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Positive electrical circuits with the chain structure
and cyclic Metzler state matrices
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Abstract. The cyclicity of the state matrices of positive linear electrical circuits with the chain structure is considered. Two classes of positive
linear electrical circuits with the chain structure and cyclic Metzler state matrices are analyzed. Some new properties of these classes of positive
electrical circuits are established. The results are extended to fractional linear electrical circuits.
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1. INTRODUCTION

A dynamical system and an electrical circuit are called positive
if their state variables take nonnegative values for all nonnega-
tive inputs and nonnegative initial conditions. The positive lin-
ear systems have been investigated in [1-9]. Examples of pos-
itive systems are industrial processes involving chemical reac-
tors, heat exchangers and distillation columns, storage systems,
compartmental systems, water and atmospheric pollution mod-
els. A variety of models having positive linear behavior can be
found in engineering, management science, economics, social
sciences, biology and medicine, etc.

Mathematical fundamentals of the fractional calculus are
given in the monographs [6,7,10,11]. Fractional dynamical sys-
tems have been investigated in [4-7, 10, 12-16].

Positive linear systems with different fractional orders have
been addressed in [4,6,7, 15].

In this paper the positive electrical circuits of integer and
fractional orders with the chain structure and cyclic Metzler
state matrices are investigated. The paper is organized as fol-
lows. In Section 2 some definitions and theorems concern-
ing positive and cyclic matrices are recalled. New results con-
cerning positive electrical circuits with the chain structure and
cyclic Metzler state matrices are presented in Section 3. An ex-
tension of these results to fractional positive electrical circuits is
given in Section 4. Concluding remarks are given in Section 5.

The following notation will be used: R — the set of real num-
bers, R"*™ _ the set of n x m real matrices, Ml,, —the setof n x n
Metzler matrices (real matrices with nonnegative off-diagonal
entries), [, — the n X n identity matrix.

2. PRELIMINARIES
Consider the continuous-time linear system

X =Ax-+ Bu, (1a)
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(1b)

where x = x(r) e R", u=u(r) € R™, y = y(t) € R” are the state,
input and output vectors and A € R™", B € R"™"™ C € RP*",

y=Cx,

Definition 1. [3,6,7] The continuous-time linear system (1)
is called (internally) positive if x(t) € R", y(t) € RY, ¢ > 0 for
any initial conditions x(0) € R’} and all inputs u(¢) € R", 7 > 0.

Theorem 1. [3,6,7] The continuous-time linear system (1) is
positive if and only if
A€EM,, BeRY™ CeRY™. ()

Definition 2. [3,6,7] The positive continuous-time system (1)
for u(t) = 0 is called asymptotically stable if
limx(r) =0 forany x(0) € RY. 3)

f—oo
Theorem 2. [3,6,7] The positive continuous-time linear sys-
tem (1) for u(r) = 0 is asymptotically stable if and only if one
of the following equivalent conditions is satisfied:

1. All coefficients of the characteristic polynomial

pn(s) = det[I,s —A] =" tap 1" . Faistag @)

are positive, i.e.a; >0fori=0,1,...,n—1.
2. There exists strictly positive vector A7 = [4, Al
A >0,k=1,...,nsuch that
AL <0 or ATA<oO. (5)

If the matrix A is nonsingular, then we can choose A = A le,
where ¢ € R” is strictly positive.

Let
o(s) =det[l,s —Al =s"+a, 15" ' +...+ais+ag  (6)

be the characteristic polynomial of the matrix A.
The minimal polynomial y(s) of the matrix A is related to
the characteristic polynomial (6) by

o(s)
D, (S) ’

where D,,_ (s) is the greatest common divisor of all n — 1 order
minors of the matrix [I,s — A] [3,5,17].

w(s) = )
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From (7) it follows that y(s) = ¢(s) if and only if D,_(s) = 1.
Definition 3. The matrix A is called cyclic if y(s) = @(s).

Definition 4. The matrix A has the Frobenius canonical form if
it has one of the following forms [18]:

0 1 0 0
0 0 1 0
Al = ’
0 0 0 1
| —a —a1 —a —ap-1
[0 0 ... 0 —ap |
0o ... 0 —aj
A2 = A{ = 0 0 —a) ,
L 0 0 1 —dn—1
i i ®
—dp—-1 —ap-2 .. —ap —a
1 0 0 0
Ay = 0 1 0 0 ,
| 0 0 1 0 |
[ —a,_1 1 0 0]
—a,—» 0 1 0
Ay=A7 = SR
—daji 00
| —ao 0 0 ... O |

The inverse matrices of the matrices (8) have also the Frobe-
nius canonical forms [12, 18, 19]:

rooap a ay—1 1 7
ap  ap ao ao
0 ... 0 0
Al'=1 0 1 ... o0 0o |,
00 o 0 |
LN T 0]
ao
~2 0 0
ao
AEIZ )
e 1
ao
1
—— 0 0 0
L aO .

0 1 0 0
A= 0 0o ... 1 0o |,
0 0 0 |
1 [ ar al
L ao ao ao ao |
—_ 1 —
0 00 -——
ao
1 =
agp
Al = S ©)
o ... 10 -2
ao
0o ..01 -4
L ap 4

Note that the greatest common divisor of the matrices (8) and
9)is Dy—1(s) = L.

Theorem 3. The real matrix

al arn 0 e 0 0
any ann ans ce 0 0
A= (10a)
An—21 An-22 Ap—23 -.. dp2,—1 O
an—1,1 4p-12 A4p—-13 --- Ap—1pn—1 Aun—1n
L dnl an2 an3 ann—1 ann |
and
air  ap aip—2 Aip—1 Qin
az; an aryp—2 A2p—1 Q2p
A,=| 0 axn Bp—2 -1 a3n (10b)
0 0o ... 0 App—1  CQun
are cyclic matrices if the matrix (10a) satisfies the condition
a12,a23, .. ,An—2n—1,0n—1,0 7 0 (11a)
and the matrix (10b)
az1,a32,...,dp—1n-2,4nn—1 7&07 (11b)

respectively.

Proof. If the condition (11a) is satisfied then the greatest com-
mon divisor of all n— 1 order minors of the matrix [I,s —Aj]
for A; defined by (10a) is D,,—1(s) = 1. In this case from (7)
we have y(s) = @(s) and by Definition 3 the matrix is cyclic.
Proof for the matrix (10b) is dual. O

Remark 1. Every square matrix with only one nonzero entry
in each row and in each column and its inverse are cyclic ma-
trices [7].

Examples of such matrices are the matrices (8).

Definition 5. The system is called normal if its matrix A is
cyclic.
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Normal systems have very useful properties and play an im-
portant role in technical sciences [2—4, 17].

3. POSITIVE ELECTRICAL CIRCUITS WITH THE CHAIN
STRUCTURE AND CYCLIC STATE MATRICES

Consider the electrical circuit shown in Fig. 1 with given re-

sistances R|,R»,...,R,, inductances Li,L;,...,L, and source

voltage e = e(t).

Fig. 1. Electrical circuit with inductances

Using Kirchhoff’s laws we may write for the electrical circuit
the equations

di
Ly 7; + (R] —I—Rz)il —Ryir =e,
dip . . .
LQZ + (Rz +R3)12 — Ryi; —R3i3 =0,
(12)
di,_ . . . .
L, # +Ry—1 (ln—l - ln) +Rn—2(ln—l - ln—2) =0,
di .. .
Lnd—: +Ry—1(in —in—1) +Rpyin =0,
which can be written in the form
d
% — Ayxp+Bie, (13a)
where
_ R -
a == 0 0O 0 0
Ly
Ry R;
—= — ... 0 0 0
L “ L
A= : . : : )
Ru 2 R,
0 0 O L an-1 77
R,_
0 0 0 0 -—=L g4,
L Ll‘l
(13b)
Ri+Ry R>+R;3
a;=— , =
L Ly
a :_Rn—2+Rn—l a :_Rn—1+Rn
n—1 L”71 ) n Ln )
1 T
Bi=| — 0 0 0
1 |: L] :| )
T
Xy = [ i1 I In—1 In }

As the output y = y() of the electrical circuit the voltage on the
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resistance R, is chosen

y=Ryin=Cixy, C1= [ 0 0 R, } (13¢)
Note that the matrix A; is the asymptotically stable Metzler
matrix and the matrices B; € Rf‘ﬁl, C e RLX”, and the elec-
trical circuit is positive and asymptotically stable. The matrix
A satisfies the condition of Theorem 3 and it is a cyclic matrix.

Therefore, the following theorem has been proved.

Theorem 4. The electrical circuit shown in Fig. 1 is positive
with asymptotically stable cyclic Metzler state matrix Aj.

Consider the electrical circuit shown in Fig. 2 with given re-
sistances Rp, Ry, ..., R,—1 capacitances Cy, C, ..., C,, and
source voltage e = e(t).

Fig. 2. Electrical circuit with capacitances

Using Kirchhoff’s laws we may write for the electrical circuit
the equations

e—u; U —u duy
= C _—
R Ry th dt’
Uy —u Uy —u du
1 2 _ W2 3+C2—2,
R> R3 dt (14a)
Up—1 — Up Up duy
= C _—
R, Ryt o
which can written in the form
d
XC _ Aoxc + Bae, (14b)
dt
where
[ ! 0 0 0 ]
a
! CiR,
1 1
P P —— 0 0 0
GRy “ CoR3
A=|r
1 1
0 0 o ... _
Cnfanfl anl ! Cnfan
0 0 0 0
I CR, a, ] (14c¢)
1 (1 n 1 )
an = —— )
Cn Rn Rn+1
1 T
B, = 0 0 0 ,
? [ RiC ]
T
Xc = [ up uz Upn—1 Up }
3
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As the output y = y(¢) of the electrical circuit we choose the
voltage on the resistance R, 11

y=u,=Cxe, CG=[0 0 ... 1 (14d)
The matrix A, is cyclic asymptotically stable Metzler matrix
and By € R"*!, G, € R1*". The electrical circuit shown in Fig.
2 is positive and asymptotically stable. Therefore, the following
theorem has been proved.

Theorem 5. The electrical circuits shown in Fig. 2 is positive
with asymptotically stable cyclic Metzler state matrix A;.

The following example shows that the presented above con-
siderations can be extended to linear electrical circuits com-
posed of resistances, inductances, capacitances and source volt-
ages.

Example 1. Consider the electrical circuit shown in Fig. 3
with given resistances R1,R», ..., R¢, inductances L1, Ly, capac-
itances C,C; and source voltage e = e(t).

duy du, du,
\—+C—+— i e §
dt dt R dt Ry
Rl Ll Lo Lz R4 / R5 /
Y I — I —
h—h
e Rz RS Cl =

i
—_— Tul C, Tuz Ry
T

Fig. 3. Linear electrical circuit

Using Kirchhoff’s laws we may write for the electrical circuit
the following equations

. dij ..
Ry +L17 +R (i1 —ix) =e,

d
dip . duy duy  up
Ly—+R3|ir—Cl— —Cy— — —=
2dt+3(12 Ut *dr  Re
—Ry(i1 —i2) =0,
. du1 du2 up
R —-Ci— -C——-=
3 (lz Yar T dr T Re (15a)
du1 du2 u
—R4| C CG—~4+—|—-u =0
4( 1 2 Re uj )
d R3+2R R
an_ 57 SO : i2,
dt CiR4 CiRs Ci(R3+R4)
dl/lz us
—Rs(Cr—+— | —up =0
ui 5( 27 +R6) uz )
which can be written in the form
1 i1
d i in
— =A + Be, 15b
i | . (15b)
u u

where
R{+R R 7
_RitRy 2 0 0
L L
Ry Ry(R3+R4)+R3Ry R3 0
L, (R3+R4)L> (R3+R4)Ly
0 R3 R3+2R4 1 ’
C(R3+R4) CiR4(R3+R4) CiRs
0 0 1 Rs5-+Rg
L CoR5 Rs5Rs(C> |
| T
B = [ — 0 0 O :| . (15¢)
L

Note that the matrix A satisfies the condition of Theorem 3 and
it is a cyclic matrix. As the output y = y(¢) of the electrical
circuit the voltage on the resistance Rg is chosen

y==Cx, C=[00 0 1 (15d)

Note that the matrix A is the cyclic Metzler matrix and the ma-
trices B € Ri“, Ce Rf‘l. Therefore, the electrical circuit is
positive with cyclic state matrix. By the condition (5) of Theo-
rem 2 the electrical circuit is asymptotically stable if
R3 1 R34+ 2Ry
R3;+Ry Rs R4(R3 +R4) '

(16)

4. FRACTIONAL ELECTRICAL CIRCUITS
Consider the fractional linear electrical circuit [7] described by
the equations
d%x(r)
dt®

= Ax(t) +Bu(t),

¥(r) = Cx(1), (17b)

where x(¢) € R”, u(r) € R™, y(t) € R? are the state, input and
output vectors and A € R™", B € R"" C € RP*",

O<a<l, (17a)

t
d%x(r) 1 x(7) dx(r)
= d X(T) = 17
dr® F(l—a)o/(t—’r)“ n 3o (17¢)
is the Caputo fractional derivative and
I'(z) = / le7'dt,  Re(z)>0 (17d)

0
is the gamma function [6, 11].

Definition 6. [6] The fractional electrical circuit (17) is called
(internally) positive if x(r) € R and y(¢) € R%, r > 0 for any
initial conditions x(0) € R’ and all inputs u(r) € R, 7 > 0.

Theorem 6. [6] The fractional electrical (17) is positive if and
only if

AeM,,
Definition 7. [6] The positive fractional electrical circuit (17)

(for u(t) = 0) is called asymptotically stable (the matrix A is
Hurwitz) if

BeRY™ CeRIY. (18)

limx(t) =0 forany x(0) € R,.

t—ro0

(19)
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Theorem 7. [6] The positive electrical circuit (17) is asymp-
totically stable if and only if one of the equivalent conditions is
satisfied:

1. All coefficients of the characteristic polynomial

det([I,s — A] =s"4a,_ 15" +.. . +ais+ag (20)
are positive, i.e. ay >0 fork=0,1,....n—1.
2. All principal minors M;, i = 1,...,n of the matrix —A are
positive, i.e.
Ml = |7a11‘ >0,
My=| M TN g 1)
—ax —an
M, = det[-A] > 0.
3. There exists strictly positive vector A7 = [ 4; A s
A >0,k=1,...,nsuch that
AL <0 or ATA<oO. (22)

Consider the fractional electrical circuit shown in Fig. 1 with
given resistances Ry,R»,...,R,, inductances L,L,,...,L, and
source voltage e = ¢(¢). In a similar way as for integer order
derivative we can write using Kirchhoff’s laws similar equa-
tions as (12) substituting the first order derivatives by corre-
sponding fractional o-order derivatives of the currents in the
coils. The equations can be written in the form

d"‘xL
= Ax,+B
g Arthe (23)

y:CIXLa

where the matrices A, B, C; are given by (13b) and (13c).
In a similar way as for standard electrical circuits we can prove
for the fractional electrical circuits the following theorems.

Theorem 8. The fractional electrical circuit shown in Fig. 1 is
a positive one with asymptotically stable cyclic Metzler state
matrix A; defined by (13b).

Theorem 9. The fractional electrical circuit shown in Fig. 2 is
a positive one with asymptotically stable cyclic Metzler state
matrix A, defined by (14c).

5. CONCLUDING REMARKS

The positive electrical circuits of integer and fractional orders
with cyclic Metzler state matrices have been investigated. Some
new results concerning positive electrical circuits with the chain
structure and cyclic Metzler state matrices have been established
(Theorems 4 and 5) and next extended to fractional electrical
circuits (Theorems 8 and 9).The considerations can be extended
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to descriptor linear electrical circuits. An open problem is an
extension of these considerations to fractional different orders
linear electrical circuits and systems.
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