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General accuracy characteristics of resection

Determination of the position by resection requires accuracy analysis and establishment of
general accuracy characteristics.

The obtained accuracy characteristics, among others, depend on indicator of position
determinability introduced for positioning.

INTRODUCTION

Determination of a point by resection is convenient because the field work is reduced to
the measurement of two angles at one point only. However, it should be noted, that if three
known points and the point which is to be determined lie on the same circle, called
dangerous circle, the problem becomes indeterminate.

The statement that position cannot be determined involves consideration of accuracy.
Therefore, general accuracy characteristics of the resection have been developed
in this paper.

The given examples illustrate the practical application of the established functions.

1. Inverse matrix from normal equations

Let us consider the resection of which left, central and right points, of known
coordinates, are denoted by 1, 0, 2, respectively. Let the point we determine be P, the
observed angles &, @, and the known angle 1-0-2 be f, Fig. 1. The known distances 0-1,
0-2 we denote by a,, a,, and unknown distances P-1, P-0, P-2 by s, 5o, $2, respectively.

For establishing inverse matrix from normal equations we introduce XY coordinate
system of which the X axis is parallel to the line between the points P and 0.

In this coordinate system for the angles «, and ¢, we obtain the differentials calculated
for approximate values of the coordinates
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sin cos & 1
dOl1 = ! lpr + ( l - —) dYP
A S So

inQ, o 1
dots = sina, axXo - (cos L _) av,

52 So

Fig. 1. Resection

Introducing angles &;, d,, Fig. 2, we state that

sin®;, sosinQ; a;sind,

S 505 5051
cosa; 1 51 — 5o COS X, a,cos O,
M So S0 5051

sin®, spsinC, a,sind,

K S082 S052
cosa, 1 §2 — 50 COS L, a,cosd,
82 S0 5052 5052

where:
51 = 1800 — (0(1 + ,BI)

52 = 180O - (0(2 + ﬂz)

(1)

2

3)

4

&)

(6)

(7

(8)

Design matrix of the coefficients, after substituting (3), (4) into (1) and (5), (6) into (2), can

be written in the form
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a, . a
—sind; ——cosd,
1|5 Sy
a=—| 5 9)
RY 2 2
U = gind, —c0sd,
52 52
hence
a%-z a§~7 Ia%-«a%.
1 | =z sin 0, + —sin* S, — —| — 8in28; —— 8in28,
ala == | 51 55 2\ 5% 53 (10)
ol 1(a? a; a a3
1 . 2 1 2
- —(—2 sin20, — —zsm262) — cos’ Oy + — cos’ &,
2\ s7 §5 s $5

Fig. 2. Geometric elements for determination of accuracy

The matrix a’a is invertible if its determinant is not equal to zero. Finding the
determinant we write

1| (a? az az a?
det(a’a) = = | | — sin® &, + — sin®S, || — cos? 8, + — cos? S, | —
4 2 2 52

so| \st $2 S 2

1 /(a2 il z (11)
_ = (a—j sin2d, — —; sin25zj }

4\ s7 53

and after some manipulation we state that

[N

2
aia

det(a’a) = sin?(d, + &) (12)

1 2.2
So8152

so the determinant is not equal to zero.
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Taking into account that
51 +53=360°—(OC1 +ﬂ+ az) (13)

where f is the angle between the points 1-0-2, Fig. 1, and introducing indicator of position
determinability, [9], we write

w=0o;+ [+ s w # 180° (14)
and after substituting (14) into (13), we have
O, + &, =360° - @ (15)

If now we substitute (15) into (12) we finally obtain

(Y Y

ala

det(a’a) = sin* @ (16)

2
1

[T

sosis

Establishing the inverse of the matrix (10), after taking into account (16) and some
manipulation, we state that

2 2 2 2
53 Si 1(s5 . ST .
o — cos*d; + — cos* S, 5(—7 sin2d, — — sin26,
Tl . 50 |aZ al 2 \a? ai
S RV 2 g y (17)
2 1 . 2 . 1 .
—(—, sin28; — —,sm253) — sin*d; + — sin’ &,
2\ a; aj a; ai

which is the inverse matrix from the normal equations.

2. Mean position error

Finding the sum of the main diagonal of the matrix given by (17), called the trace of the
matrix, we have

2 2 2
tr(a’a)™! = 2 (ﬂ + 2) (18)

2 =9 2 2
s~ \ a; as

Taking into account the standard deviations of measured angles &, and «,, 0,, we write

O—ZSI sl SZ

) a0 1 2

Or =7 (—7 +—zj (19)
sinfw\al a3

and after introducing the angles 5, and f,, Fig.2. we state that

; oﬁsé(sinzﬁl sinzﬁg)
05 = -+

P == p "
sinfw\sinfa,  sinfa,

(20)
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where =, + B+ a,= a,+ B, + B> + .
The obtained functions, (19), (20), establish the mean position error of the point P.

3. Accuracy of central distance and of central azimuth

Taking into account (17) we can determine the accuracy of the central distance, so,
between the points P and 0. Because the azimuth of central distance is equal to zero then
basing on (17) and the results established in [8], we write

2 .2 2 2
O- SO Sl 52 .
P (—, cos* o, + — sm351) (@3))
(] VA A Fa
sSIn“w\ aj as

and after introducing the angles o, §,, @, B, we have

so_

sinw in’

sin® ¢, sin® &,

O.i 2 £ )
2 79 (sm by cos’$, + sin cosz&) (22)

where d,, 6, are given by (7), (8).
Accuracy of the central azimuth between the points P and 0 on the base of (17) and error
propagation we write in the form

2> 2 2

ol (st . 52

O'(ZSO) = % (—7 sin’ 53 # —= SIN° 51) (23)
sinfw\a? as

or

> . 3 . 2

o, (sin*f, . sin*f3, .

(zm e 7a ( —— sin’ 8, + —— sin’4, (24)
sin*@ \ sin” & sin”

where 6,, 8, we have from (7), (8).

The obtained functions (21), (22) and (23), (24) establish accuracy of the central
distance and the accuracy of central azimuth, respectively.

4. Positional error of a point in any direction

Let us find the standard deviation in any direction, 6, which we denote by g,,. Rotating
the XY coordinate system through the angle 6, shown in Fig. 2 , we write

X' = XcosO + Ysinf (25)

On the basis of the error propagation and (17) we state that
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2 2 2
5% ST 155 .
r|—cos’d, + — cos’ S, % (—7 sin26, — sm252)
bl ¥ -~ - =
, 0.8 |cos@| |42 aj «\43 ai cosf
8= it | 1(s3 . sy 5 55 ~
sin“w [ sind | | - (—’, sin28, — = sin28,| —sin®d; + — sin’ 6, sin®
2\ a; ai as ai
(20)
or introducing the angles @y, B,. &, B,
) o5
sin® 3 sin® 3,
7 —— c0s’ 8, + —5— cos’ 5,
¥ 2 e
R oLs5 cos@ SN~ sin” o
0%, = | .- 1 )
sin*f3, . sin® 5,
sin“@ | sin6 —(—,ﬁ sin28, — ¥ sm25)
2 \sin" a, sin® &
1 Sinzﬂz . B] (27)
= i 28 = = sin2d,
2\sin“a;, sin® cosf
5 5 .
sin ﬁ ) sin /3, , sinf
sin’ 8, + ——sin’ &,
sin*« sin®

The above functions, (26), (27). determine the positional error of a point in any direction.

5. Standard error ellipse

The most general description of the positional accuracy of a point is given by a standard
error ellipse. Usually, we want to know the maximum and minimum standard deviations for
the point and their directions.

Denoting the semimajor and semiminor axes of the standard ellipse by A = Oy,
B = O, we first determine the direction of 0,,,,, @, measured from the line between the
points P and 0. Taking into account the expression (26) in which we write ¢ instead of 6,
and finding do, /d¢ = 0, we have the equation

52 s? 52 52
2(—; sin2d8; — —’7 sin 252) cos2¢ — (— cos26; + —7 cos 252) sin2¢=10 (28)
as 1 1

aj a7 aj

so that

2

2
53 . st
—sin2d, — — sin24,
2 e

a
tg2¢ = — l (29)
53
—co0s20, + —; cos29,
a’ ai

and after introducing the angles «y, B, ot B>
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<2 +. 2
sin” 3, sin” )
: 2'3 sin2d, — — ,ﬁl sin29,
sin”a, sin“ &
182 = o ﬁ‘ (30)
sin” 2 1
C 261 = 05257
sin’ & sin’ ¢,
and also
sin®a, sin’ 8, sin28, — sin’ &, sin® B, sin26,
Bap = — ) 2 -2 €29
sin*a; sin® B, cos 29, + sin’a; sin* 8, cos 26,
which establish the direction of the semimajor axis of the error ellipse.
Taking into account the angle ¢ and the expressions (26), (27), we write
2 2 3 2
55 s 1(s5 . ST
e T —zcos 26, +—12cos 9, —(—ist&-—%sté‘z)
A2 0,50 |cos@| |a3 aj 2\ a; aj cosg
T wint - 2 2 2 2 ;
sin“w|sing | | 1(s3 . 55 53 57 sin
—(——7, sin26; — — sm252] — gin?fy + — 5sin’ 9, ¢
2\ a; ai a; ai
(32)
or
. 5 5
sin® 3, sin” 3,
| g cos’ O, + — 2'3 cos’,
i o252 [cos ¢ sin 7[; sin 7051
= ; 1(sin” . sin” .
sin“@ | sin¢ —( ——2in26, —fﬁlsm25z)
2\sin” &, sin”“
2 (33)
sin® ) sin .
( "By sin2d8; — i sin 252j
2sin’q, sin” cos¢
sin? 3, sin?f3, ., sing
sin’8, + —— sin’ &,
S]n_az SN~ &,

The direction of o, is perpendicular to o,,,. and itis equal to ¢ + 90°. Then, on the base
of (26), (27), we have

2 2 2 2
55 51 1(s3 . ST
> T ‘,C05251 +—7C05252 ;(_2 sm251——,sm253 )
,_ OaSo|—sing| |42 ai Z\a; aj —sin ¢
—  m 2 2 2 2
sin” | cos L(s5 . ST S5 . ST . cos ¢
¢ —(—, sin28, — — sin2d,| —sin*d; + — sin’ &,
2\d> ary as aj

(34)
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and also
.9 )
sin 8, sin® B,
# = ,'B cos’§; + —— cos*J,
o2 [ sing sin’ o, sin® o,
B =— 1(sin*f, sin’
S5ad 2 s 1 =
sin® | cos ¢ _( _ 7ﬁ sin28; — — sm253j
2\sin“ o, sin” &
1(sin*fB, . sin’ B, . (3)
—| ——sin28, - —— sin24, )
2\sin" o, sin“ {—smgﬁ
5 7 .2
sin® 3, | sin° 8, | cos ¢
—— sin’J, + —5—sin’ &,
sin o, sin’«,

The obtained functions allow for direct determination of the direction and the principal
axes of the error ellipse.

6. Application of the obtained functions

Resection requires, before its realisation, analysis of the accuracy of the construction.
The simple examples, presented below, illustrate the practical application of the obtained
functions.

Example 1
Let us consider a design of the resection with the angles &, = 60°, o, = 30°, 5, = 60°,

and 3, = 90°. Find the accuracy of the point P for s, = 900 m and o, = 5”.
Because the indicator of position determinability is

w=0o,+ B+ P+ a, =240° # 180°
then the position is determinable, and from (20) , we have

okss (sinzﬁ, . sinzﬁz) 40253

sinffw\sin*a,  sin*a, 3

2 20 , ,
Op = (1+4)=?550';,

that is

_2Vs
Op = 5

For 5, =900 m, 0, = 5", and p” = 2x10°

$00 ¢«

_24/5%900x5
V3x2x10°

which establishes the accuracy of the point P.

Op =0.058 m
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Example 2

Taking into account the data from Example 1, ¢, = 60°, @, = 30°, B, = 60°, 3, = 90°,
determine the accuracy of central distance and central azimuth for s, = 1000 m, 0, = 57,
Finding
51 = 1800 = (0!1 + ﬂl) = 600, 52 = 1800 - (0(3 + ﬁz) = 600

from (22) we get

32 i .y )

o555 ( sin® B sin” 3, 40%s5(1 5

O'f.,z .az ( c08* 0, + — = cos’8, | =—22| -+ 1| =Zsi0%
sin‘@ 3 4

sin sin*a,

b V3
3o ﬁ

S0 0«

and from (24) we obtain

2 ) . 2 3
o, (sin’f sin? B, . 402 (3
Ot = =2 ( a sin* &, + 2[3 sm28,) = "(—+ 3| =502

sin@ \ sin ¢, sin o,

O-(s‘,) = \/’5— Ga

For s, = 1000 m, 0, = 5", and p” = 2x10°

/5% 1000x5

0, = ~————=0032m
V3x2x10°

and
Oy = 5%5”7 =117
which establish the accuracy of the central distance and the central azimuth.
Example 3
For resection with angles &, = @, = 90°, B, = 60°. 3, = 30°, determine the positional
error in the direction of 8 = 150° for s, = 1600 m and o, = 5".

Establishing indicator of position determinability

w=0o, + B, + P+ o, =270° = 180°

after calculations
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01 =180° = (a; + 1) =30°,  &,=180° — (x; + 1) = 60°

from (27) we have

7 —— €08’ §; — ¢0s* &,
. o4st|cosO ke B
a3 o . 2
%7 sin*w | sin@ l(sim’ﬁ: sin28, — n)ﬁl sin251)
2 \sin“ &, 1
1 " P2 i
_(Sln7 - 11’1251 - 1n,'Bl sin252)
2 sin*a, In“ o, {0059}
o 2 in? y 4 i 0
o FET IO IV
sin“ sin“ o,

T3]3 3 1(\/3_3\/3) \3
e 16 16 208 8 -
1| ! 1(6_3‘6) L,_2 |1

2 |12U8 "8 ) 167 16 2

Q
Ql
tn
ot
| 1
&
)
98]
|
&
) SRERTR
|

then

V5

Oy =——=5004,

P 2\[5

Substituting into above expression s, = 1600 m, o, = 5", and p” = 2% 10°

V5% 1600% 5
= T B0 m

o, =
% o\2x2x10°
which determines positional error in direction 6 = 150°.

Example 4

For the resection, considered in Example 3, with a;, = a; = 90°, f, = 60°, 3, = 30°,
establish the orientation angle and the semimajor and the se miminor axes of the standard

ellipse knowing that s, = 1600 m, o, = 5”.
As stated in Example 3, @ = 270°, 6, = 30°, 8, = 60°, taking into account (31), we have
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€26 = sin’, sin’ 3, sin28, — sin’ ¢, sin’ B, sin 245, _ 8§ 8 _ & \3
5= sin®a, sin® 8, cos28, + sin’a, sin? B, cos28, 1 3 —1
8 8
then
20=240°, ¢ =120°
From the expressions (33), (35) we obtain
sin’ 3. sin?
T _ Zﬂz cos’d, + — 2ﬁ1 cos’§,
. okst [cosp sina, sin«,
A = D . 1 z 2ﬁ ot Zﬁ
sin’ @ | sing —(Sm N W sin252)
2 \ sl 2a2 si zal
1( sin® B, in’
_( ! —=sin26;, — Zﬂl sin252)
2\ sin“ &, sin“ @, { osﬂ
e .
sin’ , sin’ 8, ., sin
]7'32 0, + .2/3151 g i
sin® o, sin’
, T
= el ==
32 [\3] -3 5|l\3] 4°°¢
4 \3
= — O-a
2 %
and
2 22
sm752 15+ s?nzﬁl 2,
) o252 —Sm¢ Nise s SIN” &
~sin’w | cosg l(smzﬂz 28— 2 P g 257J
2\ sin“a, Niest
1 2 sin’
—(Sm,'BZ sin 29, 1 ,'Bl 257) ro
2\ sin“ o, sin” o, —sing
sin’ cos¢@

1

o35} {—@H 3 —@M‘@ = sko]
- - % ’
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So for 5, = 1600 m, o, = 5", ' = 2x10°

3x1600x5
A= \f———i =0.035m
2X2x10°

3 1x1600x5

XX 0.020 m

which establish the semimajor and the semiminor axes of the standard error ellipse.
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Janusz Martusewicz

Ogolne charakterystyki dokladnosciowe wciecia wstecz

Streszczenie

Weciegcie wstecz stanowi szczegélnie uzyteczna Konstrukcje geodezyjna ze wzgledu na zredukowanie
obserwacji terenowych do pomiaru dwéch katéw na punkcie wyznaczanym. Nalezy jednak zauwazy¢, ze
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w przypadku kiedy trzy punkty o znanych wspdirzednych i punkt wyznaczany leza na tym samym okregu kota
pozycja jest niewyznaczalna.

Niewyznaczalno$¢ pozycji powoduje konieczno$¢ przeprowadzenia analiz doktadnos$ciowych przed zaloze-
niem tych konstrukcji. W przedstawionej pracy ustalono ogélne charakterystyki dokladnos$ciowe dla bezposred-
niego dokonywania tych analiz.

Podano ogdlne funkcje pozwalajace na bezposrednie wyznaczanie Sredniego bledu pozycji, doktadnoSci
odleglosci centralnej i dokladnosci azymutu centralnego. Ustalono takze funkcje okresSlajace btad wyznaczenia
pozycji w dowolnym kierunku i1 podano orientacj¢ oraz wielko3ci pélosi standardowych elips bledow.

Zataczone przykiady numeryczne ilustruja praktyczne zastosowania otrzymanych funkcji.

Anyw Mapmycesuu

OfuiHe XapaKTePHCTHKH TOYHOCTH OOPaTHOH 3acedKH

PesomMme

OG6partHas 3aceuka SIBJISETCS BECbMA BBLITOIHOH re€0E3HYECKON KOHCTPYKUHEH BBHIY NPHBEACHHS
noseBbLIX HaOII0AEeHHHT K HK3MEPEHHSAM OBYX IJIOB Ha ONpeaessieMoM NyHKTe. CleayeT OMHaKko 3aMETHTD,
4TO B CJy4ae, KOTa TPH MyHKTa C M3BECTHLIMH KOOPAHHATAMH H ONpPEAESAEMBIH MyHKT PAaCHOJIOXEHB! Ha
OZHOI U TOMH e OKPY>XHOCTH Kpyra, MO3HLHUs SABJISAETCS HEONpeaeseMOM.

HeonpenenseMocTb MO3MUMH BbI3bIBAET HEOOXOAMMOCTH MPOBEAEHHS AHANIH30B TOYHOCTH Mepen
3aKIaaKod 3TOH KOHCTpykuMH. B npencraBnenHoit paGoTe ycTaHOBIEHBI OOlIME XapaKTEPHCTHKH
TOYHOCTH ISl HENOCPEACTBEHHOIO MPOBEAECHHS 3THX aHAIH30B.

Hanpl obmne GHyHKUNMH pa3pellaloliie HEMOCPEACTBEHHO ONpPEesATh CPEAHIO OMMOKY MO3HLHKH,
TOYHOCTH LEHTPAJILHOTO PACCTOAHUSA H TOYHOCTH LUEHTPATILHOI0 a3UMYTA. Y CTAaHOBJIEHA TaKKe DYHKLHSA,
onpeaensouas OlHOKy yCTaHOBJIEHHsI TO3ULMH B JII0OOM HaNnpaBieHHH, H 1aHa OPHEHTHPOBKA, a TAKXe
BEJIMUHHDI MOJIyoceH CTaHAAPTHLIX 3JIMICOB OLIHMOOK.

IIpuBenéHHble UMPOBLIE NPHUMEPHl H/UTIOCTPHPYIOT MNPAKTHYECKOE NPHMEHEHHE IOJy4YE€HHbBIX
dyHKUHMIL.



