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The numerical solutions are obtained for rotating beams; the inclusion of cen-
trifugal force term makes it difficult to get the analytical solutions. In this paper,
we solve the free vibration problem of rotating Rayleigh beam using Chebyshev and
Legendre polynomials where weak form of meshless local Petrov-Galerkin method is
used. The equations which are derived for rotating beams result in stiffness matrices
and the mass matrix. The orthogonal polynomials are used and results obtained with
Chebyshev polynomials and Legendre polynomials are exactly the same. The results
are compared with the literature and the conventional finite element method where
only first seven terms of both the polynomials are considered. The first five natural
frequencies and respective mode shapes are calculated. The results are accurate when
compared to literature.

1. Introduction

The conventional finite element method is generally used for the partial dif-
ferential equations for which analytical solutions are not possible. The solutions
are first obtained in space and then in time; for free vibration problem of rotating
beams the partial differential equations are first converted into ordinary differen-
tial equations where analytical solutions are not possible and then conventional
finite element method is used. The inclusion of centrifugal force, in the governing
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differential equation of rotating beam, makes it difficult to obtain the analytical
solution. In rotating beam literature, the solutions are available with conventional
and improved finite element methods [1, 2]. The meshless method is an alternative
to conventional finite element method where the weak form is written for a node
and algebraic equations are obtained with assembled matrices [3, 4].

The meshless methods can then be defined in Galerkin and Petrov-Galerkin
weak forms; for Galerkin method the procedure is similar to conventional finite
elementmethod but for Petrov-Galerkinmethod, two algebraic equations arewritten
for each node and it is called the trulymeshlessmethod. The assembly ofmatrices is
different for both the methods. The procedure in the truly meshless method results
in two stiffness matrices including the boundary stiffness matrix. These solutions
are useful in the case of a crack problem within the beams, and in the cases of high
deformation where the elements can be distorted. The combinations of the trial and
test function further improve the method.

The trial and test functions are chosen separately in the meshless method
unlike conventional FEM. Here, the trial functions are assumed as the moving
least squares function and the radial basis function. The test functions are chosen
separately, one of the example is B-spline function. In radial basis function, the
essential boundary condition is easily applied in the matrices as it satisfies the
Kronecker delta property [5]. The number of nodes selected in one sub-domain
can be limited, unlike conventional FEM, and depends on the function we choose.
The assembly includes two rows for one node and results are accurate enough. The
method can be explored with other functions as well, where there is a possibility
of increasing the number of nodes within the sub-domain of the trial function
[6, 7]. The Gaussian radial basis functions are generally used where higher-order
derivatives are possible [8, 9].

In rotating beam literature, three beam theories are generally considered: the
Euler-Bernoulli theory, the Timoshenko theory and the Rayleigh theory. The higher
orderGaussian radial basis functions are usefulwhile solving the Timoshenko beam
problemwhere the problem of shear locking is explained. In Timoshenko beam, the
rotary inertia and shear deformation are considered while in the case of Rayleigh
beam only rotary inertia is considered in addition to the Euler-Bernoulli beam
theory. In literature, these problems are explained. The numerical solutions of all
these rotating beams provide the natural frequencies and mode shapes; based on
the dimensions of the beam a theory can be selected.

The helicopter blades and turbines can be modeled with rotating beams; the
solutions provide natural frequencies and the deflection of beams [10]. Generally,
the numerical solutions of rotating beams are obtained with finite element method
[11–14]. The traditional Galerkin method has also been used to solve the rotating
beam problem [15]. The semi-analytical solutions are explored as well [16]. The
differential equation has been solved using series solutions. The solutions are ob-
tained with the new stiff-string polynomials as well [17]. The meshless methods,
quadratic B-spline method is used to solve the rotating Euler-Bernoulli beam prob-
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lem and the rotating beam problem [18, 19]; along with this, various structural
problems have been solved [20].

The weak forms of meshless methods are the Galerkin method and other ap-
proaches where radial basis functions are explored along with moving least square
basis functions [21–24]. In this paper, the rotating Rayleigh beam problem is solved
using the Meshless local Petrov-Galerkin method where orthogonal polynomials,
Chebyshev and Legendre, are used as a basis function. These polynomials are
relatively much easier for computation when compared to radial basis functions
and moving least squares basis function. The results are found very accurate, when
compared to literature [25] where dynamic stiffness method is used, while consid-
ering only seven nodes within the one sub-domain of trial function. The results are
obtained for different parameters available in literature. The results provide first
five natural frequencies and mode shapes of a rotating Rayleigh beam.

2. Governing differential equation of a rotating beam

The Governing differential equation of a rotating Rayleigh beam is given by

∂2

∂x2

[
EI (x)

∂2w(x, t)
∂x2

]
+ ρA(x)

∂2w(x, t)
∂t2 −

∂

∂x

[
G(x)

∂w(x, t)
∂x

]

+
∂

∂x

{
ρI (x)

∂

∂x

[
Ω

2w(x, t) −
∂2w(x, t)
∂t2

]}
= 0, (1)

where, EI (x) is the stiffness, ρ is the density, A(x) is cross sectional area, w(x) is
the transverse displacement and G(x) is the centrifugal force which is given by

G(x) =

R∫
x

ρA(x)Ω2x d x. (2)

Here, Ω is the angular velocity and R is the radius of the rotating beam.
For free vibration problem, we assume w(x, t) = eiωtw(x) and get

d2

d x2

[
EI (x)

d2w(x)
d x2

]
− ω2ρA(x)w(x) −

d
d x

[
G(x)

dw(x)
d x

]

+
d

d x

{
ρI (x)

d
d x

[(
Ω

2 + ω2
)
w(x)

]}
= 0. (3)



304 Vijay PANCHORE

The weak form is given by

R∫
0

v(x)
{

d2

d x2

[
EI (x)

d2w(x)
d x2

]
− ρA(x)ω2w(x) −

d
d x

[
G(x)

dw(x)
d x

]}
d x

+

R∫
0

v(x)
d

d x

{
ρI (x)

d
d x

[(
Ω

2 + ω2
)
w(x)

]}
= 0. (4)

Integration by parts of Eq. (4) gives us

�����
v(x)

{
d

d x

[
EI (x)

d2w(x)
d x2

]
− G(x)

dw(x)
d x

+ ρI (x)
d

d x

[(
Ω

2 + ω2
)
w(x)

]}�����

R

0

−
�����
dv(x)

d x
EI (x)

d2w(x)
d x2

�����

R

0
+

R∫
0

EI (x)
d2v(x)

d x2
d2w(x)

d x2 d x

+

R∫
0

G(x)
dv(x)

d x
dw(x)

d x
d x −Ω2

R∫
0

ρI (x)
dv(x)

d x
dw(x)

d x
d x

− ω2
R∫

0

ρA(x)v(x)w(x) d x − ω2
R∫

0

ρI (x)
dv(x)

d x
dw(x)

d x
d x = 0. (5)

The natural boundary conditions are given by

{
d

d x

[
EI (x)

d2w(x)
d x2

]
− G(x)

dw(x)
d x

+ρI (x)
d

d x

[(
Ω
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)
w(x)

]} ����(x=R)
= 0, (6)

EI (x)
d2w(x)

d x2
����(x=R)

= 0. (7)
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The Petrov-Galerkin equations for rotating Rayleigh beam are given by∫
ΩS

EI (x)
d2v

d x2
d2w

d x2 d x +
∫
ΩS

G(x)
dv
d x

dw
d x

d x − ω2
∫
Ωs

ρA(x)vwd x

−Ω2
∫
ΩS

ρI (x)
dv(x)

d x
dw(x)

d x
d x − ω2

∫
Ωs

ρA(x)v(x)w(x) d x

+ η



d
d x

(
EI (x)

d2w

d x2

)
v − G(x)v

dw
d x
+ ρI (x)

d
[
(Ω2 + ω2)w(x)v

]

d x

Ωs∩Γw

− η

[
EI (x)

dv
d x

d2w

d x2

]

Ωs∩Γθ

+ αw
[(
w − w̃

)
v
]
Ωs∩ΓW

+ αθ

[(
dw
d x
− θ̃

)
dv
d x

]

ΩS∩Γθ

= 0. (8)

Here, penalty parameters are given by αw and αθ . η is a unit vector and it is
positive on the right hand side of the sub-domain of the nodal test function.Ωs∩Γw
and Ωs ∩ Γθ represent the intersection of the sub-domain of the nodal test function
with the boundary, where deflection and slope are prescribed.

Here,Ωi
s is the subdomain of test function, Γ(i)

s is the boundary of test function,
2Sv is the sub-domain length of test function, 2St is the sub-domain length of trial
function. Fig. 1 shows the Petrov-Galerkin arrangement for rotating Rayleigh beam.

Fig. 1. Nodal distribution for MLPG method

3. Interpolation using Chebyshev and Legendre polynomials

The transverse displacement is given by

w(x) = T0(x)a1 + T1(x)a2 + T2(x)a3 + . . .T2N−1(x)a2N . (9)

The slope is given by

θ(x) =
dT0(x)

d x
a1 +

dT1(x)
d x

a2 +
dT2(x)

d x
a3 + . . .

dT2N−1
d x

a2N . (10)
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Eq. (9) and Eq. (10) can be written in matrix form as



w

θ


=



T0(x) T1(x) . . . T2N−1(x)

dT0(x)
d x

dT1(x)
d x

. . .
dT2N−1

d x





a1

a2
...

a2N



. (11)

Here, the Chebyshev polynomials are given by

T0 = 1; T1 = x; T2 = 2x2 − 1; T3 = 4x3 − 3x; T4 = 8x4 − 8x2 + 1. (12)

The recurrence relation is given by

Tn+1(x) = 2xTn(x) − Tn−1(x). (13)

The Legendre polynomials are given by

P0 = 1; P1 = x; P2 =
1
2

(3x2 − 1);

P3 =
1
2

(5x3 − 3x); P4 =
1
8

(35x4 − 30x2 + 3).
(14)

The recurrence relation is given by

(n + 1)Pn+1(x) = (2n + 1)xPn(x) − nPn−1(x). (15)

Substituting all the nodal values, we get



w1

θ1

w2

θ2
...

wn

θn



=



T0(x1) T1(x1) . . . T2N−1(x1)
dT0(x1)

d x
dT1(x1)

d x
. . .

dT2N−1(x1)
d x

T0(x2) T1(x2) . . . T2N−1(x2)
dT0(x2)

d x
dT1(x2)

d x
. . .

dT2N−1(x2)
d x

...
...

...
...

T0(xN ) T1(xN ) . . . T2N−1(xN )
dT0(xN )

d x
dT1(xN )

d x
. . .

dT2N−1(xN )
d x





a1

a2
...

a2N−1

a2N



. (16)

The left hand side vector represents transverse displacement and slope at
respective nodes. The right hand side vector represents unknown constants which
are used to formulate shape functions. The matrix consists of substitution of nodal
values in Chebyshev and Legendre polynomials. Then we write

[d] = [R] [a] . (17)
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Here, [d] is a vector which is consists of transverse displacement and slope. Where,
wn is the displacement at n-th node and θn is the slope at n-th node. Or

[a] = [R]−1 [d] . (18)

From Eq. (9) and Eq. (18) we get

w(x) = [N] [d] , (19)

where, [N] is the shape function and w(x) is the transverse displacement.

[N (x)](1,2N ) =
[
φ(w)

1 (x) φ(θ)
1 (x) φ(w)

2 (x) φ(θ)
2 (x) . . . φ(w)

N (x) φ(θ)
N (x)

]
, (20)

where, φ(w)
i (x) and φ(θ)

i (x) are the shape functions for node i.
Then trial function can be written as

w(x) =
N∑
j=1

(
φ(w)
j (x)w j + φ

(θ)
j (x)θ j

)
. (21)

Only one sub-domain can be considered for the entire length of the rotating beam.

4. Selection of test function

The test function for node i is given by

ζ (w)
i (x) =





1 −

(
|x − xi |

sv

)2

4

0 6 |x − xi | 6 sv ,

0 |x − xi | > sv ,

(22)

ζ (θ)
i (x) =

dζ (w)
i (x)
d x

. (23)

The complete test function is given by

v(x) = δwiζ
(w)
i (x) + δθiζ

(θ)
i (x). (24)

Here, δwi and δθi are chosen arbitrarily and will be eliminated in the formulation
as we derive the stiffness matrix and mass matrix. Also, the test function is defined
for the each node and then matrices can be assembled.

Fig. 2 and Fig. 3 show variation of test function and overlapping of sub-domain
respectively.
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Fig. 2. Variation of test function Fig. 3. Overlapping of sub-domain

5. Formulation of meshless Petrov-Galerkin method
for a rotating Rayleigh beam

The formulation in meshless Petrov-Galerkin method includes two stiffness
matrices: one is on the node and the second on boundary. The equations are written
very clearly while the next steps are explained. The test and trial functions along
with governing differential equation of a rotating Rayleigh beam result in the
formulation.

N∑
j=1

∫
Ω

(i)
S

EI (x) *
,
δwi

d2ζ (w)
i

d x2 + δθi
d2ζ (θ)

i

d x2
+
-

*.
,

d2φ(w)
j

d x2 w j +
d2φ(θ)

j

d x2 θ j
+/
-

d x

+

N∑
j=1

∫
Ω

(i)
S

G(x) *
,
δwi

dζ (w)
i

d x
+ δθi

dζ (θ)
i

d x
+
-

*.
,

dφ(θ)
j

d x
w j +

dφ(θ)
j

d x
θ j

+/
-

d x

−

N∑
j=1

ω2
∫
Ω

(i)
s

ρA(x)
(
δwiζ

(w)
i + δθiζ

(θ)
i

) (
φ(w)
j w j + φ

(θ)
j θ j

)
d x

−

n∑
j=1
Ω

2
∫
Ω

(i)
s

ρI (x) *
,
δwi

dζ (w)
i

d x
+ δθi

dζ (θ)
i

d x
+
-

*.
,

dφ(θ)
j

d x
w j +

dφ(θ)
j

d x
θ j

+/
-

d x

−

n∑
j=1

ω2
∫
Ω

(i)
s

ρI (x) *
,
δwi

dζ (w)
i

d x
+ δθi

dζ (θ)
i

d x
+
-

*.
,

dφ(θ)
j

d x
w j +

dφ(θ)
j

d x
θ j

+/
-

d x
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+

N∑
j=1

η



EI (x j )
(
δwiζ

(w)
i + δθiζ

(θ)
i

) *.
,

d3φ(w)
j

d x3 w j +
d3φ(θ)

j

d x3 θ j
+/
-

+
dEI (x j )

d x

(
δwiζ

(w)
i + δθiζ

(θ)
i

) *.
,

d2φ(w)
j

d x2 w j +
d2φ(θ)

j

d x2 θ j
+/
-

−G(x j )
(
δwiζ

(w)
i + δθiζ

(θ)
i

) *.
,

dφ(w)
j

d x
w j +

dφ(θ)
j

d x
θ j

+/
-

+ρI (x)(Ω2 + ω2)
(
δwiζ

(w)
i + δθiζ

(θ)
i

) *.
,

dφ(w)
j

d x
w j +

dφ(θ)
j

d x
θ j

+/
-

Ω(i)
s ∩Γw

−

N∑
j=1

η


EI (x j )(δwi

dζ (w)
i

d x
+ δθi

dζ (θ)
i

d x
)(

d2φ(w)
j

d x2 w j +
d2φ(θ)

j

d x2 θ j )
Ω(i)

s ∩Γθ

+

N∑
j=1

αw

[(
δwiζ

(w)
i + δθζ (θ)

i

) (
φ(w)
j w j + φ

(θ)
j θ j − w̃

)]
Ω

(i)
s ∩Γw

+

N∑
j=1

αθ


*
,
δwi

dζ (w)
i

d x
+ δθi

dζ (θ)
i

d x
+
-

*.
,

dφ(w)
j

d x
w j +

dφ(θ)
j

d x
θ j − θ̃

+/
-

Ω(i)
s ∩Γθ

= 0. (25)

The complete weak form is obtained in Eq. (25). From the above expression
we write stiffness matrix as

[
Ki j

] (node)
=



∫
Ω

(i)
s

EI (x)
d2ζ (w)

i

d x2

d2φ(w)
j

d x2 d x
∫
Ω

(i)
s

EI (x)
d2ζ (w)

i

d x2

d2φ(θ)
j

d x2 d x

∫
Ω

(i)
s

EI (x)
d2ζ (θ)

i

d x2

d2φ(w)
j

d x2 d x
∫
Ω

(i)
s

EI (x)
d2ζ (θ)

i

d x2

d2φ(θ)
j

d x2 d x



+



∫
Ω

(i)
s

G(x)
dζ (w)

i

d x

dφ(w)
j

d x
d x

∫
Ω

(i)
s

G(x)
dζ (w)

i

d x

dφ(θ)
j

d x
d x

∫
Ω

(i)
s

G(x)
dζ (θ)

i

d x

dφ(w)
j

d x
d x

∫
Ω

(i)
s

G(x)
dζ (θ)

i

d x

dφ(θ)
j

d x
d x



−Ω2



∫
Ω

(i)
s

ρI (x)
dζ (w)

i

d x

dφ(w)
j

d x
d x

∫
Ω

(i)
s

ρI (x)
dζ (w)

i

d x

dφ(θ)
j

d x
d x

∫
Ω

(i)
s

ρI (x)
dζ (θ)

i

d x

dφ(w)
j

d x
d x

∫
Ω

(i)
s

ρI (x)
dζ (θ)

i

d x

dφ(θ)
j

d x
d x



. (26)
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Stiffness matrix at boundary is given by

[
Ki j

] (bound)
= αw



ζ (w)
i φ(w)

j ζ (w)
i φ(θ)

j

ζ (θ)
i φ(w)

j ζ (θ)
i φ(θ)

j

Ω(i)
s ∩Γē

+ αθ



dζ (w)
i

d x

dφ(w)
j

d x
dζ (w)

i

d x

dφ(θ)
j

d x
dζ (θ)

i

d x

dφ(w)
j

d x
dζ (θ)

i

d x

dφ(θ)
j

d x

Ω(i)
s ∩Γθ

+ η



a11 a12

a21 a22

Ω(i)
s ∩Γw

− η



EI (x j )
dζ (w)

i

d x

d2φ(w)
j

d x2 EI (x j )
dζ (w)

i

d x

d2φ(θ)
j

d x2

EI (x j )
dζ (θ)

i

d x

d2φ(w)
j

d x2 EI (x j )
dζ (θ)

i

d x

d2φ(θ)
j

d x2

Ω(i)
s ∩Γθ

, (27)

where,

a11 = EI (x j )ζ
(w)
i

d3φ(w)
j

d x3 +
dEI (x j )

d x
ζ (w)
i

d2φ(w)
j

d x2 − G(x j )ζ
(w)
i

dφ(w)
j

d x

+ ρI (x)
(
Ω

2 + ω2
)
ζ (w)
i

dφ(w)
j

d x
,

a12 = EI (x j )ζ
(w)
i

d3φ(θ)
j

d x3 +
dEI (x j )

d x
ζ (w)
i

d2φ(θ)
j

d x2 − G(x j )ζ
(w)
i

dφ(θ)
j

d x

+ ρI (x)
(
Ω

2 + ω2
)
ζ (w)
i

dφ(θ)
j

d x
,

a21 = EI (x j )ζ
(θ)
i

d3φ(w)
j

d x3 +
dEI (x j )

d x
ζ (θ)
i

d2φ(w)
j

d x2 − G(x j )ζ
(θ)
i

dφ(w)
j

d x

+ ρI (x)
(
Ω

2 + ω2
)
ζ (θ)
i

dφ(w)
j

d x
,

a22 = EI (x j )ζ
(θ)
i

d3φ(θ)
j

d x3 +
dEI (x j )

d x
ζ (θ)
i

d2φ(θ)
j

d x2 − G(x j )ζ
(θ)
i

dφ(θ)
j

d x

+ ρI (x)
(
Ω

2 + ω2
)
ζ (θ)
i

dφ(θ)
j

d x
,
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The mass matrix is given by

[
Mi j

] (node)
=



∫
Ω

(i)
s

ρA(x)ζ (w)
i φ(w)

j d x
∫
Ω

(i)
s

ρA(x)ζ (w)
i φ(θ)

j d x

∫
Ω

(i)
s

ρA(x)ζ (θ)
i φ(w)

j d x
∫
Ω

(i)
s

ρA(x)ζ (θ)
i φ(θ)

j d x



+



∫
Ω

(i)
s

ρI (x)
d

d x

(
ζ (w)
i φ(w)

j

)
d x

∫
Ω

(i)
s

ρI (x)
d

d x

(
ζ (w)
i φ(θ)

j

)
d x

∫
Ω

(i)
s

ρI (x)
d

d x

(
ζ (θ)
i φ(w)

j

)
d x

∫
Ω

(i)
s

ρI (x)
d

d x

(
ζ (θ)
i φ(θ)

j

)
d x



. (28)

6. Non dimensional form of the equations

The results available in the literature are in non-dimensional form. The formu-
lation is given by

I (x) = I0g(x), (29)
A(x) = A0 f (x), (30)

where,

g(x) =
(
1 − c

x
R

) n̄+2
, (31)

f (x) =
(
1 − c

x
R

) n̄
, (32)

and c is a constant. Here, A0 and I0 are the uniform cross sectional area and second
moment of area terms, respectively.

The non-dimensional form of the equation (1) is given by

d2

dζ2

[
g(ζ )

d2w(ζ )
dζ2

]
− λ2 f (ζ )w(ζ ) − s2 d

dζ

[
h(ζ )

dw(ζ )
dζ

]

+
s2

r2
d

dζ

[
g(ζ )

dw(ζ )
dζ

]
+
λ2

r2
d

dζ

[
g(ζ )

dw(ζ )
dζ

]
= 0, (33)

where, ζ =
x
R
, r2=

A0R2

I0
, s2= Ω2 ρA0R4

EI0
, λ2= ω2 ρA0R4

EI0
, and h(ζ ) =

1∫
ζ

ζ f (ζ ) dζ .

Here, s is the non-dimensional rotating speed, λ is the non-dimensional natural
frequency, and r is the slenderness ratio which differentiates results of the Rayleigh
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beam and the Euler-Bernoulli beam. For a thick beam, the results of both the
theories tend to differ, but as the beam gets slender the difference is insignificant.

In non-dimensional form, the boundary conditions are given by

w(ζ )��(ζ=0) = 0, (34)
dw(ζ )

dζ
����(ζ=0)

= 0, (35)




d
dζ

[
g(ζ )

d2w(ζ )
dζ2

]
− s2h(ζ )

dw(ζ )
dζ

+

(
s2 + λ2

)
r2 g(ζ )

dw(ζ )
dζ




����(x=R)
= 0, (36)

g(ζ )
d2w(ζ )

dζ2
����(x=R)

= 0.

(37)

From the weak formulation of Eq. (38), we can obtain the stiffness matrix as

[K] =
1∫

0

g(ζ )
d2[N]T

dζ2
d2[N]
dζ2 dζ +

1∫
0

s2h(ζ )
d [N]T

dζ
d [N]

dζ
dζ

−

1∫
0

s2

r2 g(ζ )
d[N]T

dζ
d[N]
dζ

dζ (38)

and the mass matrix as

[M] =
1∫

0

f (ζ )[N]T [N]dζ +
1∫

0

1
r2 g(ζ )

d[N]T

dζ
d[N]
dζ

dζ . (39)

7. Results

The results are obtained using 7 nodes within the sub-domain of trial function.
First five natural frequencies alongwith themode shapes are obtained. The results of
the Euler-Bernoulli beam are also included for comparison. The results are in non-
dimensional form; obtained for different rotating speeds of beam. The parameters
which are used in non-dimensional form have been shown within the tables. The
results are accurate when compared to the literature [25]. In tables, m is the number
of nodes within the sub-domain of the trial function.

In Table 1 and Table 2 results are obtained using Chebyshev and Legendre
polynomials, respectively. These results are for non-rotating beams. In Table 3
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Table 1. Non-dimensional natural frequencies of a non-rotating Rayleigh beam
r = 10, s = 0,
n̄ = 1, c = 1/2

r = 100, s = 0,
n̄ = 1, c = 1/2

[25] Chebyshev polynomials [25] Chebyshev polynomials FEM (n = 40)
m = 7 m = 7 (E-B)

λ1 3.7727 3.7727 3.8233 3.8233 3.8238
λ2 17.097 17.0975 18.304 18.3038 18.3173
λ3 40.412 40.4127 47.178 47.1785 47.2649
λ4 N/A 69.4379 N/A 90.1345 90.4509
λ5 N/A 101.4728 N/A 147.2155 148.0035

Table 2. Non-dimensional natural frequencies of a non-rotating Rayleigh beam
r = 10, s = 0,
n̄ = 1, c = 1/2

r = 100, s = 0,
n̄ = 1, c = 1/2

[25] Legendre polynomials [25] Legendre polynomials FEM (n = 40)
m = 7 m = 7 (E-B)

λ1 3.7727 3.7727 3.8233 3.8233 3.8238
λ2 17.097 17.0975 18.304 18.3038 18.3173
λ3 40.412 40.4127 47.178 47.1785 47.2649
λ4 N/A 69.4379 N/A 90.1345 90.4509
λ5 N/A 101.4728 N/A 147.2155 148.0035

Fig. 4. Mode shapes of a non-rotating beam for n = 1, r = 10 and n = 1, r = 100, respectively

and Table 4 results are obtained using Chebyshev and Legendre polynomials,
respectively. These results are for rotating beams. Respective mode shapes are
shown in Fig. 4 and Fig. 5.

In Table 5 and Table 6 results are obtained using Chebyshev and Legendre
polynomials, respectively. These results are for non-rotating beams. In Table 7
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Table 3. Non-dimensional natural frequencies of a rotating Rayleigh beam
r = 10, s = 5,
n̄ = 1, c = 1/2

r = 100, s = 5,
n̄ = 1, c = 1/2

[25] Chebyshev polynomials [25] Chebyshev polynomials FEM (n = 40)
m = 7 m = 7 (E-B)

λ1 6.6118 6.6118 6.7421 6.7421 6.7434
λ2 20.356 20.3563 21.888 21.8882 21.9053
λ3 43.444 43.4435 50.839 50.8392 50.9339
λ4 N/A 72.2398 N/A 93.8774 94.2067

λ5 N/A 104.0122 N/A 150.9873 151.8160

Table 4. Non-dimensional natural frequencies of a rotating Rayleigh beam
r = 10, s = 5,
n̄ = 1, c = 1/2

r = 100, s = 5,
n̄ = 1, c = 1/2

[25] Legendre polynomials [25] Legendre polynomials FEM (n = 40)
m = 7 m = 7 (E-B)

λ1 6.6118 6.6118 6.7421 6.7421 6.7434
λ2 20.356 20.3563 21.888 21.8882 21.9053
λ3 43.444 43.4435 50.839 50.8392 50.9339
λ4 N/A 72.2398 N/A 93.8774 94.2067
λ5 N/A 104.0122 N/A 150.9873 151.8160

Fig. 5. Mode shapes of a rotating beam for n = 1, r = 10 and n = 1, r = 100, respectively

and Table 8 results are obtained using Chebyshev and Legendre polynomials,
respectively. These results are for rotating beams. Respective mode shapes are
shown in Fig. 6 and Fig. 7. In Fig. 8, the results are compared with non-rotating
and rotating Euler-Bernoulli beams.
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Table 5. Non-dimensional natural frequencies of a non-rotating Rayleigh beam
r = 10, s = 0,
n̄ = 2, c = 1/2

r = 100, s = 0,
n̄ = 2, c = 1/2

[25] Chebyshev polynomials [25] Chebyshev polynomials FEM (n = 40)
m = 7 m = 7 (E-B)

λ1 4.5517 4.5517 4.6244 4.6244 4.6251
λ2 18.211 18.2107 19.533 19.5328 19.5476
λ3 41.457 41.4575 48.489 48.4891 48.5790
λ4 N/A 70.3718 N/A 91.4898 91.8132
λ5 N/A 102.2646 N/A 148.5339 149.3917

Table 6. Non-dimensional natural frequencies of a non-rotating Rayleigh beam
r = 10, s = 0,
n̄ = 2, c = 1/2

r = 100, s = 0,
n̄ = 2, c = 1/2

[25] Legendre polynomials [25] Legendre polynomials FEM (n = 40)
m = 7 m = 7 (E-B)

λ1 4.5517 4.5517 4.6244 4.6244 4.6251
λ2 18.211 18.2107 19.533 19.5328 19.5476
λ3 41.457 41.4575 48.489 48.4891 48.5790
λ4 N/A 70.3718 N/A 91.4898 91.8132
λ5 N/A 102.2646 N/A 148.5339 149.3917

Fig. 6. Mode shapes of a non-rotating beam for n = 2, r = 10 and n = 2, r = 100, respectively

Themaximum value of m is found to be seven in the case of both the polynomi-
als (Chebyshev and Legendre). Above seven nodes, the matrix cannot be inverted
and below seven the results will not be accurate. Above seven nodes, the matrix
will be almost singular and ill-conditioned. The similar problem occurs in p-type
of the finite element method where higher-order polynomials are used and numbers
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Table 7. Non-dimensional natural frequencies of a rotating Rayleigh beam
r = 10, s = 5,
n̄ = 2, c = 1/2

r = 100, s = 5,
n̄ = 2, c = 1/2

[25] Chebyshev polynomials [25] Chebyshev Polynomials FEM (n = 40)
m = 7 m = 7 (E-B)

λ1 7.1268 7.1268 7.2885 7.2885 7.2901
λ2 21.003 21.0033 22.618 22.6179 22.6360
λ3 44.014 44.0143 51.595 51.5947 51.6919
λ4 N/A 72.7008 N/A 94.6285 94.9630
λ5 N/A 104.3616 N/A 151.6834 152.5683

Table 8. Non-dimensional natural frequencies of a rotating Rayleigh beam
r = 10, s = 5,
n̄ = 2, c = 1/2

r = 100, s = 5,
n̄ = 2, c = 1/2

[25] Legendre polynomials [25] Legendre polynomials FEM (n = 40)
m = 7 m = 7 (E-B)

λ1 7.1268 7.1268 7.2885 7.2885 7.2901
λ2 21.003 21.0033 22.618 22.6179 22.6360
λ3 44.014 44.0143 51.595 51.5947 51.6919
λ4 N/A 72.7008 N/A 94.6285 94.9630
λ5 N/A 104.3616 N/A 151.6834 152.5683

Fig. 7. Mode shapes of a rotating beam for n = 2, r = 10 and n = 2, r = 100, respectively

of nodes are considered within the element. Also, the Chebyshev and Legendre
polynomials show the improvement over the conventional radial basis functions ap-
proximation where increased number of nodes can be included in the sub-domain
of trial function.
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Fig. 8. Variation in the fifth natural frequency with change in the slenderness ratio for a non-rotating
and a rotating beam, respectively

8. Conclusions

In this paper, the rotating Rayleigh beam problem has been solved with mesh-
less local Petrov-Galerkin method where orthogonal polynomials are used: Cheby-
shev and Legendre polynomials. The number of nodes within the sub-domain can
be increased when compared to the radial basis function. The formulation, which
is completely explained, provides better results than the existing solutions with the
meshless Petrov-Galerkin method. The first-five natural frequencies are calculated
along with the respective mode shapes. The results are obtained for the 7 nodes
within the sub-domain. The non-dimensional form has been explained in detail
to compare the results. Also, results are compared with non-rotating and rotating
Euler-Bernoulli beams.
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