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Abstract. The positivity and cyclicity of descriptor linear electrical circuits with chain structure is considered. Two classes of descriptor linear
electrical circuits are analyzed. Some new properties of these classes of electrical circuits are established. The results are extended to fractional

descriptor linear electrical circuits.
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1. INTRODUCTION

A dynamical system and an electrical circuit is called positive
if its state variables take nonnegative values for all nonnega-
tive inputs and nonnegative initial conditions. The positive lin-
ear systems have been investigated in [1-9]. Examples of pos-
itive systems are industrial processes involving chemical reac-
tors, heat exchangers and distillation columns, storage systems,
compartmental systems, water and atmospheric pollution mod-
els. A variety of models having positive linear behavior can be
found in engineering, management science, economics, social
sciences, biology and medicine, etc.

Mathematical fundamentals of the fractional calculus are
given in the monographs [5,7,10,11]. Fractional dynamical sys-
tems have been investigated in [4-7, 10, 12—16].

Positive linear systems with different fractional orders have
been addressed in [4, 5,7, 15].

An overview of state of the art in descriptor systems theory
is given in [17-20]. Stability of this class of dynamical systems
was investigated in [18, 19,21-23].

In this paper the positivity and cyclicity of descriptor linear
electrical circuits with chain structure are investigated. The pa-
per is organized as follows. In Section 2 some definitions and
theorems concerning positive descriptor systems and cyclic ma-
trices are recalled. New results concerning descriptor electrical
circuits with cyclic state matrices are presented in Section 3.
An extension of these results to fractional descriptor electrical
circuits is given in Section 4. Concluding remarks are given in
Section 5.

The following notation will be used: R — the set of real num-
bers, R"*™ — the set of n x m real matrices, M, — the setof n x n
Metzler matrices (real matrices with nonnegative off-diagonal
entries), [,, — the n X n identity matrix.
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2. PRELIMINARIES
Consider the descriptor continuous-time linear system

dx(r)
ET = Ax(t) +Bu(t), (1a)
y(t) = Cx(t), (1b)

where x(r) € R", u(t) € R™, y(t) € RP are the state, input and
output vectors and E, A € R™", B € R™"™ C € RP*", 1t is
assumed that detE # 0 and

det(EA —A] #£0 forsome A € C. (2)

Assuming that for some chosen ¢ € C we have det[Ec —A] # 0

and premultiplying (1a) by [Ec —A]~! we obtain
_d _ _
E ’é(tt) = Ax(t) + Bulr), (3a)

where
E=|Ec—A"'E, A=[Ec—A]"'A, B=[Ec—A]"'B. (3b)

Note that equations (1a) and (3a) have the same solution x(z).

Definition 1.
isfying

[19,20] The smallest nonnegative integer g sat-
rankE? = rankE9"! 4)

is called the index of the matrix £ € C™™",

Definition 2. [19,20] A matrix E? is called the Drazin inverse
of E if it satisfies the conditions:

EEP = EPE, (5a)
EPEEP = EP, (5b)
EPEI! = E4. (5¢)

1
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The Drazin inverse of a square matrix always exists and is
unique. If detE # 0 then EP = E~!. Some methods for compu-
tation of the Drazin inverse are given in [20].

Lemma 1. [19,20] The matrices £ and A defined by (3b) have
the following properties:

AE =EA, APE =EAP, EPA=AEP, APEP = EPAP | (6a)
kerA NkerE = {0}, (6b)

(I, — EEP)AAP =1, - EEP, (I,—EEP)(EAP)! =0.

(6¢0)
Also, the matrices E, EP and A can be written in the form
_ _ A
E=r|’ © 7!, A=1|"! 0 T
0 N 0 A
(6d)
—1
EP =T 0 T,
0 O

where T € R™" detT # 0, J € R"*™ is a nonsingular matrix,
N € R™*"2 ig a nilpotent matrix with the nilpotency index g, i.e.
NI=1£0,NT=0,A; € R"*M Ay € R™%™ and ny +ny = n.

Lemma 2. [20]If

x1(t) = EEPx(1), x(t) = (I, — EEP)x(r), (7a)

x1 (1) +x2(1) = x(¢), (7b)

then equation (3a) is equivalent to the following equations:

dxq(t _ _
x(;t( ) = Ayx1(t) + Bru(t), (8a)
Ndxjft ) — wo6) + Boult), (8b)
where
A —EPA. B —EPB
(8¢)

N = (I, — EEP)APE, B,= (1, EEP)APB.

In this class of dynamical systems the matrix A; = EPA can
not be considered as a typical state matrix. From the solution of
equation (8a) it follows that the matrix A; may contain unim-
portant entries that are further canceled through multiplication
by xo € ImEEP. Therefore, as a state matrix of the system we
will assume

Ag=A,+G(I, — EEP), )

where G € R"™" is arbitrary. The term G(I, — EEP) eliminates
from the matrix A, those unimportant entries [20,21].

Definition 3. [20] The descriptor continuous-time linear sys-
tem (3a), (1b) (or equivalently (1)) is called (internally) positive
if x(r) € R and y(r) € R, > 0 for any consistent initial con-
ditions x(0) C R, and all admissible inputs u(r) C R, 7 >0

such that

d*u(r
dL;,E) ER" k=1,....q-1.

Theorem 1. [20] The descriptor continuous-time linear system
(3a), (1b) (or equivalently (1)) is positive if and only if there
exists a matrix G € R"*" such that

Ag €M, (10a)

and

ImEEP c R, B cRY™ CecRY", DeRI™
o (10b)
~N'By e R™™ k=1,...,q—1.

Definition 4. The positive descriptor continuous-time linear
system (3a), (1b) (or equivalently (1a)) is called asymptotically
stable if

limx(r) =0

{—oo

Y

for all consistent initial conditions xo € EEPv (where v € R" is
an arbitrary vector) and u(r) = 0.

Theorem 2. [20] The positive descriptor continuous-time lin-
ear system (3a), (1b) (or equivalently (la)) for u(¢t) = 0 is
asymptotically stable if and only if one of the following equiv-
alent conditions is satisfied:

1. All coefficients of the characteristic equation

det[Es—A] = ars'+a,_1S ' . +aistap=0 (12)
are positive, i.e. @; > 0 fori=0,1,...,r, where r < n.

2. There exists strictly positive vector AT = [
A >0,k=1,...,nsuch that

An |,

AgA <0 for an arbitrary matrix G € R"™*". (13)

Let

@(s) =det [I,s—Ag| =s"+dn1s" ' +...+a@is+a (14)
be the characteristic polynomial of the matrix Ag. The minimal
polynomial y(s) of the matrix Ag is related to the characteristic

polynomial (14) by

o(s)
D,,,l (S) ’

y(s) = (15)

where D,,_ (s) is the greatest common divisor of all n — 1 order
minors of the matrix []I,,s —Ag] [3,6,24]. From (15) it follows
that y(s) = @(s) if and only if D, (s) = 1.

Definition 5. The matrix Ag is called cyclic if y(s) = ¢@(s).

Theorem 3. [25] The real matrix
aill ain 0 . 0 0
an| an a3 ... 0 0
A 1= ( 1 68.)
Ap-21 Gn-22 Qp-23 An—2n—1 0
ap—1,1 4n-12 GQp—-13 Ap—1n—1 An—1n
L nl an2 an3 ann—1 Ann |
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and
ap a2 dip-2 dip—-1 QAln
a1 an aypn-2 Ayp—1 Q2
A, =10 axn Bp—2 ABu—1 A3n (16b)
0 0o ... 0 Anp—1  Cun

are cyclic matrices if the matrix (16a) satisfies the condition

a2, azs, ..., Gp-2p—1, Ap—10 70 (17a)
and the matrix (16b)
asi, a3, .., Gp_1p—2, Apu—1 7 0, (17b)

respectively.

Remark 1. Every square matrix with only one nonzero entry in
each row and in each column and its inverse are cyclic matrices.

Remark 2. Every nonsingular matrix A € R**? (detA # 0) is
cyclic.

Definition 6. The descriptor system is called normal if its ma-
trix A is cyclic.

Normal systems have very useful properties and play impor-
tant role in technical sciences [2—4, 24].

3. POSITIVE DESCRIPTOR ELECTRICAL CIRCUITS

WITH CYCLIC STATE MATRICES
Consider the electrical circuit shown in Fig. 1 with given re-
sistances Ri, Ry, ...
voltage e = e(1).

, R, inductances Ly, Ly, ..., L, and source

Fig. 1. Electrical circuit with inductances

Using Kirchoff’s laws we may write the equations

di
Ly 7; + (R] —I—Rz)il —Ryir =e,

d

dip . . .
L2¥+(Rz +R3)iz — Rpiy — Rzi3 = 0,

(13)
diy,_» dip—q . .

Ln72# +L,—1 # —Ry, > (ln73 - ln72) = O,

di di -1
Lnditn Ly (;lt +Ry 15, =0,

ntin_1—ip2= O,
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which can be written in the form

d
ELﬂ =Arx;+Bpe,

- (19a)
where
L 0 0 0 0] |
L
Er= : S BL= |1,
0 0 Ln> Ly O
0 0 0 —L,i Ly 0
0 0 0 0 0 0
[—Ri» R, ... O 0 0 0 ]
Ry —Ry ... 0 0 0 0 (19b)
0 R 0 0 0 0
A= rn o
0 0 .R,» —R, >, 0 0
0 0 .. 0 0 0 —R.,
o 0 .. 0 -1 1 1
} T
w=lin b ot ] o Ry=Ri+R;.

As the output y = y(¢) of the electrical circuit the voltage on the
resistor R,_; is chosen

y=Ry 1in=Crxy, Cp= |:0 0 Rnfl] . (19¢)

To simplify the notation we assume n = 4. Thus, we have

(L, 0 0 0 1
0 L, Ij 0 0
EL: ) BL: ’
0 0 —Lz L4 0
0 0 0 0 0
[—(Ri+R) Ry 0 0 (20)
R —
A = ) R, O 0 ’
0 0 0 —R3
L0 -1 1 1
C, = [o 0 0 Ryl
Next, using (20) and (3b) for ¢ = 0 we compute
2 L Ls 0 T
Ry R Ry
Ly Ly(Ri+Ry)  L3(Ri+Ry) 0
B = Ry RiR, RiR,
Ly Ly(Ri+Ry) L3 L3(Ri+Ry) Ly
Rl RRy R RiR; Ry | (212)
L L
0 0 -2 =
L R3 Rz |
B} _ 1 1 1 g
Ai=-L, B=|— — — 0
L v Bi=lp ROR
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822 = LoR3 + L3Ry + L3R3 + L4R>,

[ Ri+R; LRy (L3+La) _L3L4Ry L3L4Ry7
Ly LiAL LiAL LiAL
 Ro(Ls+L4) 22 €3 €4
P AL A2 A2 Y
LRy & &
AL A? A? A7
Ly n o
Y A2 A2 A2
(21b)
and from (8c), (21a), (21b) we have
1
L 0
_ - 0 _ 0
AiL=-E, BiL= ,  Bop= )
0 0
0 0
[0 0 0 0O
_ 0O 0 0 O
NL - )
0000 210)
0 0 0 0
1 0 0 0 |
0 Lo(L3+Ly) L3Ly L3Ly
Ar Ar AL
ELEP = 0 LrLy L3(La+Ls)  LoLy |
Ar Ar AL
o LD Ly Ly(La+L3)
L Ap Ap A
where
AL =Lpls+LyhLya+ L3Ly,
22 = Ly (L3R + L3R3 + L2R: + 2L3L4Ry),
@3 = L3(RyLi + RyLsLs — Lo L3R;),
@14 = L3La(LoR3s + L3Ry + L3R3 +L4R2),
&30 = Lo(RyL3 + RoL3Ly — L L3Rs), 21d)
33 = L3(R3L3 + RyL3),
&34 = —Ly(R3L3 + R3LoLs — RoL3Ly),
ey = LoL3(LayR3 4+ L3Ry + L3R5 + LaRy),
13 = —L3(R3L3 + LoL3R3 — RaLsLy),
44 = Ly(L3R3 + L3Ry + L3R5 + 2L L3R3).
For the matrix
'0 R> R> L4R> T
L Ly 13
822
0o —== 0 0
G— AL , (222)
0 0 _ 833
L4A;
0 0 0 _ s
L AV

833 = RoLj + L3RoLy — L, L3R5, (22b)
8aa = LoR3 + L3Ry + L3R5 + LaR»
we obtain
AgL=EPAL+G(lu—ELEP)
r R{+R R 7
SRR 0 0
L L,
Ry(Ls+Ly)  an  L3Rs 0
B AL A% AL (23a)
L4R> 0 B L4R; @
Ay Ap Ap
L3Ry 0 B L3R, B dﬂ
L Ar AL AV
ayp = L3Ry + L3R3 + L4R>,
34 = LoR3 — L4Ry, (23b)

ass = LyR3 + L3Ry + L3R5,

where Ay, is defined by (21d). From (23) it follows that there
does not exist a matrix G € R*# such that Ag, = EPA; +
G(Iy — ELEP) is a Metzler matrix (i.e. the negative element in
the fourth row and third column of Ag;, can not be eliminated).
However, by Theorem 3, the matrix AgLisa cyclic matrix.

Conclusion 1. The descriptor electrical circuit of R, L, e type
shown in Fig. 1 is a non-positive cyclic one. Similar results can
be obtained for any n.

Consider the electrical circuit shown in Fig. 2 with given resis-
tances Ry, R», ..., R, capacitances Ci, (s, ..., C,, and source
voltages e; = e (1), e = ex(1).

Rl Rl R3 er
1 E ——— 1

1 Cl - Tlll Cl -/ T“l Crlfl -/ T“Hfl C?l -/ T“H el

Fig. 2. Electrical circuit with capacitances

Using Kirchoff’s laws we may write the equations

du1
1 dr )
duz

Ci
+2dt7

€1 —ul Uy —uz
Ry R
Uy —up Uy —u3

R

Up—2 —Up—1

R3

Up—1

—Up

Rnfl

u, — ey =0,

Ry

which can be written in the form

dxc

+Cn—1

Ec—— = Acxc + Bcee,

dt

du,—q
dt

b

(24)

(25)
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where
Cc, 0 ... 0 0 (0]
0 G 0 0 0 0
0 O C,1 O 0 0
0 0 0 0 0 —1
_ 1 -
—ay — 0 0
R,
1 1 (26)
— —dy — 0
R; R3 1 1
A = l , n = < + > 9
¢ 0 — —aj3 0 " Rn Rn+l
R3
0 0 0 .1
T
XCc = |:u1 us Up—1 Mn}

As the output y = y(r) of the electrical circuit we choose the
voltage on the capacitor Cj

y=u; = Cexc, Cc:[l 0o ... ol 27)

To simplify the notation we assume n = 4. Thus, we have

c; 0 0 0 g 0
Ep— 0 & 0 0 . Be— 0 0 ’
0O 0 CG3 O 0 0
0 0 0 0 0 -1
i 1 1 1 T
(4= — 0 0
R Ry R> )%
1 ( 11 > 1 . (28)
AC = RZ RZ R3 R3 ;
1 1 n 1 1
R; R: Ri) Ry
0 0 0 1]
Ce= [1 0 0 0}.
Next, using (28) and (3b) for ¢ = 0 we compute
CiRiRyy CRiRzy GRiRy 0
_ 1 |CiRiR3s GR;pR3s GRppRy 0
C—= 55 )
Ria CiRiRy (GCR;pRy GC3Ri13R4 0
0 0 0 0] (0
Ry Ry ‘
- - 1 (R Rp2 /
Ac=-L, Be=— . Rii=Y Ry,
¢ h P Ris | Ry Ri3 Y kzz", ¢
0 Ru
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Ri+R, 7 1 0 0
CiRIR; CiR,
- 1 Ry +R3 B 1 0
ER=| GRy GRiR; 2R3 (29b)
0 7 1 R34+ Ry 0
C3R3  (C3R3R4
0 0 0 0
and from (8c¢), (29a), (29b) we have
Ajc=-EQ,
- 1 -
P — 0
CiRy 0 0
_ 0 0 _ 0 0
Bic = By =
1C 0 1 ) 2C 0 0 )
C3Cy 0 —1 (29¢)
L O 0 |
[0 0 0 0O 1 0 0 O
_ 0 0 0 O _ 01 0 0
Ne = , EcER =
““looool” ““ loo1o0
0 0 0 O 0 0 0 O
For the matrix
0O 0 0 O
0O 0 0 O
G= 30)
0 0 0 1
0O 0 0 -2
we obtain
AGC:EgAC+G(H4—E_CEg)
_R1+R2 1 0 0
CiR1R, CiR,
1 R+ R 1
_faths 0 31)
= GRy G RyR3 GR3 )
1 R
0 R3+Ry4 1
C3R3 C3R3R4
0 0 0 -2

From (29)-(31) it follows that all positivity conditions are met
and Agc is a cyclic Metzler matrix.

Conclusion 2. The descriptor electrical circuit of R, C, e type
shown in Fig. 2 is a positive cyclic one. Similar results can be
obtained for any n.

Therefore, the following theorem has been proved.

Theorem 4. The following statements are true:

1) descriptor electrical circuits of RL-type chain structure (as
shown in Fig. 1) are non-positive and cyclic,

2) descriptor electrical circuits of RC-type chain structure (as
shown in Fig. 2) are positive and cyclic.
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4. FRACTIONAL DESCRIPTOR ELECTRICAL CIRCUITS
Consider the fractional linear electrical circuit [5, 7, 20] de-
scribed by the equations

E dz);gt) =Ax(t)+Bu(t), 0<o<l, (32a)
y(1) = Cx(1), (32b)

where x(¢) € R", u(r) € R™, y(t) € RP are the state, input and
output vectors and E, A € R™" B € R"" C e RP*",

1
d%x(r) 1 x(1) dx(r)
dr® Il-a) O/ (r—1)@ @ (1) dt (32¢)
is the Caputo fractional derivative and
I(z) = / #edr, Re(z) >0 (32d)

0

is the gamma function [5, 11]. Assuming that for some chosen
¢ € C we have det[Ec — A] # 0 and premultiplying (32a) by
[Ec—A]~! we obtain

~d%(r) - _
E e = Ax(t) + Bu(t),

(33a)
where
E=[Ec—A]"'E, A=[Ec—A]"'A, B=[Ec—A]"'B. (33b)

Definition 7. [20] The fractional descriptor continuous-time
linear system (33a), (32b) (or equivalently (32)) is called (inter-
nally) positive if x(r) € R”. and y(r) € RY, 7 > 0 for any con-
sistent initial conditions x(0) C R’, and all admissible inputs
dkey(r)
drko
Theorem 5. [20] The fractional descriptor continuous-time
linear system (33a), (32b) (or equivalently (32)) is positive if
and only if there exists a matrix G € R™" such that

u(t) C R, t > 0 such that eRY k=1,...,q—1.

Ag €M, (34a)

and
ImEEP cR", B; e R”™, Ce R, DeRY™

o (34b)
~N*By e R™™ k=1,...,q—1,
where the matrix A is defined by (9) and the matrices By, B,
N are given by (8c).

Definition 8. The positive fractional descriptor continuous-
time linear system (33a), (32b) (or equivalently (32)) is called
asymptotically stable if

limx(t) =0

[—roo

(33)

for all consistent initial conditions xg € EEPv (where v € R” is
an arbitrary vector) and u(z) = 0.

Theorem 6. [20] The positive fractional descriptor continu-
ous-time linear system (33a), (32b) (or equivalently (32)) for
u(r) = 0 is asymptotically stable if and only if one of the fol-
lowing equivalent conditions is satisfied:

1. All coefficients of the characteristic equation

det[Esa 7A] = arsra +Clr,1S(r_1)a + ...

+a;s*+ap=0 (36)
are positive, i.e. a; > 0fori=0,1,...,r, where r < n.
2. There exists strictly positive vector AT = [ 4, A ],
A >0,k=1,...,n such that
AgA <0 for an arbitrary matrix G € R™". 37)

In a similar way as for integer order circuits we can write us-
ing Kirchhoff’s laws similar equations as (18) and (24) substi-
tuting the first order derivatives by corresponding fractional -
order derivatives of the currents in the coils and voltages on the
capacitors. In a similar way as for descriptor electrical circuits
we can prove for the fractional descriptor electrical circuits the
following theorem.

Theorem 7. The following statements are true:

1) fractional descriptor electrical circuits of RL-type chain
structure (as shown in Fig. 1) are non-positive and cyclic,

2) fractional descriptor electrical circuits of RC-type chain
structure (as shown in Fig. 2) are positive and cyclic.

5. CONCLUDING REMARKS

The positivity and cyclicity of descriptor electrical circuits with
chain structure have been investigated. Some new results con-
cerning non-positive and positive descriptor electrical circuits
with cyclic state matrices have been established (Theorem 4)
and next extended to fractional electrical circuits (Theorem 7).
An open problem is an extension of these considerations to frac-
tional descriptor linear electrical circuits and systems with dif-
ferent fractional orders.
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