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General accuracy characteristics of resection 

Determination of the position by resection requires accuracy analysis and establishment of 
general accuracy characteristics. 

The obtained accuracy characteristics, among others, depend on indicator of position 
determinability introduced for positioning. 

INTRODUCTION 

Determination of a point by resection is convenient because the field work is reduced to 
the measurement of two angles at one point only. However, it should be noted, that if three 
known points and the point which is to be determined lie on the same circle, called 
dangerous circle, the problem becomes indeterminate. 

The statement that position cannot be determined involves consideration of accuracy. 
Therefore, general accuracy characteristics of the resection have been developed 
in this paper. 

The given examples illustrate the practical application of the established functions. 

1. Inverse matrix from normal equations 

Let us consider the resection of which left, central and right points, of known 
coordinates, are denoted by 1, O, 2, respectively. Let the point we determine be P, the 
observed angles a1, a2, and the known angle 1-0-2 be /3, Fig. L The known distances 0-1, 
0-2 we denote by a1, a2, and unknown distances P-1, P-0, P-2 by s1, s0, s2, respectively. 

For establishing inverse matrix from normal equations we introduce XY coordinate 
system of which the X axis is parallel to the line between the points Pand O. 

In this coordinate system for the angles a1 and a2 we obtain the differentials calculated 
for approximate values of the coordinates 
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sin a2 (cos a1 1) da2 =--dXp- -- - - dYp 
S2 Sz So 

1 

Fig. I. Resection 

Introducing angles 81, 82, Fig. 2, we state that 

=---=--- 

cosrz, 1 s1 - so cosa1 a1cos81 
---- = = 

S1 So SoS1 SoS1 

sinrz , s0sina2 a2sin82 
= = 

(1) 

(2) 

2 

(3) 

(4) 

SoSz 
(5) 

cos a2 1 s2 - s0 cos a2 a2 cos 82 
So SoS2 

(6) 

where: 

(7) 

(8) 

Design matrix of the coefficients, after substituting (3), ( 4) into (1) and (5), (6) into (2), can 
be written in the form 
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Gt l --COSÓ1 
St 

G1 
__: cos 82 
S2 

(9) 

hence 

l 
2 ? a I . 2 s: G;i . o s; l ----:, sin u1 + ----:, sin- u2 

ara= - Sj" Sz 
S2 ? ? o 1 a- a- - -(_t_ sin281 - ---2 sin282) 

2 sf s~ 

which is a square and symmetrical matrix. 

o 

1 

2 

Fig. 2. Geometric elements for determination of accuracy 

(10) 

The matrix ara is invertible if its determinant is not equal to zero. Finding the 
determinant we write 

l 
[( 

? 2 ) ( 2 2 ) r 01 . 2 °2 . 2 a 1 2 a2 2 det (a a) = 4 2 sm 81 + 2 sin 82 2 cos 81 + 2 cos /52 
So S1 S2 S1 S2 

l (a2 a2 )2] - - ~ sin 281 - ---2 sin 282 
4 Si S~ 

and after some manipulation we state that 

(11) 

(12) 

so the determinant is not equal to zero. 
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Taking into account that 

(13) 

where f3 is the angle between the points 1-0-2, Fig. l, and introducing indicator of position 
determinability, [9], we write 

Cl)=/. 180° (14) 

and after substituting (14) into (13), we have 

(15) 

If now we substitute (15) into (12) we finally obtain 

(16) 

Establishing the inverse of the matrix (10), after taking into account (16) and some 
manipulation, we state that 

(17) 

which is the inverse matrix from the normal equations. 

2. Mean position error 

Finding the sum of the main diagonal of the matrix given by (17), called the trace of the 
matrix, we have 

Taking into account the standard deviations of measured angles a1 and a2, aa, we write 

, , ( , D , O'aSo S1 S2 a-=---+- 
P sin2 w aT a; 

' ) ( . '/3 . '/3 ) 2 = O'aSo ~ + SIW 2 
O'p . ? . ? . ' sirr r» sirr c. sirr rz, 

(18) 

(19) 

and after introducing the angles /31 and /32, Fig.2. we state that 

(20) 
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where w= CX1 + /3 + a2 = CX1 + /31 + /32 + a2. 
The obtained functions, (19), (20), establish the mean position error of the point P. 

3. Accuracy of central distance and of central azimuth 

Taking into account (17) we can determine the accuracy of the central distance, s0, 
between the points P and O. Because the azimuth of central distance is equal to zero then 
basing on (17) and the results established in [8], we write 

' ? ( ? ' ) 2 _ O-;:,so Sj" 2 Si . 2 
(J5 - -.-2- ---::; COS 62 + -2 Sin 61 

" sin w a1 a2 

and after introducing the angles CX1, /31, a2, /32 we have 

2 ? ( . 213 . ?/3 ) 2 O'aSo Sin 1 2-" Sin- 2 2-" (J = -- -- COS U? + -- COS UJ 
5o sin2 w sin2 a 1 - sin2 a2 

(21) 

(22) 

where 81, 82 are given by (7), (8). 
Accuracy of the central azimuth between the points Pand O on the base of ( 17) and error 

propagation we write in the form 

? ( 2 ? ) 2 0-;:, S I . ? S 2 . ? 
(J(s) = -.-?- ---::; s1n-82 + -2 s1n-8, 0 sin-w a1 a2 

or 

) ( . ?/3 . ?/3 ) ? O-;:, Sl Il" 1 . 1 SIW 2 . ? 
(J(s) = ---2- ---?- s1n-82 + -.-?- s,n-8, 

0 sin w sin-a, s1n-a2 

(23) 

(24) 

where 81, 82 we have from (7), (8). 
The obtained functions (21), (22) and (23 ), (24) establish accuracy of the central 

distance and the accuracy of central azimuth, respectively. 

4. Positional error of a point in any direction 

Let us find the standard deviation in any direction, 0, which we denote by a-0P. Rotating 
the XY coordinate system through the angle e, shown in Fig. 2 , we write 

X' = Xcos0 + Ysin0 (25) 

On the basis of the error propagation and (17) we state that 
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[ 

? ? 
S2 ? Sj' o 

r -----, cos-81 +-----, cos-82 
CJ2 s2 cos0 a-:; a, 2 a O - CJ 0,, = -.-_-? - . 1 52 52 
sin w [ sine] -( ~ sin 281 - _I_ sin 282) 

2 a2 af 
(26) 

or introducing the angles a" /31, a2, /32 

l sin2 /32 1 i: sin2 /31 2 i: 
T -.-2- COS- U1 + -.-2- COS U2 

CJ2 52 cos0 sin a2 sin a1 

CJt = sin~; [sine] 1 (sin2/32 . 21: sin2/31 . 21:) - -- sm u1 - -- sm u1 
2 sin2 a2 sin2 a1 - 

1 (sin
2 
/31 sin

2 
{31 )l - -.-2-- sin 281 - -.-2- sin 282 

2 sin a2 sin a1 cos0 
sin2 /32 . 2 i: sin2 /31 . 2 i: [ sin0] 
-_-1- sin u1 + -_-1- sin u2 
s1n-a2 sirr rr, 

(27) 

The above functions, (26), (27), determine the positional error of a point in any direction. 

5. Standard error ellipse 

The most general description of the positional accuracy of a point is given by a standard 
error ellipse. Usually, we want to know the maximum and minimum standard deviations for 
the point and their directions. 

Denoting the semimajor and semiminor axes of the standard ellipse by A = Clmax, 
B = CJmin, we first determine the direction of CJ,na., ¢, measured from the line between the 
points Pand O. Taking into account the expression (26) in which we write ¢ instead of 0, 
and finding JCJt I d</J = O, we have the equation 

( 
52 52 

) ( 

52 52 

) 2 ~ sin 281 - ~ sin 282 cos 2¢ - ~ cos 281 + ~ cos 282 sin 2¢ = O 
a2 al a2 a1 

so that 

and after introducing the angles a1, /31, a2, /32 

(28) 

(29) 
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and also 

(30) 

(31) 

which establish the direction of the semimajor axis of the error ellipse. 
Taking into account the angle ¢ and the expressions (26), (27), we write 

l 
2 2 

T S2 2 S1 2 
2 2 [ ,1,l 2 cos 81 + 2 cos 82 

A2 = O'aSo cos'f' a2 a1 

·? ',/, (? ? ) SIWCV sm e 1 s2 Sj' 
- ----, sin281 - ----, sin282 2 a2 a1 

l(s2 52 

)] - ~sin281 --½sin282 [ l 2 a2 a1 cos¢ 
? 2 · n, Sz . 2 S1 . 1 Sin'f' 
,sin 81 + 2s1n-82 
a2 a1 

(32) 

or 

l 
· 2/3 · 2{3 sin 2 2 sin 1 2 

T -.-1- COS 61 + -.-2- COS Óz 
a2 2 ,1, sm-a2 sin a1 

2 _ aS o COS 'f' . 1 . 
1 bA - ---?- . 1 sin" /32 sin- /31 s1n-cv[sm¢ l -(-.-1- sin281 - -_-1- sin282) 2 s1n-a2 s1n-a1 

(33) 

The direction of O'min is perpendicular to O'mox and it is equal to¢+ 90°. Then, on the base 
of (26), (27), we have 

l 
? ? Sz 1 s: Sj' 1 s: 

T J COS- U1 + J COS- Uz 
1 a;,sl - sin¢ a2 aj' 

s- = sin2cv[cos¢] l(si . 2s: 5T • 2s:) - ,sm u1-,sm u2 2 a2 aj' 

l(s2 
5
2 )l - ~ sin 28, - ~ sin282 [ . l 2 a2 af -sm¢ 

? 2 ,i, 
S 2 . 2 SI . 7 COS 'f' ----, sin 8, + 2 s1n-82 
a2 a1 

(34) 



14 Janusz Martusewic; 

and also 

l ( sin
2 
{3? sin

2f31 )l - --- sin281 - -?- sin28? 
2 sin2a2 sin-a1 - [-sin </Jl 

sin2 /32 . 2 £ sin2/31 . ? £ cos </J -.-,- sin u1 + -.-,- sm: u2 sm-a2 s1n-a1 

(35) 

The obtained functions allow for direct determination of the direction and the principal 
axes of the error ellipse. 

6. Application of the obtained functions 

Resection requires, before its realisation, analysis of the accuracy of the construction. 
The simple examples, presented below, illustrate the practical application of the obtained 
functions. 

Example l 

Let us consider a design of the resection with the angles a 1 = 60°, a2 = 30°, /31 = 60°, 
and /32 = 90°. Find the accuracy of the point P for s0 = 900 m and a; = 5". 

Because the indicator of position determinability is 

then the position is determinable, and from (20) , we have 

' 2 ( . ? /3 . i /3 ) 4 ? ? ?O ? cr;;,s0 sin- 1 Sl Il 2 cr;;,s0 - ? , 
Cfp = ---?- -.-- + ---?- = -- (1 + 4) = - So Cf;;, 

sm: cv sm2 a I sin- CX2 3 3 

that is 

For so = 900 m, Cfa = 5". and p'' = 2 X 105 

2.../s x900x5 
Cfp = ----,,=----- = 0.058 m \13 x2x 105 

which establishes the accuracy of the point P. 
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Example 2 

Taking into account the data from Example 1, a1 = 60°, a2 = 30°, /31 = 60°, {32 = 90°, 
determine the accuracy of central distance and central azimuth for s0 = 1000 m, CYa = S". 

Finding 

82 = 180° - (a2 + /32) = 60° 

from (22) we get 

-Is 
CYs = _ r;; So CY a 

o '-J3 

and from (24) we obtain 

2 
( · 

213 · 213 ) 4 2 (3 ) 2 (ja Sin i . 2 Sin 2 . 2 (ja ? 
(j(s) = ---2- ---2- sm 82 + ---2- sm 8 I = -- - + 3 = Ser; 0 sm w sin a I sin a2 3 4 

For s0 = 1000 m, CYa = S", and p" = 2 X 105 

,Is X 1000X5 
CY5 = _,,;- = 0.032 m 0 

'-J3X2Xl05 

and 

which establish the accuracy of the central distance and the central azimuth. 

Example 3 

For resection with angles a1 = a2 = 90°, /31 = 60°, /32 = 30°, determine the positional 
error in the direction of 0 = 150° for s0 = 1600 m and CY a= S". 

Establishing indicator of position determinability 

after calculations 
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from (27) we have 

[ 

sin2 /32 2 _._ sin2 /31 2 s: 
T ---?- COS U1 + -.-2- COS Uz 

CJ2 s2 cos0 sm-a2 sm a1 

CJt=sin~;[sin0] l(sin2/32. s: sin2/31. s:) 
- ---?- sm2u1 - ---?- sm2u2 2 sm-a2 sirr zz. 

1 (sin
2
/32 sin

2/31 )l 
- -.-1- sin281 - ---?- sin282 [ ] 2 s1n-a2 strr rr, cos0 

sin2 /32 . 1 s: sin2 /31 . ? s: sin0 
---?- sin- u1 + -.-

2
- sin u2 sm-a2 sm a1 

l
- {jlrl2_ + 2_ ~ ({j - 3{3) ll- {jl ,.,.2 2 2 16 16 2 8 8 2 

vaSo 
= -1- ~ ~({j _ 3{3) __!_ + 9 ~ 

2 2 8 8 16 16 2 

= CJts5 [- {j]T[ 3 - {j] [- {j] = ~ 2 2 

32 1 -{j 5 1 8SoCJa 

then 

~ 
(Je = _ ~ So CJ a 

P 2,J2 

Substituting into above expression s0 = 1600 m, CJ a= 5", and p" = 2 x 105 

~ X 1600X5 
CJe = ----- = 0.032 m 

P 2{ix2x 105 

which determines positional error in direction 0 = 150°. 

Example 4 

For the resection, considered in Example 3, with a1 = a2 = 90°, /31 = 60°, /32 = 30°, 
establish the orientation angle and the semimajor and the se mi minor axes of the standard 
ellipse knowing that s0 = 1600 m, CJa = 5". 

As stated in Example 3, w= 270°, 81 = 30°, 82 = 60°, taking into account (31), we have 
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{3 3{3 
sin2a1 sin2{32 sin281 - sin2a2 sin2{31 sin282 8- -8- __ - {3 r;:;3 tg2¢ = . ? . ? . . 0 = "'V :i 
sm-a1sm-fJ2cos281+sm2a2s1n-fJ1cos282 1 3 -1 

8 8 

then 

2¢ = 240°, </J = 120° 

From the expressions (33), (35) we obtain 

[ 

· 2R · 2R sin /JZ 2 s: sin /J 1 2 s: T -.-2- COS UJ+ -.-2- COS U2 
a-252 cos¢ sm a2 sm a1 

A2 = ~ · 2 · 2 
sinzw [sin-1,] 1 (sm f32 . 2s: sm f31 . 2s:) 'f' - --sm u1 ---sm u? 

2 sin2a2 sin2a1 - 

1 (sin
2 
(3? sin

2 
{31 )j 

- ---?-- sin281 - -.-2- sin282 [ ] 2 sin- a2 sin a1 cos</) 

sin2 {32 . ? s: sin2 (31 . ? s: sin¢ 
---?- srrr o. + -.-2-sin-u2 s1 n- a2 sm a 1 

a~;;t;Jl~ -~J[~J+i~: 
{3 

A= 2 SoO"a 

and 

[ 

sin2 /32 2 s: sin2 f31 2 s: r -.-2-cos u1 + -.-2-cos u2 
a-2 52 _ sin¢ sin a2 sm a1 

&=-a_O ·? ·Z 
sin2w [ cosm] 1 (s1w/32 . 2s: sm f31 . 2s:) 'f' - --sm u1 ---sm U? 

2 sin2 a2 sin2 a 1 - 

l (sin
2
(32 sin

2
/31 )j 

- ---?- sin 281 - ---?- sin 282 [ . ] 2 s1wa2 sirr c, -sm</J 
sin2 /32 . 0 s: sin2 (31 . 2 s: cos</) 
---?- SIW UJ + ---?- sin U2 
sm: a2 siw a 1 

= a~sl [- {j]r[ 3 -{3] [- {j] = ~ s5a~ 
32 - 1 - {3 5 - 1 4 



18 Janusz Martusewic;

l
B = - So O-a

2

So for s0 = 1600 m, O-a= 511
, p" = 2 X 105

-{3 X 1600X5
A = ---- = 0.035 m 

2x2x 105

lxl600x5
B = 5 = 0.020 m

2x2xl0

which establish the semimajor and the semiminor axes of the standard error ellipse.
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Ogólne charakterystyki dokładnościowe wcięcia wstecz

Streszczenie

Wcięcie wstecz stanowi szczególnie użyteczną konstrukcję geodezyjną ze względu na zredukowanie
obserwacji terenowych do pomiaru dwóch kątów na punkcie wyznaczanym. Należy jednak zauważyć, że
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w przypadku kiedy trzy punkty o znanych współrzędnych i punki wyznaczany leżą na tym samym okręgu kola
pozycja jest niewyznaczalna.

Niewyznaczalność pozycji powoduje konieczność przeprowadzenia analiz dokladnościowych przed założe­
niem tych konstrukcji. W przedstawionej pracy ustalono ogólne charakterystyki dokladnościowe dla bezpośred­
niego dokonywania tych analiz.

Podano ogólne funkcje pozwalające na bezpośrednie wyznaczanie średniego błędu pozycji, dokładności
odległości centralnej i dokładności azymutu centralnego. Ustalono także funkcje określające błąd wyznaczenia
pozycji w dowolnym kierunku i podano orientację oraz wielkości półosi standardowych elips błędów.

Załączone przykłady numeryczne ilustrują praktyczne zastosowania otrzymanych funkcji.

Hnyiu Mapmyceeuu 

O6u-111e xapaKTepHCTHKH T0'łH0CTH o6paTH0H 33Ce'łKH

Pe310Me

Oóparuas 3aCeYKa aanxerca BeCbMa auronnoa reoneaaxecxoił KOHCTPYKUHeH BBHilY npnaenenaa
noneaux Ha6moneHHH K H3Mepe1mllM nayx rJlOB Ha onpenensessow nyHKTe. Cnenyer on11aKO 3aMeTHTh,
'lTO B cny-iae, Korna TPI-I nyaxra C l-13BeCTHblMH Koopn1-1HaTaMH H onpenenaer-ruń nyHKT pacuonosceuu Ha
onuoii H TOH lKe OKPYlKHOCTl-1 xpyra, noaauna asnaerca neonpezienaessoji.

Heonpenensessocrt, no31-1u1-11-1 Bh!3h1BaeT 11eo6xon1-1MOCTh nposenenaa a11an113OB TOYHOCTH nepezi
3aKJlanKOH 3TOH KOHCTPYKUHl-1. B npencraanenaoił pafiore ycranosneuu ofiutae xapaKTepHCTHKl-1
TOYHOCTH nns nenocpencrnenuoro nposenenna arax auanmoa.

lla111,1 o6ume qiy11Ku1-11-1 paspeurarounre aenocpencruenuo onpenenars cpen11101O ow1-16"'Y no311u1-111,
TO'lHOCTl-1 uenrpam.uoro paccTOllHl-1511-1 TO'lHOCTl-1 uenrparn.uoro anoayra. YcTaHOBJleHa raiose qiyHKUl-151,
onpenernnouiaa oumfixy ycTaHOBJleHl-151 noaauaa B Jll060M nanpasnenaa, H naira opHeHTHpOBKa, a raioke
senwi1-1111,1 nonyoceii cranaapruux 3111-1ncos ow1-160K.

TTp1-1sene1111b1e uarppoaue np1-1Mep1,1 1-1111110CTp1-1py10T npaxruxecxoe np1-1Me11e1111e nonyseam,rx
qJYHKUHH.


