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Abstract. In the work, multi-criteria optimization of phononic structures was performed to minimize the transmission in the frequency range
of acoustic waves, eliminate high transmission peaks with a small half-width inside of the band gap, and what was the most important part of
the work – to minimize the number of layers in the structure. Two types of the genetic algorithm were compared in the study. The first one was
characterized by a constant number of layers (GACL) of the phononic structure of each individual in each population. Then, the algorithm was
run for a different number of layers, as a result of which the structures with the best value of the objective function were determined. In the
second version of the algorithm, individuals in populations had a variable number of layers (GAVL) which required a different type of target
function and crossover procedure. The transmission for quasi-one-dimensional phononic structures was determined with the use of the transfer
matrix method algorithm. Based on the research, it can be concluded that the developed GAVL algorithm with an appropriately selected objective
function achieved optimal solutions in a much smaller number of iterations than the GACL algorithm, and the value of the k parameter below 1
leads to faster achievement of the optimal structure.
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1. INTRODUCTION
The artificial periodic structure, which is the basis for the struc-
ture of phononic crystals (PnC) and phononic structures (PhS),
has been the subject of intensive research in recent years [1–9].
This structure has specific properties related to the propaga-
tion of acoustic and elastic waves in it. One of these proper-
ties is the existence of the so-called band gap (BG) which does
not allow the elastic waves of a specified frequency range to
pass through the phononic crystal. Both the BG width and the
center frequency depend on the type of material and the geo-
metric parameters of the PnC and can be controlled. To con-
trol the BG, much work has been done to optimize the topol-
ogy of the PnCs [10–20]. A way to optimize the topology of
the design of materials and structures with gaps is presented
in the extensive work by Bendsøe and Sigmund [10]. Sieg-
mund and Jensen [11] and Xie et al. [12], using the topology
optimization method, designed a PnC with “pure bands” for
a specific frequency range. PnC topology optimization in many
studies is carried out with the use of genetic algorithms (GA).

∗∗∗e-mail: gari.sg@gmail.com

© 2022 The Author(s). This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)

Manuscript submitted 2021-04-02, revised 2021-08-25, initially
accepted for publication 2021-08-26, published in February 2022.

Using the plane wave expansion method, Zhong et al. [13]
using GA maximized the bandgap width in PnC. Using sim-
ilar methods, Liu et al. [14] optimized PnC topology with
square lattices. The authors used the two-stage GA in con-
junction with the fast plane wave expansion method. The two-
way optimization method inspired by the evolutionary penal-
ization parameter was carried out by Huang and Xie in [15].
Optimal solutions were obtained for structures consisting of
both single and multiple materials. Dong et al. [16] optimized
the PnC topology using the reverse scheme of the two-stage
GA. The authors were given the maximum BG between ad-
jacent two-dimensional bands. Li et al. [17] applied a bidi-
rectional genetic optimization algorithm to obtain the maxi-
mum bandwidth between two adjacent bands in a square unit
cell. Gazonas et al. [18] described the use of GA to optimally
design phononic bands in periodic biphasic elastic structures.
In the work [19] Hussein et al. used a multi-body GA to de-
sign the topology of one-dimensional periodic PnC unit cells.
Optimal topologies that produce large BG shifts in one- and
two-dimensional nonlinear phononic crystals are presented by
Manktelow et al. at work [20]. The article discusses the is-
sue of optimal PnC topology design. For this purpose, a GA
was used, which allows us to obtain optimal distributions of
individual elements of the PnC network. Optimum distribution
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is understood as ensuring maximum BGs under given condi-
tions. The article [21] by Hedayatras et al. presented a polyop-
timization of phononic plate topology with experimental vali-
dation to investigate the relationship between a BG efficiency
and the effective bending stiffness of the plate. Research aimed
at increasing the total BG was carried out by L. Chen et al.
in [22] by performing a BG optimization for chiral PnCs. Han
and Hang in [23] applied a GA with the method of plane
wave expansion to optimize a three-phase PnC for a larger
relative BG. In their article [24] Garus and Sochacki solved
the problem of the optimal design of a PnC topology as an
acoustic filter made of transparent materials. In the paper [25]
Chen et al. have developed a new topology optimization algo-
rithm of PnCs for unidirectional acoustic transmission based on
the bi-directional evolutionary structural optimization (BESO)
method. The authors of [26] Han and Zhang used a GA to op-
timize the topology of a thin PnC plate composed of aluminum
and epoxy resin. The genetic algorithm, due to its universal-
ity, is also used in other applications, such as [27], in which
Chruszczyk presented the process of searching for the peak-to-
peak value of the minimum value of a multi-tone signal and
in the work [28] by Beniyel et al., who optimized the con-
sumption of the selected magnesium alloy. The genetic algo-
rithm was used by the authors to determine the properties of
the alloy resulting in its minimal wear and low friction coeffi-
cient.

The TMM method is a matrix formalism known and suc-
cessfully used in many fields of physics. The frequent use of
this method in photonics or phononics results from the pos-
sibilities it gives concerning the speed of calculations. In the
case of an acoustic wave passing through a material layer, the
TMM method combines the sound pressure and wave veloci-
ties at the entrance and after passing the structure. Therefore,
this method facilitates the prediction of transmission and re-
flection coefficients also in multilayer structures. An interest-
ing work on the general approach to the determination of the
mentioned transmission and reflection coefficients is the work
of Dazel et al. [29]. The TMM method was used by Garus et al.
in the work [30] for the analysis of three types of multilayer
structures with a piezoelectric layer as a defect of the examined
structures. Similarly, the TMM method was used by Sigalas and
Soukoulis in [31]. The authors analyzed the propagation of elas-
tic waves in multilayer, disordered two-material structures. The
TMM method was also used in the work of Luan and Ye [32]
to study and analyze the propagation of acoustic waves in a wa-
ter channel in which many blocks filled with air were placed.
In the work of Pop and Cretu [33], the formalism of the split
quaternion is presented as equivalent to the TMM formalism
for the passage of a wave through a one-dimensional structure
with many layers.

In this work, the two genetic algorithms (GA) are compared
to minimize at the same time the thickness and transmission of
the phononic structures. As part of the algorithm work, struc-
tures are designed in which there is no periodicity of the basic
cell, i.e. they cannot be classified as phononic crystals (PhC),
but the phenomenon of phononic band gap (PhBG) occurs and
therefore they are referred to as phononic structures (PhS).

The transfer matrix method (TMM) method was used to analyze
the wave transition through the examined structures because it
facilitates the analysis of unordered structures.

2. MATERIALS AND METHODS
2.1. Transfer matrix method
Figure 1 shows the propagation of the mechanical wave through
the multilayer structure, which can be described by the equation[

P( f )+in
P( f )−in

]
= M

[
P( f )+out

P( f )−out

]
, (1)

where P( f )+in is the pressure of the mechanical wave incident
perpendicularly on the multilayer structure; P( f )−in is the pres-
sure of the mechanical wave reflected from the structure; P( f )+in
is the pressure of the mechanical wave coming out of the struc-
ture; P( f )−out is always zero. The pressure values are determined
for a given frequency f . The signs in the superscript correspond
to the wave propagation direction (it was assumed that + cor-
responds to the right direction in Fig. 1, and − to the left direc-
tion).

Fig. 1. A quasi one-dimensional phononic structure made of n layers
of materials A and B where a given i-th layer has a thickness di

The characteristic matrix M of the TMM model for the su-
perlattice structure can be described by

M = T1,i

(
n−1

∏
i=1

RiTi,i+1

)
RnTn,out . (2)

The mechanical wave propagation in layer i is described by the
propagation matrix Ri, which is defined as

Ri =

[
e2πi f dic−1

i 0

0 e−2πi f dic−1
i

]
, (3)

where di is the thickness of layer i and ci is the phase velocity
of the mechanic wave. The transfer matrix Ti,i+1 between layers
i and i+1 is described as

Ti,i+1 =
1

2Zi

[
Zi +Zi+1 Zi−Zi+1

Zi−Zi+1 Zi +Zi+1

]
, (4)

where Zi is the i-layer acoustic impedance which is defined as
Zi = ρici; ρi – i-layer mass density.

T ( f ) = |M11( f )|−2 . (5)
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The transmission T for a given frequency f is determined from
equation (5) and is influenced by the distribution of the material
of the multilayer structure that is contained in the characteristic
matrix M.

2.2. Genetic algorithms
Two different solutions using a genetic algorithm are compared
in the work. In the first approach, the constant length of the
structure in the full cycle of the analyzed population is used
(GACL), and then the entire process for different lengths of
structures (chromosomes or individuals in GA vocabulary) is
repeated. In the second analyzed type of genetic algorithm, vari-
able length of the structure (GAVL) was used. This influenced
changes in the objective function and the algorithm for gener-
ating a new population from the previous one. It should also
be noted that as the number of layers increases, the space of
possible solutions increases significantly, as shown in Fig. 2.
The genotype in the presented solution is a single structure
built of individual genes describing the type of material used
in the layer (A or B), while the phenotype is the distribution of
transmission values depending on the frequency determined for
a given chromosome based on the TMM algorithm from equa-
tion (5).

Fig. 2. Influence of the increase in the number of layers in a structure
on the size of the searched solution space

The first stage of the genetic algorithms (Fig. 3) is the initial-
ization of the constants controlling the operation of the algo-
rithm and the number of layers in the structure is determined for
GACL. The next step is to randomly generate the first popula-
tion. Then, the transmission for each structure in the population
is determined using the TMM algorithm based on equation (5).
For each individual of the population, the value of the objective
function was calculated, which for GACL is defined as

FGACL = ‖FI‖‖FDI‖ (6)

and for GAVL is given as

FGAVL = FGACLk+
n−nmin

nmax−nmin
(1− kt). (7)

The k parameter determines the extent to which the objective
function of the GAVL algorithm is influenced by the function
defined by equation (6), and by the number of layers of the ana-

Fig. 3. Activity diagram for optimization algorithms

lyzed structure. The values of the k parameter range from 0 to 1.
For the values of the k parameter closer to zero, the structures
with the smallest number of layers from the analyzed popula-
tion are most preferred, and the reduction of transmission and
elimination of transmission peaks takes place at a later stage of
the algorithm’s work. When the values of the k coefficient are
closer to 1, it is more important to minimize the transmission
and eliminate high transmission peaks with a small half-width,
and then in further steps of the algorithm, the most favorable
structures in the population are replaced by equivalents charac-
terized by a smaller number of layers. The number of layers n
in the structure ranges from nmin to nmax.

Because the values of the FI and FDI functions differ signif-
icantly, their normalization was applied, where the minimum
was taken as zero, and the highest value of a given component
of the objective function was equal to the value of 1. This means
that in each population the highest value of the given objective
function component is different. This procedure makes it pos-
sible to compare the structures only within a given population.
To compare the structures between populations, use the func-
tion without normalization shown as

F ′c = FI ·FDI . (8)

The components of the objective function FGACL are two nor-
malized subfunctions. The first FI is responsible for minimizing
the transmission T ( f ) integral in the frequency range from fmin
to fmax and is defined as

FI =

fmax∫
fmin

T ( f )d f , (9)
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FI ≈
fmax− fmin

2h

n

∑
i=1

[T ( fi)+T ( fi+1)] . (10)

The second sub-function FDI of the objective function FGACL
is responsible for minimizing the occurrence of narrow high
transmission peaks and is given as

FDI =

fmax∫
fmin

FD( f )d f , (11)

where FD( f ) is defined by

FD( f ) =
∣∣∣∣∂T ( f )

∂ f

∣∣∣∣≈
∣∣∣∣∣∣∣∣
h
[

T
(

f+
fmax− fmin

n

)
−T ( f )

]
fmax− fmin

∣∣∣∣∣∣∣∣ , (12)

considering the above, a numerical approximation of FDI was
obtained

FDI ≈
fmax− fmin

2h

n

∑
i=1

[FD ( fi)+FD ( fi+1)] . (13)

The parameter h describes the accuracy of numerical calcula-
tions and was set as h = 8 ·104, which gave a frequency resolu-
tion of ∆ f = 0.25 Hz.

The transmission fill factor is defined as

FT =
FI

fmax− fmin
. (14)

Then, in the population group sorted by the objective function
appropriate for the algorithm used, the two best structures are
left, the two weakest ones are rejected, and the remaining ones
are crossed over with the probability resulting from the value of
the objective function.

The algorithm was used to select individuals for a crossover
of the proportional method of the so-called roulette wheel se-
lection, the angular sectors of which are proportional to the val-
ues of the individual objective function. Better adapted indi-
viduals are proportionally larger angular sectors on the roulette
wheel (greater chance of introducing more descendants to the
next generation of the population). The one-point crossing was
used, however, in the GAVL algorithm, the lengths of structure
elements were also selected so that their total number was at
least nmin and at most nmax. To avoid the algorithm remaining
in the local minimum of solutions, apart from the exchange of
two structures in each population, some layers are also mutated
in the analyzed structures with a given probability. The process
is repeated until a given number of iterations is achieved.

3. RESEARCH
As part of the work, a genetic algorithm with a variable num-
ber of layers in the population (GAVL) was developed in or-
der to simultaneously minimize the number of layers within
the range from nmin = 10 to nmax = 100 layers, minimize me-
chanical wave transmission in the range of acoustic frequencies

and minimize the chance of occurrence and reduce the intensity
of high transmission peaks with a small half-width (the more
layers in the structure, the more such transmission peaks there
are). All the above goals are realized by the developed objective
function from equation (7). GAVL was compared with the con-
stant number of layers (GACL) algorithm developed in [24],
performed for structures with the number of layers from the
above range with a step of 5 layers. The GACL algorithm does
not cover the full space of solutions to the problem, even though
a total of 3800 iterations are performed. GAVL algorithm per-
formed 500 iterations for each k parameter value.

The structures analyzed in the study were made of glass
and polyvinyl chloride (PVC). The material parameters are pre-
sented in Table 1.

Table 1
Parameters of the materials used [34, 35]

Material Symbol
Mass density

[kg·m−3]
Phase velocity

[m·s−1]

Air 1.21 343

Glass A 3880 4000

PVC B 66 913

The materials were selected in such a way that there was
a large difference in acoustic impedance between them. Ab-
sorption was not considered in the considerations so that the
gaps only occur due to the structure. The structure is surrounded
by air and mechanical waves are analyzed in the range of
acoustic frequencies from fmin = 0 kHz to fmax = 20 kHz. The
single-layer thickness in the simulation was 1 mm. There were
20 structures in each population. The chance of a single-layer
mutation was 1%.

Figure 4a shows the graphs of the objective function values
for the best structures in a population for a given generation
number for each of the considered number of layers in the struc-
ture.

The determined structures are collected in Table 2, and the
corresponding values of the objective function are presented in
Fig. 4b. The lowest objective function value was determined for
the structure with one hundred layers, and the next two were
ninety-five and seventy-layer structures. There was no relation-
ship between the number of layers in the structure and the value
of the objective function in the optimal structures found by the
genetic algorithm.

Figure 5a shows the objective function values for the best
structures in a population for a given k parameter, and the ob-
jective function values for the best structures found using the
GAVL algorithm are shown in Fig. 5b. The convergence plots
of Figs. 4a and 5a show that the appropriate number of itera-
tions of the algorithm was selected.

Figure 6 shows the transmission for the best-determined
structures for each considered number of layers in the structure
in the GACL algorithm.

For better readability, the transmission was converted to
sound pressure level (SPL) at the sound source with an SPL
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Table 2
Distribution of materials in the best structures found for a given number of layers

The number of layers Best structure

10 A10

15 A15

20 BA8B2A9

25 A14B2A7B2

30 A15BAB2A4BA6

35 B3A16B2AB2A11

40 ABA10B2A25B

45 A6BABA4B2A2B2AB3A19B3

50 B2A2BA21B3ABA3B2A2BA11

55 BA15B4ABABA2BAB11A16

60 BA10B3ABABA2B2A2B3A3B7A3BA17BA

65 B2A2BA5BABA8B3A4BA3BA4B13A3B2A10

70 B2A2BA12B2AB4AB2AB4A6B6A2BAB2A5B3A4BA5BA

75 A2BA7BA3BA10B15ABA7B6A3BA3BA4BA7

80 A7B2A3BA8B6ABA2B4AB3AB6A2BA2BAB6AB3A3BA11B2

85 B8A11B2AB3ABA6B2A3BA2B5A2B6AB2A2BA2B2A2BA4B2A9B2A

90 BABA7BA2B2ABA5BA8BAB6A2B3AB2A2BA4BA3B2A3BAB6A3BA3B2A9B

95 A9B2A8BA3B2ABABABA2BAB7AB4ABA3BA4BA2B3A5B2AB2AB2AB3A15

100 B4ABA3BA3B5AB2A3BA6BABA5BA3BA2BAB2ABA2BABA2BAB12ABA8BA16

Fig. 4. The objective function values of the best individuals for each
generation and the number of layers: (a) and the objective function
values for the best found structures with given number of layers (b)

GACL algorithm

Fig. 5. The objective function values of the best individuals for each
generation and the number of layers: (a) and the objective function val-
ues VOLUMEXX,2021 for the best-found structures with given num-

ber of layers (b) GAVL algorithm
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Fig. 6. Sound pressure level (SPL) in the range of acoustic frequencies
for the best designated structures in GACL algorithm

value of 90 dB (the sound pressure of the source was ps =
0.6325 Pa), p is transmitted wave pressure and the reference
pressure is p0 = 2 ·10−5 Pa) according to the relationship

SPL = 10log
〈p〉2

p2
0
. (15)

The number of possible analyzed structures (solution space) in
the algorithm with a variable number of layers was ∑

100
i=10 2i.

Due to the much larger space of solutions, the number of
iterations of the algorithm with a variable number of layers in
the structure was set to 500.

Figure 7 shows the SPL charts for the most favorable struc-
tures determined by the GACL algorithm and Table 3 shows
the corresponding values of the functions FT , FDI and F ′c for

Fig. 7. Sound pressure level (SPL) in the range of acoustic frequencies
for the best-designated structures in GACL algorithm

the best structures in the GACL algorithm. SPL as a function of
frequency for the best structures obtained with GAVL is shown
in Fig. 8, and Table 4 shows the best structures obtained with
the GAVL algorithm.

Table 3
The objective function and its components for the best-designated

structures by the GACL algorithm

Number of
layers

F ′c FT [10−3] FDI

100 401 045 5.00538 4006.14

95 401 133 5.00586 4006.63

75 401 266 5.00609 4007.77

50 401 521 5.00710 4009.52

40 401 564 5.00695 4010.07

Table 4
The objective function, structures, and its components for the best-

designated structures by GAVL algorithm

k Structure
Number of

layers
F ′c FT [10−3] FDI

0.1 B4A6 10 412 772 5.0 4127.73

0.2 BA7B2 10 409 488 5.0 4094.88

0.3 B2A7B 10 409 488 5.0 4094.88

0.4 A7B3 10 409 489 5.0 4094.89

0.5 BABA6B 10 409 832 5.00049 4097.92

0.6 BABA5B2 10 412 998 5.00016 4129.85

0.7 ABA6B2 10 409 714 5.00021 4096.97

0.8 ABA7B 10 407 689 5.00067 4076.35

0.9 BABA6B 10 409 832 5.00049 4097.92

1 A13B4 17 402 782 5.0 4027.82

Fig. 8. Sound pressure level (SPL) in the range of acoustic frequencies
for the best designated structures in GAVL algorithm

In the 40-layer structure, in the analyzed frequency range of
mechanical waves up to 20 kHz, there was a single transmission
peak for 4.819 kHz with an SPL value of 27 dB (Fig. 7a). In
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the structures shown in Figs. 7b–e there were two transmission
peaks for the number of layers, respectively: 50–2.512 kHz
(27.2 dB) and 8.001 kHz (2.1 dB), 75–1.219 kHz (25.2 dB)
and 3.286 kHz (5.2 dB), 95–1.029 kHz (23.8 dB) and
2.298 kHz (10.3 dB), 100–1.066 kHz (22.9 dB) and 2.584 kHz
(10.5 dB). On the other hand, in the structure obtained with the
use of the genetic algorithm with a variable number of layers
GAVL (Fig. 8), there were no transmission peaks in the band
gaps. In none of the structures, the SPL value for the occurring
transmission peaks exceeded 30 dB. The values of the FT
function for all found structures are similar, and the band gap
is in almost the entire range of acoustic frequencies.

4. CONCLUSIONS
The aim of the work was to minimize the transmission and the
number of layers in quasi-one-dimensional phononic structures
in the range of acoustic frequencies. During the research, two
types of genetic algorithms were compared, differing in the ob-
jective and the crossover functions. For all the obtained opti-
mal structures, the transmission was significantly reduced, al-
though there were narrow transmission peaks inside the band
gaps with intensity below 30 dB for the wave source at the level
of 90 dB for the GACL algorithm. The transmission peaks oc-
curred at different frequencies, so a structure suited to the ap-
plication should be selected. Importantly, the designated band
gaps were caused only by the structure topology. The positive
extinction coefficient of lossy materials will further reduce the
transmission, but its nature will not change. An additional band-
pass filter in front of the structure would eliminate the occur-
ring transmission peaks. However, the structures that were ob-
tained by the GAVL algorithm had a wide band gap and no
high-transmission peaks with a low half-width.

Almost all structures obtained as part of GAVL work had
a minimum number of layers equal to 10. There were slight dif-
ferences in transmission, but they were negligible as they were
below the assumed limit for the band gap. The structure ob-
tained for k = 1 had the most favorable transmission structure
but also consisted of a larger number of layers. Based on the re-
search, it can be concluded that the developed GAVL algorithm
with an appropriately selected objective function achieved op-
timal solutions in a much smaller number of iterations than
the GACL algorithm, and the value of the k parameter below
1 leads to faster achievement of the optimal structure.
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