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Heating control of a finite rod with a mobile source

Samvel H. JILAVYAN, Edmon R. GRIGORYAN and Asatur Zh. KHURSHUDYAN

The Green’s function approach is applied for studying the exact and approximate null-
controllability of a finite rod in finite time by means of a source moving along the rod with
controllable trajectory. The intensity of the source remains constant. Applying the recently
developed Green’s function approach, the analysis of the exact null-controllability is reduced
to an infinite system of nonlinear constraints with respect to the control function. A sufficient
condition for the approximate null-controllability of the rod is obtained. Since the exact solution
of the system of constraints is a long-standing open problem, some heuristic solutions are
used instead. The efficiency of these solutions is shown on particular cases of approximate
controllability.

Key words: null-controllability, mobile control, nonlinear constraints, triangular wave,
rectangular wave, Green’s function approach, heuristic control, lack of exact controllability

1. Introduction

The ability of a system to be transmitted from any given state in finite time to
any other given state by an external control is referred to as controllability. It is
one of the most important properties of control systems, which is being studied
for a long time now. Accordingly, there is a great deal of references studying
different types and aspects of controllability for various model systems described
by all types of state constraints. Some of the recent fundamental works in the area
of controllability can be found in [1–6] and references therein.

This paper studies the controllability of a finite rod from any given initial
temperature distribution to a state where each point of the rod has a constant
uniform temperature by means of a source moving along the rod with a constant
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intensity and controllable trajectory. In general, the controllability analysis of
heating process of bodies is a very delicate problem, especially in two- and three-
dimensions. Since the heat transfers slower compared to, e.g., sound, unbounded
and even some cases of bounded bodies may not be controlled. The case of
unbounded bodies has been studied, e.g., in [7–10], and that of bounded bodies
in [11, 12]. In these and similar studies, usually, boundary controls or controls
distributed over a fixed, bounded region of the body are considered. On the other
hand, due to high thermal efficiency, laser heating is widely applied in various
areas of contemporary engineering technologies [13]. Laser heater is usually
modelled as a point source or a source having a small area of concentration
moving over the surface of the heating body. In mathematical terms, the heat
transfer induced in a body as a result of laser heating is modelled by means of
usual heat equation with a source term represented as a Dirac function of time
dependent argument:

cV
∂Θ̃

∂t̃
= κ∆Θ̃ + Θ̃sδ

(
x̃ − ux

(̃
t
))
δ
(
ỹ − uy

(̃
t
))
δ
(
z̃ − uz

(̃
t
))
,

(
x̃, ỹ, z̃

)
∈ Ω,

where cV and κ are the volumetric heat capacity and thermal conductivity of the
body occupying the domainΩ ⊂ R3, Θ̃s is the constant coefficient and

(
ux, uy, uz

)
is the trajectory of the source.

The control problem is in determination of the triple
(
ux, uy, uz

)
such that

for any initial temperature distribution Θ̃
(
x̃, ỹ, z̃, 0

)
, any given distribution

Θ̃
(
x̃, ỹ, z̃, T̃

)
is provided in given finite time T̃ . Such control problems, referred to

as mobile control problems, have been first considered by prominent mathemati-
cian A.G. Butkovskiy in 1970s [14] and then studied mainly by his students (for
a relatively complete list of references, see, [15] and [16]). The main difficulty
of mobile control problems is that the determination of the control trajectory is
reduced to the solution of an infinite system of nonlinear constraints. Analytical
solution to that problem has not been obtained yet [17]. Nevertheless, there exist
quite efficientmethods for numerical solution ofmobile control problems [15,16].

In this paper, a mobile control problem for the one-dimensional heat equation
is considered by the Green’s function approach [6,18,19] efficiently applicable to
the analysis of exact and approximate controllability of both linear and nonlinear
processes [20–25]. Using the explicit solution of the heat equation in terms of
Green’s function, explicit representation of the controllability residue in terms of
the control trajectory is obtained. As a result, an infinite system of nonlinear con-
straints is obtained for the exact null-controllability, and an inequality sufficient
for the approximate null-controllability is obtained. Some parametric families of
control including triangular and rectangular waves and their superpositions are
developed using the heuristic method [26, 27]. The efficiency of the heuristic
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solutions is proved in particular examples of approximate controllability. It is
showsn also that for a particular initial distribution of the temperature, the rod is
not exactly null-controllable by a source fixed at some point of the rod and having
a constant intensity.

2. Controllability problem

The heat transfer in a rod is described by the following one-dimensional heat
equation

∂Θ

∂t
=
∂2Θ

∂x2 + Θsδ (x − u(t)) , x ∈ (0, 1), t > 0, (1)

in which all variables and quantities are dimensionless:

Θ =
Θ̃ − Θ̃0

T

Θ̃0
T − Θ̃

0
0

describes the temperature of the rod, where Θ̃, Θ̃0
0 and Θ̃0

T are the actual, initial
and desired constant temperature distribution of the rod,

Θs =
Θ̃sl2

κ
(
Θ0

T − Θ
0
0

) , x =
x̃
l
, t =

κ̃t
l2cV

,

rod has length l, t is the Fourier number. The rod is assumed to be sufficiently
thin, so that the temperature distribution over any of its cross section is uniform.

The heat transfer between the rod and the external medium does not happen
including both x = 0 and x = 1 ends:

Θ(0, t) = Θ(1, t) = 0, t  0. (2)

The temperature distribution in the rod for t = 0 is given by

Θ (x, 0) = Θ0(x), x ∈ [0, 1]. (3)

Let Θ0 ∈ L2[0, 1], Θ0(0) = 0, so that the initial and boundary conditions are
consistent. Note that since the temperature has been normalized, Θ0 merely
describes the temperature distribution law. Therefore, for the sake of simplicity,
it is assumed that ‖Θ0‖

2
L2[0,1] ¬ 1.

The aim is to study the null-controllability of the rod, i.e., the possibility of
derivation of trajectories of the source, such that at a given finite value T of the
Fourier number, the rod is brought to the null-state

Θ(x,T ) ≡ 0, x ∈ [0, 1]. (4)
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Apparently, when (4) is ensured for the rod, the source may be turned off to ensure
the null-state of the rod for t  T as well.

Assume that the heat source does not tear off of the rod, but may have some
discontinuities. Therefore, the set of admissible controls will be defined as

U =
{
u ∈ Cp[0,T], u ∈ (0, 1)

}
.

The problem is to characterize the set of admissible trajectories of the source
for which the residue

RT (u) = ‖Θ(x,T )‖2L2[0,1] =

1∫
0

|Θ(x,T ) |2 d x (5)

satisfies either exact or approximate controllability condition

RT (u) = 0 or RT (u) ¬ ε,

respectively, where ε > 0 is a given constant. The dependence RT on u will be
made explicit in the next section.

3. Green’s function solution

In order to analyze the controllability of (1), the Green’s function approach [6]
is involved. Represent the general solution of (1)-(3) in terms of the Green’s
function [28]:

Θ(x, t) =

1∫
0

G(x, ξ, t)Θ0(ξ)dξ + Θs

T∫
0

G (x, u(τ),T − τ) dτ,

x ∈ [0, 1], t  0, (6)

where

G(x, ξ, t) = 2
∞∑

k=1
sin(πk x) sin(πkξ) exp

[
−(πk)2t

]
.

In order to make the dependence RT = RT (u) explicit, evaluate (6) at t = T
and substitute it into (5):

RT (u) =

1∫
0

��������

1∫
0

Θ0(ξ)G(x, ξ,T )dξ + Θs

T∫
0

G (x, u(τ),T − τ) dτ

��������

2

d x. (7)



HEATING CONTROL OF A FINITE ROD WITH A MOBILE SOURCE 421

4. Exact null-controllability

First, examine the exact null-controllability of (1). Using the methodology
of [6], the following result can be established.

Theorem 1 For the exact null controllability of (1), it is necessary and sufficient
that for given Θ0, Θs and T ,

Θs

T∫
0

sin [πnu(τ)] exp
[
−(πn)2(T − τ)

]
dτ =

= −Θ0n exp
[
−(πn)2T

]
, n ∈ Z. (8)

Here, Θ0n are the Fourier sine-coefficients of Θ0.
Proof. By the definition of norm, (7) is equivalent to

Θs

T∫
0

G (x, u(τ),T − τ) dτ = MT (x), x ∈ [0, 1], (9)

where

MT (x) = −

1∫
0

Θ0(ξ)G(x, ξ,T )dξ.

Expanding (9) into Fourier series, we obtain the following infinite system of
integral constraints on u:

Θs

T∫
0

Gn (u(τ),T − τ) dτ = MTn, n ∈ Z, (10)

with

Gn(ξ, t) =

1∫
0

G(x, ξ, t) sin(πnx)d x =
∞∑

k=1
δn

k sin(πkξ) exp
[
−(πk)2t

]
,

MTn =

1∫
0

MT (x) sin(πnx)d x = −
∞∑

k=1
δn

kΘ0k exp
[
−(πk)2T

]
,

where δn
k is the Kronecker symbol.
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Substituting these expressions into (10), infinite system (8) is eventually ob-
tained.

Apparently, (8) is an infinite system of integral constraints on u. Determination
of u from (8) explicitly is a long-standing open problem [17]. Usually, it is done
numerically [15, 16].

5. Approximate null-controllability

The approximate controllability is studied in a fashion similar to [6].
Theorem 2 For the approximate null-controllability of (1), it is sufficient that for
the required accuracy ε > 0,

2Θs

∞∑
k=1

T∫
0

sin2 [πku(τ)] exp
[
−2(πk)2(T − τ)

]
dτ

¬ ε − C(T ) ‖Θ0‖
2
L2[0,1] , (11)

provided that
ε − C(T ) ‖Θ0‖

2
L2[0,1]  0. (12)

Proof. Making use of Minkowski’s inequality, (7) is reduced to

Rt (u) ¬



1∫
0

Θ0(ξ)G(x, ξ,T )dξ

L2[0,1]

+ Θs



T∫
0

G (x, u(τ),T − τ) dτ

L2[0,1]

:= I1 + Θs I2 . (13)

Jensen’s inequality applied to I1 and I2 provides

I1 ¬

1∫
0

|Θ0(ξ) |2 G
(
·, ξ,T

)2
L2[0,1] dξ,

I2 ¬

T∫
0

‖G (·, u(τ),T − τ)‖2L2[0,1] .

Taking into account that


∞∑
k=1

Ak sin(πk x)


2

=

∞∑
k=1

A2
k sin2(πk x) +

∞∑
k=1

Ak sin(πk x)
∞∑

j=1
j,k

A j sin(π j x),
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and that the family {sin(πk x)}∞k=1 is orthogonal in [0, 1], we obtain

‖G(x, ξ,T )‖2L2[0,1] = 2
∞∑

k=1
sin2(πkξ) exp

[
−2(πk)2T

]
.

Therefore,

I1 ¬ 2
∞∑

k=1
exp

[
−2(πk)2T

] 1∫
0

|Θ0(ξ) |2 sin2(πkξ)dξ ¬

¬ 2 ‖Θ0‖
2
L2[0,1]

∞∑
k=1

exp
[
−2(πk)2T

]
=

= ‖Θ0‖
2
L2[0,1]

(
ϑ3

(
0, exp

[
−2π2T

] )
− 1

)
:= C(T ) ‖Θ0‖

2
L2[0,1] ,

I2 ¬ 2
∞∑

k=1

T∫
0

sin2 [πku(τ)] exp
[
−2(πk)2(T − τ)

]
dτ,

where ϑ3 is the Jacobi theta function.
Substituting these estimates into (13), we will obtain

RT (u) ¬ C(T ) ‖Θ0‖
2
L2[0,1] + 2Θs

∞∑
k=1

T∫
0

sin2 [πku(τ)] exp
[
−2(πk)2(T − τ)

]
dτ.

Satisfying the approximate null-controllability criterion, we immediately de-
rive (11). 2

6. Some heuristic trajectories

As it has been mentioned above, the exact solution to the infinite system (8)
is an open problem. Nevertheless, following to [26,27], it is possible to construct
particular solutions based on the physical interpretation of the problem. One
of the heuristic solutions appropriate to the control process under study is the
triangle wave

u(t) =
2
π

K∑
k=1

Ak arcsin
[
sin

(
2π
ωk

t + ϕk

)]
. (14)

Here, K , Ak , ωk and ϕk are parameters determined to satisfy (8) or (11), respec-
tively.
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Another heuristic trajectory is defined by the rectangular wave as follows:

u(t) =
K∑

k=1
Ak

[
θ
(
t − t1k +

t2k

2

)
− θ

(
t − t1k −

t2k

2

)]
. (15)

In this case, the control parameters are K , Ak , t1k and t2k . At this, t1k and t2k
define the sides of the rectangular wave. In order to ensure that u ∈ U , it is
accepted θ(0) = 1/2.

Superposition of (14) and (15) can be considered as another heuristic trajec-
tory of the sources. Additional constraints on control parameters follow from the
restriction u ∈ (0, 1). Particular heuristic controls are plotted in Fig. 1.

Figure 1: Examples of triangle, rectangle and superposed waves

Note that all three types of controls are easily implementable for machines
regulating the laser motion. Other heuristic trajectories of the form of saw-tooth
wave or more smooth functions can be used as well.

7. Numerical analysis

In this section, several particular cases are studied numerically to show the
practical efficiency of the heuristic trajectories discussed in the previous section
especially for the approximate controllability analysis.
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7.1. Exact controllability

Since Θ0 ∈ L2[0, 1], Θ0n decays as n increases. Therefore, it is appropriate to
consider (8) for some finite N . However, note that, in general, the consideration of
the truncated system will lead to the determination of controls providing merely
approximate controllability of the rod.

Let, for instance, Θ0(x) = cos ((1 − 2x)/2) with ‖Θ0‖
2
L2[0,1] ≈ 0.921. Then,

Θ0n =




1
π

4n
4n2 − 1

cos
(
1
2

)
, n is even,

0, n is odd.

Heuristic considerations provide a physically reasonable solution of the form
of a single rectangle

u(t) = u0 [θ(t) − θ(t − T )] ,

where u0 is an unknown constant. Substituting it into (8), leads to:

Θs sin [πnu0]
1− exp

[
−(πn)2T

]

(πn)2 = −
[
1+(−1)n] 2n

n2−1
cos

(
1
2

)
exp

[
−(πn)2T

]
.

It becomes more apparent now that when n increases, both sides of the last
equality decay to zero. Apparently, u0 = 1/2, corresponding to the case when the
laser heats the mid-point of the rod, makes the equality valid for odd values of n.
For even values of n = 2m, it reduces to

Θs sin[πm]
1 − exp

[
− (2πm)2 T

]

(2πm)2 = −
8m

4m2 − 1
cos

(
1
2

)
exp

[
−(2πm)2T

]

or

−
8m

4m2 − 1
cos

(
1
2

)
exp

[
−(2πm)2T

]
= 0

holding for all m only when T is infinite. Therefore, in this case, a lack of exact
controllability is encountered.

7.2. Approximate controllability

Numerical analysis shows that C decays very fast with increase of T . Figure 2
shows that for T > 0.5, C(T ) ¬ 10−4. Therefore, since ‖Θ0‖

2
L2[0,1] ¬ 1, (12) may

hold even for ε ∼ 10−4. For most of metals, the thermal conductivity, κ � 1
[W/m K]. Therefore, the consideration is limited to the case Θs � 1.
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Figure 2: Graph of C(T ) against T

Figure 3 shows that the approximate controllability of the rod can be provided
by (14) for K = 1, A = 1, ω = 0.05, ϕ = π/4, where

S(T ) =
∞∑

k=1

T∫
0

sin2 [πku(τ)] exp
[
−2(πk)2(T − τ)

]
dτ.

This trajectory corresponds to the motion of the source starting from x = 0.5
point (mid-point of the rod) to x = 1 end and then back to x = 0 end, and
repeating the same motion till t = 1.

Figure 3: Graph of u and corresponding expression of S(T ) for (14)

The plot of S(T ) shows that, when the Fourier numberT increases, S increases
to ≈ 4 · 10−2 and remains constant. Therefore, as soon as, e.g., Θs ∼ 10−3, the
rod is approximately null-controllable for any Θ0 and T .
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Consider the case of (15). As it is shown in Fig. 4, the approximate control-
lability of the rod for ε ∼ 10−4 can be provided for any T  6 by

u(t) =
������

3∑
k=1

Ak

[
θ
(
t − t1k +

t2k

2

)
− θ

(
t − t1k −

t2k

2

)] ������

with A1 = −0.5, A2 = 0.75, A3 = −0.1, t11 = 1, 2t21 = 1.5, t12 = 3, 2t22 = 3,
t13 = 8, 2t23 = 2.

Figure 4: Graph of u and corresponding expression of S(T ) for (15)

8. Conclusions

Heuristic trajectories in the form of triangle, rectangle and their superposed
waves are derived in this paper to study the exact and approximate controllability
of a finite, sufficiently thin rod. The rod is heated by a source moving over its
surface and the control process is carried out by the trajectory of the source.
Applying the Green’s function approach, the solution of the exact controllability
problem is reduced to the solution of an infinite system of integral constraints
with respect to a single control function. For the approximate controllability, a
sufficient condition is derived. Analysis of particular cases shows the efficacy
of the heuristic trajectories especially for the approximate controllability of the
rod. It is also shown that a lack of exact controllability occurs for finite Fourier
numbers.

In our future works, we are going to generalize the developed solution for
2D heat equation for a membrane and for the case when elastic dissipation is
accepted. In the latter case, the elastic energy is coupled with the thermal energy,
leading to a coupled system of partial differential equations describing the heat
transfer in the solid.
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