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Abstract. In recent years there has been an increasing demand for electric vehicles due to their attractive features including low pollution and
increase in efficiency. Electric vehicles use electric motors as primary motion elements and permanent magnet machines found a proven record
of use in electric vehicles. Permanent magnet synchronous motor (PMSM) as electric propulsion in electric vehicles supersedes the performance
compared to other motor types. However, in order to eliminate the cumbersome mechanical sensors used for feedback, sensorless control of
motors has been proposed. This paper proposes the design of sliding mode observer (SMO) based on Lyapunov stability for sensorless control of
PMSM. The designed observer is modeled with a simulated PMSM model to evaluate the tracking efficiency of the observer. Further, the SMO
is coded using MATLAB/Xilinx block models to investigate the performance at real-time.
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1. INTRODUCTION
With the known potential advantages including low operating
cost and lesser internal components, electric vehicles (EVs) are
possible alternate to traditional internal combustion (IC) engine
based vehicles. Permanent magnet synchronous motor (PMSM)
possesses numerous merits such as better torque to volume ratio
and increased efficiency in order to find its place in EV technol-
ogy. Attempts are made to design robust control using fuzzy in-
ference system with smooth inverse based dead-zone compen-
sation [1]. Sliding mode controllers with novel reaching laws
are developed to obtain better response even in the presence
of uncertainties [2]. A modified direct torque control (DTC) is
proposed with stator resistance estimator to provide good dy-
namic performance. A robust speed controller, H∞ controller
with Smith predictor is implemented to improve the speed con-
trol performance of PMSM [3]. An observer works similarly to
a controller but it strives to make the error between the mea-
sured outputs and its estimated outputs zero [4]. The closed
loop system relies on rotor speed feedback in order to gen-
erate control signal [5]. Usually, Hall sensors and rotary en-
coders are employed to measure rotor speed of PMSM. These
mechanical sensors are often bulky and need excitation to per-
form sensing operation [6]. They also occupy more space in
the rotor and need frequent maintenance. Thus observer strate-
gies are proposed by researchers to tackle the above said is-
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sues [7]. The linear observers including extended Kalman filter
derivatives are able to observe a state variable which is linear
in nature and when a system is nonlinear there exists a need
for a nonlinear observer [8]. An estimator using model refer-
ence adaptive system (MRAS) is implemented to observer ro-
tor speed. MRAS uses a pre patterned frequency of signal is
applied to the position and velocity estimator implemented in
feedback loop of the PMSM servo system [9]. The sensorless
operation of PMSM servo drive using high speed sliding mode
observer (SMO) is implemented [10, 11]. A sensorless control
of interior PMSM using current derivative approach with a re-
cursive least square (RLS) estimator is used with a torque and
flux observer. This composite observer brings the possibility of
estimating running speed as well as speed at standstill [12].
A reduced order nonlinear observer is introduced to estimate
motor speed by measuring only voltages and currents [13]. The
sensorless control employing sliding mode observer has inten-
tional saturation to limit chattering. A robust SMO using two
phase currents provides good dynamic performance in mid and
low range speeds [14]. An improved estimator is implemented
using terminal mode SMO [15].

The remainder of this paper is organized as follows: Section 2
presents mathematical model of PMSM in d-q axis frame de-
rived using governing equations. A design procedure of closed
loop control of PMSM using exponential reaching law based on
sliding mode control (SMC) is derived in Section 3. Mathemat-
ical model of sliding mode observer (SMO) and design of SMO
based on Lyapunov function is given in Section 4. Simulation
results are briefed in Section 5 and in Section 6 elucidate hard-
ware implementation details are followed by the conclusion.
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2. MODELING OF PMSM
A good observer model indeed requires a good plant model. In
order to develop PMSM model the following assumptions are
made [16]
1. The induced electro motive force (EMF) is sinusoidal.
2. The rotor is non-salient.
3. Eddy currents and hysteresis losses are negligible.

The PMSM model is developed in d-q axis frame using first
principle. Modelling in d-q frame has numerous advantages in-
cluding simplicity in analysis, application of vector control for
controlling speed as well as torque separately and also it of-
fers provision of disturbance decoupling in systems. This is ac-
complished by converting actual machine parameters into two
phase parameters (using Park transformation). Two state cur-
rents namely direct and quadrature axes and also the angular
velocity (rotor speed) of the machine are the state variables.
The voltage applied to direct and quadrature axes are the control
variables. The electrical equivalent circuits are given in Fig. 1.

Fig. 1. Electrical equivalent circuit

The PMSM model with three state variables are obtained using
first principle equations as given in (1)–(3)

did
dt

=
1

Ld
[ud−Rsid +npωiq] , (1)

diq
dt

=
1
Lq

[
uq−Rsiq−npωid−

npφvω

Lq

]
, (2)

dω

dt
=

1
J
[Kt iq−Bω−TL] . (3)

The torque developed in the motor is given by

Te =
3
2

(np

2

)
(φd iq−φqid) , (4)

where,
id and iq are d-q stator currents,
Ld and Lq are d-q axes inductances,

ud and uq are d-q axes input voltages,
φv is rotor flux linkage,
ω is rotor speed,
Rs is resistance of the windings,
Te is electromagnetic torque,
TL is load torque,
φd is direct axis flux linkage,
φq is quadrature axis flux linkage,
J is moment of inertia,
B is friction co-efficient.

3. CONTROLLER DESIGN
The cascaded closed loop PMSM control system has two loops
having two inner loop current controllers and one outer loop
speed controller. The inner loop current controllers use pro-
portional integral (PI) controllers and outer loop speed con-
troller designed using advanced controller. The simplified con-
trol scheme of PMSM is given in Fig. 2. The schematic repre-
sentation keeps simple PI controllers in both currents and speed
loop.

Fig. 2. Simplified control scheme

Compared with other nonlinear control methods, SMC is
more insensitive to internal parameter variations and external
disturbance once the system trajectory reaches and stays on the
sliding surface [17]. However, the design of SMC controller
with reduced chattering is crucial [18] and this motivates the
researches for a new reaching law [19]. A closed loop speed
controller is designed using SMC. The control objective is to
track reference set in the outer loop speed controller. The de-
sign of speed controller using sliding mode involves two steps
namely reaching law design and control law design, the first
step is to choose the sliding-mode surface, and the next step
is to design the control input such that the system trajectory is
forced toward the sliding-mode surface, which ensures the sys-
tem to satisfy the sliding-mode reaching condition.

Exponential reaching law based SMC is designed in speed
loop [20]. The novel sliding mode reaching law is realized
based on the choice of an exponential term that adapts to the
variations of the sliding-mode surface and system states [21].
The exponential reaching law based SMC has been derived as
follows.

A general nonlinear model representing the system is
taken as

ẋ1 = x2 ,

ẋ2 = f (x)+g(x)+b(x)u ,
(5)
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where x is the system state vector, g(x) represents the provision
to add system disturbances, b(x) is a non zero input matrix and
u is the control input.

The typical sliding-mode surface is chosen with state vari-
ables x1 and x2 as follows:

s = cx1 + x2 . (6)

The aim of this design phase is to design a control input u in
such a way that the sliding-mode reaching condition is met. The
sliding surface with equal reaching law or conventional reach-
ing law is chosen as follows:

ṡ =−k · sgn(s), (7)

A modification in reaching law i.e., exponential reaching is cho-
sen in order to make the convergence faster. The sliding surface
with exponential reaching law is

ṡ =−eq(x1,s) · sgn(s), (8)

where eq(x1,s) is
k

ε +(1+
1

(|x1|− ε)e−δ |s| )
.

Here ε and δ are design parameters. The subsequent step is to
design the control input such that the system trajectory is forced
toward the sliding-mode surface, which ensures the system to
satisfy the sliding-mode reaching condition. Speed controller is
designed based on different reaching laws. Consider,

s = e = ωref−ω . (9)

Equation (9) is called linear sliding-mode surface. Taking the
time derivative of the sliding-mode surface yields

ṡ = ė = ˙ωref− ω̇ . (10)

The dynamic equation of the motor can be expressed as follows:

aniq−bnTL− cnω +∆aiq−∆bTL−∆cω

= aniq− cnω + r(t), (11)

where,

a = an +∆a =
3npφv

2J
,

b = bn +∆b =
np

2J
,

c = cn +∆c =
B
J
,

r(t) = ∆aiq−∆cω−bTL and |r(t)| ≤ t.

Therefore,

ṡ = ˙ωref + cnω− r(t)−aniq =−k · sgn(s). (12)

The speed controller generates a reference signal (i∗q) to in-
ner loop current control. Thus, a speed controller employing

exponential reaching law is given as

i∗q = a−1
n {ω̇ref + cnω +[l + eq(x1,s)]sgn(s)} , (13)

where, l is upper bound of lumped disturbances, x1 is error state
variable, k is sliding mode gain and ωref is reference speed and
s is sliding surface consisting of error dynamics. an and cn are
the new constants introduced which are equivalent to a and c
respectively. The exponential reaching law promises to have
faster reaching time with limited chattering.

4. SLIDING MODE OBSERVER
As the mechanical sensors used for speed measurements are
often bulky and need frequent maintenance, there arises a need
for sensorless control scheme. In this regard, the speed observer
based closed loop PMSM system serves the need. As the system
state equations (1) and (2) involves nonlinear terms, a nonlinear
observer i.e., sliding mode observer (SMO) is implemented to
obtain sensorless control scheme.

A SMO uses nonlinear signals to drive its estimated states
nearer to the measured states [22, 23]. The SMO is derived by
Lyapunov stability concept for systems. The SMO is able to
capture the system dynamics and smoothened by the measured
states [24]. The closed loop vector control of PMSM with SMO
is shown in Fig. 3. Since the speed of the rotor is strongly in-
fluenced by the quadrature axis current, its estimation error is
used to control the estimation of the speed. Though various re-
searchers attempt to implement SMO and improvement in SMO
which are based on creating new sliding surface, this algorithm
uses the existing mathematical model of plant and switching
terms for estimation. The stability of switching is further en-
sured by Lyapunov stabilty.

Fig. 3. Vector control of PMSM with Sliding Mode Observer

4.1. Model of PMSM with SMO
The SMO model resembles the PMSM model except for the
additional switching terms which ensure that the estimation er-
rors remain bounded. The estimated state variables i.e., direct
axis current, quadrature axis current and angular velocity are
obtained with actual state and estimation error (îd = id − īd ,
îq = iq− īq, ω̂ = ω − ω̄). The actual state model available in
equations (1)–(3) is subtracted from estimation error of respec-
tive state quantities to obtain the speed estimation using SMO
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as follows:

˙̂ω =
1
J
[Kt(iq− īq)−B(ω− ω̄)−TL]+K1sign(ω̄) (14)

rewriting (14) as

˙̂ω = a1 îq−a2ω̂− TL

J
+K1sign(ω̄). (15)

Similarly the direct and qudarature axis current estimations are
given in (16) and (17)

˙̂id =−a3 îd +npω̂ îq +
Vd

Ld
+K2sign(īd), (16)

˙̂iq =−a4 îq−npω̂ îd−a5ω̂ +
Vq

Lq
+K3sign(īq) (17)

where,

a1 =
Kt

J
; a2 =

B
J

; a3 =
Rs

Ld
; a4 =

Rs

Lq
; a5 =

npφv

Lq
;

īd = id− îd ; īq = iq− îq; ω̄ = ω− ω̂.

4.2. SMO error model
The error model equations are obtained by subtracting the SMO
model equations from the PMSM model

˙̄ω = a1
˙̂iq−a2ω̄− TL

J
−K1sign(ω̄), (18)

˙̄id =−a3 īd +np
(
ωiq− ω̂ îq

)
−K2sign(īd), (19)

˙̄iq =−a4 īq−np
(
ωid− ω̂ îd

)
−a5ω̂−K3sign(īq). (20)

The switching coefficients are derived using Lyapunov stabil-
ity concept. The closed loop sensorless control of PMSM with
SMO is given in Fig. 3.

4.3. Design of SMO based on Lyapunov function
The Lyapunov function candidate for the error model consid-
ered as:

V =
1
2

(
īd

2
+ īq

2
+ω

2
)
. (21)

It can be seen that V (0) = 0, V > 0 (positive definite) when
id 6= 0, iq 6= 0 and ω 6= 0 and V → ∞ as (id , iq,ω)→ ∞ (radi-
ally unbounded) and hence V can be considered as a Lyapunov
function of the error model. A system′s Lyapunov function acts
as an indicator of the stability of a particular state of the sys-
tem [25–27]. If V is negative definite, the corresponding state is
said to be asymptotically stable. Hence, to check the stability of
the system’s origin (where the state errors are zero) and to find
out the conditions (region of attraction) under which the tra-
jectories will asymptotically converge to the origin, V is com-
puted as

V̇ =
(
−a3 īd +np

(
ωiq− ω̂ îq

)
−K2sign(īd)

)
∗ īd(

−a4 īq +np
(
ωid− ω̂ îd

)
−a5ω̄−K3sign(īq)

)
∗ īq(

a1 īq−a2ω̄− TL

J
−K1sign(īq)

)
∗ ω̄. (22)

Rearranging (22) gives

V̇ =−a3 īd
2−a4 īq

2−a2ω̄
2 +
(
np
(
ωiq− ω̂ îq

)
īd

−
(
np(ωid− ω̂ îd)īq

)
− (a1−a5)ω̄ īq +(−K1sign(īq)∗ ω̄

− K2sign(īd)∗ īd−K3sign(īq))∗ īq)−
TL

J
∗ ω̄. (23)

Introducing a new constant a1−a5 = a6 in (23) and considering
no load condition (TL = 0) gives

V̇ = (−a3 īd
2−a4 īq

2−a2ω̄
2 +
(
np(ωiq− ω̂ îq)īd

−
(
np
(
ωid− ω̂ îd

)
īq
)
− (a6)ω̄ īq +(−K1sign(īq)∗ ω̄

−K2sign(īd)∗ īd−K3sign(īq))∗ īq) . (24)

Simplification of the terms in the second bracket in (24) gives

np
(
ωiq− ω̂ îq

)
īd−

(
np
(
ωid− ω̂ îd

)
īq
)

= np
(
ωiq− ω̂ îq +ω îq−ω îq

)
− ω̂ îq īd

np
(
ωid− ω̂ îd +ω îd−ω îd

)
− ω̂ îd īq . (25)

Doing algebraic manipulation provides

np
(
ωiq− ω̂ îq

)
īd− (np

(
ωid− ω̂ îd

)
īq

= npω̄ îq īd−npω̄ îd îq . (26)

Substituting (26) into (25) gives,

V̇ =
(
−a3 īd

2−a4 īq
2−a2ω̄

2
)
+
(
npω̄ îq īd−npω̄ îd īq

)
+(a6)ω̄ īq−K1sign(īq)∗ ω̄−K2sign(īd)∗ īd
−K3sign(īq)∗ īq (27)

Rearranging (27) gives,

V̇ =
(
−a3 īd

2−a4 īq
2−a2ω̄

2
)
+
(
npω̄ îq īd−K2sign(īd)∗ īd

)
+(a6ω̄ īq−K1sign(īq)∗ ω̄)

+
(
−npω̄ îd īq−K3sign(īq)∗ īq

)
. (28)

For the error dynamics to reach the origin, it should be negative
definite. This implies that the right hand side of (24) should al-
ways be less than zero. The first three terms are always negative
as they are quadratic terms and have a negative sign and hence
they need not be bothered with. The other terms are paired up
with suitable switching terms which are chosen in such a way
that the equation remains negative definite. The pairings are
given as follows

a6ω̄ īq−K1sign(īq)∗ ω̄ < 0,

npω̄ îq īd−K2sign(īd)∗ īd < 0,

−npω̄ îd īq−K3sign(īq)∗ īq < 0.

Solving to obtain switching constants as follows

K1 > a6|īq|; K2 >
npω̄ îq

sign(īd)
; K3 >

−npω̄ îd
sign(īq)

.
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Assuming that the observer’s estimated values will not exceed
the physical bounds of the machine, it can be stated that the
maximum error will be within the bounds.

|ω̄| ≤ |ωmax|.

Since is =
√

i2d + i2q the errors īd and īq are assumed to have an
upper bound of is,max and a lower bound of −is,max

|īd | ≤ |is,max|,

|īq| ≤ |is,max|.

Thus the values of K1, K2 and K3 are obtained as

K1 > a6|is,max|; K2 > npωmaxis,max; K3 > npωmaxis,max .

Since the signs of the errors can change, the absolute value of
the terms is considered so that the selected switching constants
always satisfy the constraints.

5. SIMULATION RESULTS
The closed loop system with SMO is simulated using MAT-
LAB/Simulink. The parameters used in mathematical model of
PMSM, controller design and observer design are given in Ta-
ble 1.

Table 1
Simulation parameters

Parameters Values

Stator resistance Rs 1.74 Ω

Inductance Ld 0.0066 H

Inductance Lq 0.0058 H

Rotor flux φv 0.1546 V/rad/s

Moment of inertia J 0.00176 kgm2

Friction visicious gain B 0.00038818 Nm/rad/s

Number of pole pairs np 3

Rated speed 4000 rpm

Sliding mode gain of controller k 22
Exponential reaching law design
parameters ε and δ

0.2 and 10

Switching constant K1 (101% of bound) 95.71

Switching constant K2 (101% of bound) 202

Switching constant K3 (101% of bound) 202

5.1. Estimation of rotor angular velocity
The estimation of state variables in SMO needs measured cur-
rent signals (direct axis current and quadrature axis current).
The SMO estimates the rotor speed using the current signals.
The closed loop PMSM uses the estimated rotor speed in the
speed loop as if it is the actual rotor speed. The controller based

on sliding mode using exponential reaching law has been used
for speed control and inner loop current loops use the PI con-
trollers. Figure 4 shows the estimated and actual rotor speed.

Fig. 4. Estimated and actual rotor speed

It is seen that both estimated and actual speed tracks the ref-
erence speed. The very low difference between the estimated
and actual rotor speed implies that the SMO observes the dy-
namics better and the unmeasured state can be observed with
the available measurements. Though the estimation technique
does not use the actual rotor speed information to process the
observer, the actual rotor speed which is available from closed
loop PMSM servo system is being used to compare with the es-
timated values. The overall system takes around 0.02s to reach
the steady state and no significant overshoot is seen in Fig. 4
The difference between actual and estimated rotor speed is cal-
culated and plotted Fig. 5 shows the estimation error of SMO.

Fig. 5. Estimation error of SMO

An initial overshoot of 0.712 rpm is observed with the er-
ror chattering between −3.15 · 10−3 and +3.15 · 10−3 rpm at
steady state which has been obtained at 49 ms. It is seen that
the estimation error increases initially till the error reaches the
sliding manifold of the observer plane. As the time progresses
the estimator is able to capture the dynamics and goes along
with the actual speed. Thus the estimation error reaches almost
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zero. Right from the time instant 0.015 s there exists a very neg-
ligible constant estimation error which ranges from−5 ·10−4 to
+5 ·10−4 which can′t be quenched as the property of a sliding
nature of the observer.

5.2. Estimation of d and q axis currents
Further, the performance of SMO is evaluated for smoothing
the outputs of direct and quadrature axis currents i.e., the esti-
mated values of currents are compared with the actual currents.
From Fig. 6, it is seen that the estimated values of direct and
quadrature axis currents track the actual currents. Though the
currents are measurable it is possible to estimate the measured
states and then be compared with actual currents. The SMO
tries to bring this estimation error to near zero in order to en-
sure better observing capability. In addition to this, a fast vary-
ing noise is deliberately added to measured currents to evaluate
the performance of this observer. The tracking performance of
SMO is further analyzed with load changes. The load torque is
intentionally added into the PMSM closed loop system during
a specific time period and thus the performance is analysed and
given in Fig. 6.

Fig. 6. Estimation of currents: (a) direct axis current, (b) estimation
error of direct axis current, (c) quadrature axis current, (d) estimation

error of quadrature axis current

6. HARDWARE IMPLEMENTATION
The controller and observer algorithms are coded in
Matlab/Simulink-Xilinx loaded personal computer (PC). The
program is then converted to a .bin file which is loaded to FPGA
controller. The controller takes information of rotary encoder
as well as voltage and currents of the supply to the machine.
The motor is attached with a mechanical loading arrangement.
The controller also communicates the status information to the
PC. The PC is also loaded with a front end online monitoring
system called WAVECT. The necessary inputs including con-

troller gains, direction of rotation, reference inputs are provided
in the front panel. The output in numerical as well as graphical
information by means of plot is available at the front end of
the software. Figure 7 shows the PMSM test bed. Programming
in Matlab-Simulink Xilinx includes application-specific blocks
for writing the commutation logic for inverter setup. The pro-
gram uses block sets available in Matlab/Simulink-Xilinx. The
sliding mode control with exponential reaching law in closed
loop controller is implemented. In order to implement sensor-
less control scheme of PMSM in hardware test bed, the slid-
ing mode observer (SMO) is coded in Matlab/Simulink-Xilinx
Platform. The real time data is loaded to the SMO algorithm.
The estimation response is obtained from SMO in offline.

Fig. 7. Experimental setup of PMSM drive

6.1. Estimation of speed
The SMO algorithm is coded in d-q axis frame. The measured
three phase currents i.e., Ia, Ib and Ic are converted to d-q axis
currents using Park transformation. The measured angular ve-
locity using encoder is then used to compare the performance
of SMO. The estimated and actual speed plots of PMSM are
shown in Fig. 8. It is seen from Fig. 8 that the real time SMO al-
gorithm is able to estimate the speed of PMSM as the estimation
error is negligible. Thus the SMO is able to capture the original

Fig. 8. Estimation of speed using SMO
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system dynamics and mimic the performance of PMSM servo
system. The estimation is done offline with signal data obtained
from hardware setup. The data are fed to Xilinx platform to ac-
count the delay time encountered in real-time.

6.2. Estimation of currents
Similarly the direct and quadrature currents are estimated using
real time coded SMO in Matlab/Xilinx. As the SMO incorpo-
rates all the state varibales it is possible to estimate the origi-
nal measured variable and smooth the output from the current
sensors. The estimated direct and quadrature axis currents are
shown in Fig. 9.

Fig. 9. Estimation of currents using SMO: (a) direct current,
(b) quadrature current

As observed through Fig. 9, the estimated direct and quadra-
ture currents follow the measured currents. The estimated cur-
rents are able to mimic the dynamics of the actual currents with
negligible error.

7. CONCLUSION
A robust nonlinear control algorithm i.e., SMC is designed to
deliver robust performance in PMSM servo systems under un-
certain disturbances and parameter variations. The design of
SMC involves two steps namely reaching phase and controller
design. The design of SMC is improved in its reaching phase
i.e exponential reaching law. This reaching law gives a good
reaching time along with very less chattering. Motion control
systems use speed feedback information in order to generate
control signal. The need for sensorless control arises when there
is a difficulty to accommodate the bulky mechanical sensors in
the closed loop system. Soft sensing, in other words, the sensor-
less control, makes the system to use less reliable sensors thus
eliminates the unreliable measurements. The developed SMO
uses existing plant model and Lyapunov stability concept for
estimation of state variables. In speed estimation, the measured
direct and quadrature axis currents are fed as input to the SMO
and the rotor speed is the targeted output of the estimator. The

simulation results prove the good estimation accuracy of SMO.
The algorithm is further coded in hardware platform and real-
time data are provided to evaluate the performance.
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