived as:

ė+
g1

α1h1
· eg1/h1−1ė

+
p1

β1q1
ėp1/q1−1

{
c1

(
β̈ − β̈d

)
+(1− c1) [ṙ− ṙd ]

}

=
(
−k1s− r1sm1/n1

)
ėp1/q1−1. (21)

We then further transform the expression of the vehicle yaw
motion in Eq. (6) as:

ṙ =
1
Iz

[ tw1

2
(Fy f l −Fy f r)sinδ +a(Fy f l +Fy f r)cosδ

−b
(
Fyrl +Fyrr

)
+Mz

]
, (22)

where Mz is the direct yaw moment, which is expressed as:

Mz = a(Fx f l +Fx f r)sinδ − tw1

2
(Fx f l −Fx f r)cosδ

− tw2

2
(Fxrl −Fxrr). (23)
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force cannot meet the requirements of both the tire longitudi-
nal force and tire lateral force [41], thus the first task of the
DYC system design is to calculate an optimal direct yaw mo-
ment by considering the tire forces coupling relationship care-
fully through the STI tire model. On this basis, a real-time al-
location algorithm should be further adopted to distribute the
driving and braking forces of the four wheels, thus the opti-
mal direct yaw moment can be achieved effectively. Finally, to
verify the effectiveness of the designed DYC strategy, the Car-
Sim vehicle model, which can accurately reflect the nonlinear
dynamic characteristics of vehicles, is adopted to conduct the
co-simulation work with Simulink.

3.2. Reference model. Just like in other research [42], the 2-
DOF vehicle model, i.e. the linear bicycle model, is adopted in
this work as the reference model to compute the reference con-
trol objectives. The concrete expressions of the 2-DOF vehicle
model can be written as:





β̇ =
k f + kr

mvx
β +

(
ak f −bkr

mv2
x

−1
)

r−
k f

mvx
δ

ṙ =
ak f −bkr

Iz
β +

a2k f +b2kr

Izvx
r−

ak f

Iz
δ

, (13)

where β is the vehicle slip angle while k f and kr denote the
cornering stiffness of the front tire and the rear tire.

On this basis, the reference vehicle yaw rate and slip angle
can be obtained as follows:

rd = min
{∣∣∣∣

vx/L
1+Kv2

x
δ
∣∣∣∣ ,

∣∣∣∣
µg
vx

∣∣∣∣
}
· sgn(δ ), (14)

βd = min
{∣∣∣∣

b/L+mav2
x/(krL2)

1+Kv2
x

δ
∣∣∣∣ ,

∣∣∣∣µg
(

b
v2

x
+

ma
krL

)∣∣∣∣
}
· sgn(δ ), (15)

where rd is the reference yaw rate, βd is the reference vehicle
slip angle and K is the stability factor, which is expressed as:

K =
m
L2

(
a
k2

r
− b

k2
f

)
. (16)

3.3. Calculation of the optimal direct yaw moment. To en-
sure that the position and attitude of the four-wheel indepen-
dent drive autonomous electric vehicle can be operated in a rea-
sonable range when tracking curve paths under critical maneu-
vers, an optimal direct yaw moment is calculated in this section.
Firstly, according to the specific definition of the NFTSM con-
trol algorithm, the following first-order terminal sliding mode
variable is defined as [43–45]:

s = e+
1

α1
eg1/h1 +

1
β1

ėp1/q1 , (17)

where α1, β1 ∈ R+, p1, q1, g1 and h1 ∈ N+ are positive odd
integers which satisfy 1 < p1/q1 < 2, g1/h1 > p1/q1.

In Eq. (17), e represents the system tracking error, which is
always expressed as:





e = c1(β −βd)+(1− c1)(ϕ −ϕd)

ė = c1

(
β̇ − β̇d

)
+(1− c1)(r− rd)

ë = c1

(
β̈ − β̈d

)
+(1− c1)(ṙ− ṙd)

, (18)

where c1 is the weight coefficient used to determine the control
specific proportion of the vehicle slip angle and the yaw rate,
and ϕ is the vehicle yaw angle. On this basis, the time deriva-
tive of the sliding mode variable defined by Eq. (17) can be
obtained by:

ṡ = ė+
g1

α1h1
eg1/h1−1ė+

p1

β1q1
ėp1/q1−1ë

= ė+
g1

α1h1
eg1/h1−1ė

+
p1

β1q1
ėp1/q1−1

[
c1

(
β̈ − β̈d

)
+(1− c1)(ṙ− ṙd)

]
, (19)

To reduce the chattering phenomenon and ensure control in-
put continuity of the system, a terminal attractor with the nega-
tive exponential factor is further adopted in this work to design
the sliding surface reaching law [46]:

ṡ = (−k1s− r1)sm1/q1−1, (20)

where k1, r1 ∈ R+, m1 and n1 ∈ N+ are positive odd integers
which satisfy 0 < m1/n1 < 2. Combining the above two equa-
tions, the NFTSM control law, used for calculating the optimal
direct yaw moment, is derived as:

ė+
g1

α1h1
· eg1/h1−1ė

+
p1

β1q1
ėp1/q1−1

{
c1

(
β̈ − β̈d

)
+(1− c1) [ṙ− ṙd ]

}

=
(
−k1s− r1sm1/n1

)
ėp1/q1−1. (21)

We then further transform the expression of the vehicle yaw
motion in Eq. (6) as:

ṙ =
1
Iz

[ tw1

2
(Fy f l −Fy f r)sinδ +a(Fy f l +Fy f r)cosδ

−b
(
Fyrl +Fyrr

)
+Mz

]
, (22)

where Mz is the direct yaw moment, which is expressed as:

Mz = a(Fx f l +Fx f r)sinδ − tw1

2
(Fx f l −Fx f r)cosδ

− tw2

2
(Fxrl −Fxrr). (23)
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Combining Eq. (21), (22) and (23), the control law can be
further expressed as:

ė+
g1

α1h1
· eg1/h1−1ė

+
p1

β1q1
ėp1/q1−1

{
c1(β̈ − β̈d)+(1− c1)

[
1
Iz
(P+Mz)− ṙd

]}

= (−k1s− r1sm1/n1)ėp1/q1−1, (24)

where:

P =
tw1

2
(
Fy f l −Fy f r

)
sinδ +a

(
Fy f l +Fy f r

)
cosδ

−b
(
Fyrl −Fyrr

)
. (25)

Therefore, the calculation of the vehicle direct yaw moment
based on the NFTSM control algorithm can be derived as fol-
lows:

Mz = Iz · ṙd −P− Iz

1−c1




c1

(
β̈ − β̈d

)

+
β1q1

p1




(
1+

g1

α1h1
· eg1/h1−1

)
ė2−p1/q1

+
(
k1s+ r1sm1/n1

)






. (26)

Based on Lyapunov theory, the proof process of the control
system stability can be analyzed as follows [47]:

Define the control system Lyapunov function as V = 0.5s2,
and the time derivative of V can then be obtained as:

V̇ = sṡ = s




ė+
g1

α1h1
eg1/h1−1ė

+
p1

β1q1
ėp1/q1−1

[
c1

(
β̈−β̈d

)

+(1−c1)(ṙ−ṙd)

]



. (27)

When substituting the nonsingular fast terminal sliding con-
trol law as Eq. (19) into Eq. (26), it can be concluded that:

V̇ = sṡ = s
(
−k1s− r1sm1/n1

)
ėp1/q1−1. (28)

Since p1 and q1 are positive odd integers with 1< p1/q1 < 2,
thus the following relation exist:

ėp1/q1−1 > 0 if ė �= 0 . (29)

Thus, on this basis, the system Lyapunov function satisfies
the following:

V̇ = sṡ =
(
−k1s2 − r1sm1/n1+1

)
ėp1/q1−1 < 0 if ė �= 0. (30)

When ė = 0, the following inequality is satisfied:

ë =−β1q1

p1

(
k1e+ r1em1/n1

)
< 0 . (31)

Thus, the time derivative of the control system Lyapunov
function also satisfies the following:

V̇ = sṡ

= (p1/q1 −1)
(
−k1s2 − r1sm1/n1+1

)
ėp1/q1−2ë < 0. (32)

According to the above analysis process, the system state
can asymptotically converge to zero along the sliding surface
s = 0 in finite time, which proves the stability of the proposed
NFTSM control system.

4. Optimal allocation of tire forces

In this section, we discuss in detail how the obtained optimal
direct yaw moment can be further achieved by distributing the
forces of the four wheels.

4.1. Description of the dynamic allocation problem. Since
the research objective in this work is a four-wheel indepen-
dent drive autonomous electric vehicle, thus the optimal di-
rect yaw moment will be achieved through the actuators, i.e.
the four electric motors, of the electric vehicle [48–50]. Mean-
while, note that since the DYC system is only activated under
those driving conditions in which the tire-road friction force
cannot meet the requirements of both the tire longitudinal force
and tire lateral force, thus the tire forces coupling relationship
should also be satisfied for a single wheel in the dynamic al-
location procedure. However, this treatment will make the dy-
namic allocation problem more difficult when considering the
tire force constraints in longitudinal direction and lateral direc-
tion. Therefore, how to conduct the dynamic allocation of all
the tire forces to achieve the desired yaw moment is actually
a challenging research task [51]. Considering the real-time and
effectiveness requirements of the solution of the dynamic al-
location problem, the trust-region interior-point method, which
combines the trust-region method with the traditional interior-
point method, is adopted in this work to solve the optimal allo-
cation problem of the tire forces.

Firstly, the allocation objective function of the tire forces can
be expressed as:

f = Ai j
F2

xi j +F2
yi j

(µFzi j)
2 , (33)

where Ai j is the weight coefficient for each tire and µ is the
road adhesion coefficient. Define the target longitudinal force
and lateral force of the four tires as vector x:

x =
[

Fx f l Fx f r Fxrl Fxrr Fy f l Fy f r Fyrl Fyrr

]T
. (34)

Hence, the allocation objective function shown in Eq. (33)
can be expressed as the following matrix form:

f = xTWx , (35)
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where W is the weight matrix which consists of the weight co-
efficient for each tire Ai j, the tire vertical load Fzi j and the road
adhesion coefficient µ .

In order to achieve the optimal dynamic allocation of the tire
forces by using the interior-point method, we need to further es-
tablish the equality and inequality constraints for system input
x, which can be expressed as:




Mz = a(Fx f l +Fx f r)sinδ − tw1

2
(Fx f l −Fx f r)cosδ

− tw2

2
(Fxrl −Fxrr) ⇒ cE(x) = 0,

(µFzi j)
2 − (F2

xi j +F2
yi j)≥ 0 ⇒ cI(x)≥ 0 .

(36)

In addition to the above equality and inequality constraints,
the physical constraints of system input x, i.e. the longitudinal
and lateral forces of the four tires, should also be considered
and can be represented as xmin and xmax, respectively.

4.2. Trust-region interior-point method. Since the dynamic
allocation problem considered in this paper involves many vari-
ables, complex constraint types and large scales, thus to further
accelerate the convergence of the interior-point method and im-
prove the efficiency of the optimization calculation, the interior-
point method based on the trust-region is adopted for iterative
calculation [52–56]. The KKT conditions for nonlinear pro-
gramming are rewritten as follows:




∇ f (x)−AT
E(x)y−AT

I (x)z = 0,

SZ −ηo = 0,

cE(x) = 0,

cI(x)−ρ = 0,

(37)

where AE(x) and AI(x) are the corresponding Jacobian matri-
ces, cE(x) and cI(x) represent the nonlinear equality and in-
equality constraints in Eq. (36), S and Z are the diagonal ma-
trices whose diagonal terms are given by vectors s and z, and y
and z are the Lagrange multipliers of the equality and inequal-
ity constraints while o is the column vector whose all elements
are one.

On the basis of the given penalty parameter η and the itera-
tion (x,s), the Newton step size p is defined as the iteration step
in the optimization process and the solution of the following
trust-region subproblem consists of three steps, i.e. calculate
the estimation of Lagrange multiplier (y,z), calculate the New-
ton step size p = (px, ps) and calculate the step size acceptance
and judgment.

4.2.1. Calculation of Lagrange multipliers. Firstly, Lagran-
ge multipliers of the equality and inequality constraints (y,z)
can be calculated as follows:

[
y

z

]
=
(
ÂÂT )−1

Â

[
∇ f (x)

−ηe

]
, (38)

where Â can be given as follows:

Â =

[
AE(x) 0

AI(x) −S

]
. (39)

4.2.2. Calculation of Newton step size p. The Newton step
size calculation can be transformed into solving the following
optimization problems within the constraints of trust region:

min ∇ f T px +
1
2

pT
x ∇T

xxLpx −ηeT S−1 ps +
1
2

pT
s Σps

s.t.




AE(x)px + cE(x) = rE

AI(x)px − ps +(cI(x)−ρ) = rI∥∥(px,S−1 ps
)∥∥

2 ≤ ∆

ps ≥−τρ

, (40)

where ∇ f and ∇T
xxL are the gradient and the Hessian matrix,

Σ = S−1Z is the primal-dual matrix and the scalar τ ∈ (0,1) is
chosen close to 1, moreover ∆ > 0 is a trust region radius that
is updated at every iteration and rE and rI are the residuals in
the calculation.

After obtaining the corresponding step size p, the step size
can be further redefined to transform the trust region constraint
in Eq. (40) into a ball, which is expressed as:

p̃ =

[
px

p̃s

]
=

[
px

S−1 ps

]
, (41)

then, the constraints on the trust region radius can be written as:

‖px, p̃s‖2 ≤ ∆. (42)

The following normal subproblem is constructed with vector
v = (vx, vs) to obtain vectors rE and rI , which can be written as:

min ‖AE(x)vx + cE(x)‖2
2 +‖AI(x)vx −Svs +(cI(x)− s)‖2

2

s.t.

{
‖(vx,vs)‖2 ≤ 0.8∆,

vs ≥−(τ/2)e.
(43)

By solving the problem in Eq. (43), residuals rEand rI can be
given by:

{
rE = AE(x)vx + cE(x),

rI = AI(x)vx −Svs +(cI(x)−ρ).
(44)

Note that vector v is the particular solution of the linear con-
straint which is obtained by the gradient projection method.

4.2.3. Calculation of step size acceptance and judgment. In
the standard trust-region method, step p is accepted if the fol-
lowing inequality is satisfied:

ared(p)≥ γ pred(p), (45)
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where W is the weight matrix which consists of the weight co-
efficient for each tire Ai j, the tire vertical load Fzi j and the road
adhesion coefficient µ .

In order to achieve the optimal dynamic allocation of the tire
forces by using the interior-point method, we need to further es-
tablish the equality and inequality constraints for system input
x, which can be expressed as:




Mz = a(Fx f l +Fx f r)sinδ − tw1

2
(Fx f l −Fx f r)cosδ

− tw2

2
(Fxrl −Fxrr) ⇒ cE(x) = 0,

(µFzi j)
2 − (F2

xi j +F2
yi j)≥ 0 ⇒ cI(x)≥ 0 .

(36)

In addition to the above equality and inequality constraints,
the physical constraints of system input x, i.e. the longitudinal
and lateral forces of the four tires, should also be considered
and can be represented as xmin and xmax, respectively.

4.2. Trust-region interior-point method. Since the dynamic
allocation problem considered in this paper involves many vari-
ables, complex constraint types and large scales, thus to further
accelerate the convergence of the interior-point method and im-
prove the efficiency of the optimization calculation, the interior-
point method based on the trust-region is adopted for iterative
calculation [52–56]. The KKT conditions for nonlinear pro-
gramming are rewritten as follows:




∇ f (x)−AT
E(x)y−AT

I (x)z = 0,

SZ −ηo = 0,

cE(x) = 0,

cI(x)−ρ = 0,

(37)

where AE(x) and AI(x) are the corresponding Jacobian matri-
ces, cE(x) and cI(x) represent the nonlinear equality and in-
equality constraints in Eq. (36), S and Z are the diagonal ma-
trices whose diagonal terms are given by vectors s and z, and y
and z are the Lagrange multipliers of the equality and inequal-
ity constraints while o is the column vector whose all elements
are one.

On the basis of the given penalty parameter η and the itera-
tion (x,s), the Newton step size p is defined as the iteration step
in the optimization process and the solution of the following
trust-region subproblem consists of three steps, i.e. calculate
the estimation of Lagrange multiplier (y,z), calculate the New-
ton step size p = (px, ps) and calculate the step size acceptance
and judgment.

4.2.1. Calculation of Lagrange multipliers. Firstly, Lagran-
ge multipliers of the equality and inequality constraints (y,z)
can be calculated as follows:

[
y

z

]
=
(
ÂÂT )−1

Â

[
∇ f (x)

−ηe

]
, (38)

where Â can be given as follows:

Â =

[
AE(x) 0

AI(x) −S

]
. (39)

4.2.2. Calculation of Newton step size p. The Newton step
size calculation can be transformed into solving the following
optimization problems within the constraints of trust region:

min ∇ f T px +
1
2

pT
x ∇T

xxLpx −ηeT S−1 ps +
1
2

pT
s Σps

s.t.




AE(x)px + cE(x) = rE

AI(x)px − ps +(cI(x)−ρ) = rI∥∥(px,S−1 ps
)∥∥

2 ≤ ∆

ps ≥−τρ

, (40)

where ∇ f and ∇T
xxL are the gradient and the Hessian matrix,

Σ = S−1Z is the primal-dual matrix and the scalar τ ∈ (0,1) is
chosen close to 1, moreover ∆ > 0 is a trust region radius that
is updated at every iteration and rE and rI are the residuals in
the calculation.

After obtaining the corresponding step size p, the step size
can be further redefined to transform the trust region constraint
in Eq. (40) into a ball, which is expressed as:

p̃ =

[
px

p̃s

]
=

[
px

S−1 ps

]
, (41)

then, the constraints on the trust region radius can be written as:

‖px, p̃s‖2 ≤ ∆. (42)

The following normal subproblem is constructed with vector
v = (vx, vs) to obtain vectors rE and rI , which can be written as:

min ‖AE(x)vx + cE(x)‖2
2 +‖AI(x)vx −Svs +(cI(x)− s)‖2

2

s.t.

{
‖(vx,vs)‖2 ≤ 0.8∆,

vs ≥−(τ/2)e.
(43)

By solving the problem in Eq. (43), residuals rEand rI can be
given by:

{
rE = AE(x)vx + cE(x),

rI = AI(x)vx −Svs +(cI(x)−ρ).
(44)

Note that vector v is the particular solution of the linear con-
straint which is obtained by the gradient projection method.

4.2.3. Calculation of step size acceptance and judgment. In
the standard trust-region method, step p is accepted if the fol-
lowing inequality is satisfied:

ared(p)≥ γ pred(p), (45)
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where:

ared(p) = ϕv(x,ρ)−ϕv(x+ px,ρ + ps), (46)

and γ is a number in the range of 0 to 1. The predicted reduction
pred(p) is described as:

pred(p) = qv(0)−qv(p), (47)

where:

qv(p) = ∇ f T px +
1
2

pT
x ∇2

xxLpx −ηeT S−1 ps

+
1
2

pT
s Σps +dm(p), (48)

and

m(p) =

∥∥∥∥∥

[
AE(x)px + cE(x)

AI(x)px − ps + cI(x)−ρ

]∥∥∥∥∥
2

, (49)

Consequentially, the exact merit function appears in Eq. (46)
and is defined as:

ϕv(x,ρ) = J−η
4

∑
i=1

log(si)+d ‖cE(x)‖+d ‖cI(x)−ρ‖ , (50)

where d is the penalty parameter, which must be large enough
to satisfy the inequality as follows:

pred(p)≥ pd(m(0)−m(p)). (51)

5. Simulation results and analyses

In this section, the effectiveness of the proposed DYC system,
which considers the coupling relationship of the tire forces in
the STI form, uses the NFTSM control algorithm to calcu-
late the optimal direct yaw moment and adopts the trust-region
interior-point method to achieve the tire forces allocation of
four wheels, for a four-wheel independent drive autonomous
electric vehicle, is verified by simulation results. To accurately
reflect the nonlinear dynamic characteristics of electric vehi-
cles, which are consistent with the starting conditions of the
DYC system, the CarSim vehicle model is further adopted.

Considering the driving conditions corresponding to the
DYC system, two simulation cases in which the road adhesion
coefficients are set to 0.6 and 0.3, respectively, are provided in
this work. By conducting efficient simulation comparisons, the
parameters of the NFTSM control system are determined as fol-
lows: c1 = 0.5, α1 = 1, β1 = 1, p1 = 5, q1 = 3, k1 = 0.2, r1 = 1,
m1 = 9, n1 = 7, g1 = 5, h1 = 3. In the co-simulation procedure,
the vehicle is assumed to track two different paths at the desired
speed of 70 km/h (µ = 0.6) and 40 km/h (µ = 0.3), respec-
tively. The vehicle parameters adopted in the CarSim-Simulink
co-simulation are provided in Table 2.

Table 2
Vehicle simulation parameters

Parameters Value

Total mass of vehicle, m (kg) 1110

Moment of inertia, Iz (kg·m2) 1343.1

Longitudinal distance of cog to front axle, a (m) 1.04

Longitudinal distance of cog to front axle, b (m) 1.56

Front wheel tread, tw1 (m) 1.65

Rear wheel tread, tw2 (m) 1.65

Front tire cornering stiffness, k f (N/rad) –4000

Rear tire cornering stiffness, kr (N/rad) –4000

Moment of inertia of the wheel, J (kg·m2) 32

Wheel radius, R (m) 0.3

Height of vehicle center, hg (m) 0.36

5.1. Simulation results of sine steering angle input. In the
first simulation, a sine steering angle input with an amplitude
of 90◦ is employed and the simulation results comparison of
the vehicle slip angle, yaw rate and the obtained direct yaw mo-
ment between the NFTSM and the SMC are shown in Fig. 4.
As can be seen from Fig. 4(a) and Fig. 4(b), the peak values
of the vehicle slip angle and the vehicle yaw rate controlled by
the NFTSM decrease significantly as compared with that con-
trolled by the SMC, among which the absolute value of the ve-
hicle slip angle peak value is reduced from 0.01 rad to 0.007 rad
and the absolute value of the vehicle yaw rate peak value is
reduced from 0.18 rad to 0.14 rad, which demonstrates the ef-
fectiveness of the proposed DYC approach for the four-wheel
independent drive electric vehicle steering with high speed and
better tracking effect for the reference model. Figure 4(c) shows
the difference of the direct yaw moment between the NFTSM
and the SMC. It is obvious that the direct yaw moment calcu-
lated by the two methods is different, which illustrates that the
proposed DYC approach in this work can effectively calculate
an optimal direct yaw moment by considering the tire forces
constraints and coupling relationship under high speed steering
conditions.

To achieve the direct yaw moment and guarantee path track-
ing accuracy, optimal allocation of the tire forces is conducted.
Figure 5 shows the allocation results of the tire longitudinal
forces of the four wheels. It can be seen that different tire forces
of the four wheels have been optimally allocated to achieve the
direct yaw moment. In addition, for analyzing the influence of
no-load and full load on the tire force distribution results, it can
be seen that the force distribution results of the right front wheel
Fx f r and the right rear wheel Fxrr are larger than those of the left
front wheel Fx f l and the left rear wheel Fxrl . Thus, it can be con-
cluded that, due to the load transfer effect, the vertical load of
the two right wheels is greater than that of the two left wheels
and that the longitudinal force of the tire distribution increases
when the wheel radius decreases.
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5.2. Simulation results of double lane change. Similarly, the
double lane change input with the lateral offset of 3.5 m is
adopted and the simulation results comparison of the vehicle
slip angle, the vehicle yaw rate and the obtained direct yaw mo-
ment between the NFTSM and the SMC for the second case are
shown in Fig. 6. As can be seen from Fig. 6(a) and Fig. 6(b), the
peak values of the vehicle slip angle and the vehicle yaw rate
controlled by the NFTSM also decrease significantly as com-
pared with that controlled by the conventional SMC, among
which the absolute value of the vehicle slip angle peak value
is reduced from 0.008 rad to 0.005 rad and the absolute value
of the vehicle yaw rate peak value is reduced from 0.3 rad to
0.2 rad.

The difference of the direct yaw moment between the
NFTSM and the SMC is shown in Fig. 6(c). Same conclusion
can be obtained as in the first case, i.e. the direct yaw moment
calculated by the two methods is different, which shows that
the optimal direct yaw moment can be effectively calculated by
the NFTSM.

The allocation results of the tire longitudinal forces of the
four wheels in the second case are shown in Fig. 7. Compared
with the allocation results of the tire forces shown in Fig. 5, it
can be seen that the tire forces of the four wheels in the second
case are obviously smaller than that in the first case, which is

due to the smaller road adhesion coefficients. In this case, the
tire-road friction force reduces. This phenomenon shows that
the optimal allocation of the tire forces based on the trust-region
interior-point method can effectively reflect the coupling rela-
tionship between the tire longitudinal force and tire lateral force
as well as the tire force constraints on a slippery road, thus the
resulting tire forces can then be achieved through the actuators
of the four-wheel independent drive autonomous electric vehi-
cle in practical applications.

Note that although an excessive switching rate can be noticed
for the tire forces, the variation characteristics of the tire forces
are actually different from that of the driving or braking torques
acting on the four wheels. By checking the results of the torques
acting on the four wheels, it can be found that the switching rate
of the motor torque is available for standard motors. However,
considering the importance of presented results and the paper
limitations, the relevant figures are not presented.

In the simulation process, we have also found that the cal-
culation time of the dynamic allocation problem through the
trust-region interior-point method is about 35 ms, while the cal-
culation time of the traditional interior-point method is about
120 ms, which shows that the real-time performance of the
trust-region interior-point method adopted in this work is better
than that of the contrast method.

0 2 4 6 8 10

-0.010

-0.005

0.000

0.005

0.010

d)ar(
elgna pilsediS

Time (s)

 Reference
 NFTSM
 SMC

(a) Comparison of vehicle slip angle

0 2 4 6 8 10

-0.3

-0.2

-0.1

0.0

0.1

0.2

0.3

)s/dar(
etar 

wa
Y

Time (s)

 Reference
 NFTSM
 SMC

(b) Comparison of vehicle yaw rate

0 2 4 6 8 10
-3000

-2000

-1000

0

1000

2000

3000

m
)

·
N(tne

mo
m 

way tceri
D

Time (s)

 NFTSM
 SMC

(c) Comparison of the calculated direct yaw moment

Fig. 6. Simulation results comparison between NFTSM and SMC (µ = 0.3)

10 Bull. Pol. Acad. Sci. Tech. Sci. 69(3) 2021, e137065

NFTSM control of direct yaw moment for autonomous electric vehicles with consideration . . .

0 2 4 6 8 10
80

120

160

200N
)

(lfxF ecrof erit lanidutigno
L

 NFTSM
 SMC

Time (s)
0 2 4 6 8 10

50

100

150

200

250

300

350  NFTSM
 SMC

N
)

(
rfxF ecrof erit lanidutignoL

Time (s)

0 2 4 6 8 10
60

80

100

120

140
 NFTSM
 SMC

N
)

(lrxF ecrof erit lanidutignoL

Time (s)
0 2 4 6 8 10

0

50

100

150

200

250  NFTSM
 SMC

N
)

(
rrxF ecrof erit lanidutignoL

Time (s)

Fig. 7. Tire forces allocation based on the trust-region interior-point method (µ = 0.3)

6. Conclusions

This work proposed a novel three-stage DYC system design
procedure, which considers the coupling relationship of the tire
forces in the STI form, uses the NFTSM control algorithm to
calculate the optimal direct yaw moment and adopts the trust-
region interior-point method to achieve the tire forces alloca-
tion of four wheels, for the four-wheel independent drive au-
tonomous electric vehicles. Based on the experimental data, the
STI tire model with fitted parameters can accurately describe
the tire nonlinear mechanical properties and the coupling rela-
tionship between the tire longitudinal force and the tire lateral
force. On this basis, a 7-DOF dynamics model of the electric
vehicle is established and the optimal direct yaw moment cal-
culation problem is solved through the NFTSM control algo-
rithm. To achieve the derived direct yaw moment, the optimal
allocation of the tire forces is further conducted using the trust-
region interior-point method. CarSim-Simulink co-simulation
results are finally provided to verify the effectiveness of the pro-
posed DYC strategy. In the simulation procedure, two simula-
tion cases are designed and all the co-simulation results show
that the peak values of the vehicle slip angle and the vehicle
yaw rate controlled by the NFTSM decrease significantly as
compared with that controlled by the conventional SMC, which
demonstrates that the vehicle motion stability when tracking
curve paths under critical maneuvers is improved by using the
NFTSM method. Therefore, this work is essential for moving
forward the scientific and industrial knowledge of the DYC sys-
tem design of the four-wheel independent drive autonomous
electric vehicles.
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6. Conclusions

This work proposed a novel three-stage DYC system design
procedure, which considers the coupling relationship of the tire
forces in the STI form, uses the NFTSM control algorithm to
calculate the optimal direct yaw moment and adopts the trust-
region interior-point method to achieve the tire forces alloca-
tion of four wheels, for the four-wheel independent drive au-
tonomous electric vehicles. Based on the experimental data, the
STI tire model with fitted parameters can accurately describe
the tire nonlinear mechanical properties and the coupling rela-
tionship between the tire longitudinal force and the tire lateral
force. On this basis, a 7-DOF dynamics model of the electric
vehicle is established and the optimal direct yaw moment cal-
culation problem is solved through the NFTSM control algo-
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compared with that controlled by the conventional SMC, which
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This work proposed a novel three-stage DYC system design
procedure, which considers the coupling relationship of the tire
forces in the STI form, uses the NFTSM control algorithm to
calculate the optimal direct yaw moment and adopts the trust-
region interior-point method to achieve the tire forces alloca-
tion of four wheels, for the four-wheel independent drive au-
tonomous electric vehicles. Based on the experimental data, the
STI tire model with fitted parameters can accurately describe
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force. On this basis, a 7-DOF dynamics model of the electric
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Fig. 7. Tire forces allocation based on the trust-region interior-point method (µ = 0.3)

6. Conclusions

This work proposed a novel three-stage DYC system design
procedure, which considers the coupling relationship of the tire
forces in the STI form, uses the NFTSM control algorithm to
calculate the optimal direct yaw moment and adopts the trust-
region interior-point method to achieve the tire forces alloca-
tion of four wheels, for the four-wheel independent drive au-
tonomous electric vehicles. Based on the experimental data, the
STI tire model with fitted parameters can accurately describe
the tire nonlinear mechanical properties and the coupling rela-
tionship between the tire longitudinal force and the tire lateral
force. On this basis, a 7-DOF dynamics model of the electric
vehicle is established and the optimal direct yaw moment cal-
culation problem is solved through the NFTSM control algo-
rithm. To achieve the derived direct yaw moment, the optimal
allocation of the tire forces is further conducted using the trust-
region interior-point method. CarSim-Simulink co-simulation
results are finally provided to verify the effectiveness of the pro-
posed DYC strategy. In the simulation procedure, two simula-
tion cases are designed and all the co-simulation results show
that the peak values of the vehicle slip angle and the vehicle
yaw rate controlled by the NFTSM decrease significantly as
compared with that controlled by the conventional SMC, which
demonstrates that the vehicle motion stability when tracking
curve paths under critical maneuvers is improved by using the
NFTSM method. Therefore, this work is essential for moving
forward the scientific and industrial knowledge of the DYC sys-
tem design of the four-wheel independent drive autonomous
electric vehicles.
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