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The Exodus method has been modified and developed from the Monte Carlo method 
and makes use of an analogy between thermal conduction difference equations and 
probabilistic models of random walk processes. It is based on the concept of random walk 
of particles. A walking particle is not assigned to any weight or energy. It indicates a point 
which changes its position in a random way. Probabilistic methods enable us to determine 
the searched values with their specific maximum accuracy or probability allowing for 
non-linear thermal characteristics. As analytical methods of resolving thermal issues need 
many simplifications, they become less precise and experimental tests are more and more 
expensive. 

This paper includes a proposal for the mathematical description of a thermal energy 
collector model operating in stationary and non-stationary conditions using the Exodus 
method. The proposal allows for random variability of meteorological and operational 
factors of the solar system which fundamentally determine the boundary conditions of 
complex heat transfer. 

APPLICATION OF THE EXODUS METHOD TO RESOLVE PROBLEMS OF 
THERMAL CONDUCTION 

The theoretical basis of Monte Carlo techniques, including the Exodus procedure 
and applications of these methods in various disciplines of science and engineering has 
been the subject of many publications [2- 7]. The Exodus method is known to be able to 
resolve various issues related to thermal conduction. For example, it has been applied to 
determine the temperature distribution of periodically changing field and heat fluxes in a 
regenerator. In another case, the procedure was used to establish a relation between the gas 
temperatures and the temperatures of filling surface layers in a blast-furnace stove. The 
Exodus procedure has been mainly applied to resolve problems in radiant heat transfer. 

The mathematical description of a thermal field with known initial and boundary 
conditions is also provided by the Fourier-Kirchoff differential equation of transient heat 
conduction. For solid non-stationary isotropic bodies and for isobaric processes, this 
equation is as follows [10]: 

p~=~("' ar)+~("' ar1+~("' !"#$%& '!( !) !) *+, !,- !. !. V (I) 

Assuming that 'A = %/01 and /% = 234/56

!" = !7!85 + !85 + !85 1 + 9:;<
ITT !)8 !,8 !.8- p 4=>

The general solution of thermal conduction problems per Exodus procedure is 
received in the form of the following formula [5]: 

(2) 

l ?57)(,(.((- = - L,0 
M j=l 

Temperature 57)( ,( z, "- is the weighted average from temperatures at ~ boundary 
points. The 5 temperature may indicate: 

@
point temperature at area boundary (boundary condition of the first type); 
replacement temperature resulting from a known heat flux at area boundary 

(3) 
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(boundary condition of the second type) or a known value of an internally 
active source of heat; 
temperature of fluid flowing round the considered area (boundary condition of 
the third type); 
gas or flame radiation temperature; 
temperature of any internal point, known from a previous series of walking 
particles motion. 

The probability distribution ofa particle subjected to principles of random behaviour 
should meet a given difference equation. The approximate distribution of random walk 
terminations at the boundary is the basis for general solution of a given case. The piJ 
numbers defining the probability of walking particles transfer from i node to j node 
and the probability of particles remaining at P;, node, should comply with the following 
axioms of probability: 

- I\ O:,; pij:,; I, (4) 
i.j 

- I\ I,pij<I, (5) 

I\ O:,; p;;:,; I, (6) 

- I\ p,, + L pij = I • (7) 

MODELING OF HEAT EXCHANGE PROCESSES IN SOLAR ENERGY 
COLLECTOR IN STEADY CONDITIONS 

The considered heat model of a flat plate solar energy collector was in the form of 
a system of three homogeneous elements (Fig. I), i.e. a glass cover, absorber plate and 
working fluid, with internal sources of heat emitted in the transparent face cover and in 
the surface layer of absorber plate. 

r,, 1~1 

Fig. I. Thermal network for a flat plate collector for steady conditions 
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To resolve the present problem, a well-defined section of the collector area was 
divided into isothermal difference elements. Difference equations were created recorded 
per Elementary Balance method for each distinct element. In accordance with this method, 
the sum of heat fluxes reaching the considered difference element from all neighboring 
nodes and the heat emitted by internal sources of heat amount to zero. The following 
system of equations was obtained [8]: 

{

Qbg + Q,,g + PI = o 
Qgp + Qrp + Qbp + P2 = O 

(b1 + (TJ.1-T1)/ R1 = O 

(8) 

The system of equations (8) was converted to the form allowing use of the Exodus 
procedure [8]: 

where: 
!
Tg - TP · pgp = Ta · pgb + be 
Tp - (Tg· ppg +TJ· PP!)= Ta · ppb + bp 

T1 - Tp · PIP = Tt. i • Pl 

(9) 

Reb pgp = (I O) Reb+ Rgp 

Rgp 
pgb = ( 11) Reb+ Rgp 

be= 
PI ·Rgb. Rgp 
Reb+ RCP (12) 

Rpb. Rp[ 
(13) pn= 

Rpg. Rpb+ Rpg. Rp[ +Rp[ ·Rpb 

Rpg. Rpb 
pp[= (14) RPc · RPb + Rpg ·RPI+ RPI· Rpb 

Rpc•RpJ 
ppb = (15) RPc · RPb + Rpg · RpJ + RpJ · Rpb 

P2 · RPc · RpJ · RPb bp= (16) RPc · RPb + RPc · RPI + RP1 · RPb 

R1 
PIP = /?Ji, + RJ (17) 

RJp 
pi=--- (18) R1P+R1 

PI = le · a8 · S8 (19) 

P2 = fe · 'tg · Up · Sp (20) 
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P3=T/,a-To 
Rt 

and the equation of particle fraction behaviour satisfies: 

LPu + P;b = I. 
i 

(21) 

(22) 

The pij numbers determine the probability of particle motion from i node to a ne­ 
ighboring node j and the P;b numbers - the probability of walking particles motion from 
i node to the boundary of a known temperature. The p1 number indicates a probability 
of walking particles staying permanently in the F node without the possibility of con­ 
tinuing the motion. The value of pgp, pgb' pPx' pPJ' r.: probabilities depends mainly on 
meteorological parameters such as: ambient temperature, wind velocity and the relative 

humidity of the air. The value of b, b" 
absolute terms depends, apart from the 
above mentioned factors, on the solar 
radiation. The change in working fluid 
flow intensity results in the change of p1 
and Pi;, probability values. 

The visual model of walking parti­ 
-cles distribution in the difference network 
applied to a segment of the collector area 
is shown in Figure 2. It illustrates the me­ 
chanism of particles motion starting from 
the P node representing the absorber pia- 
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In this case, the computational 

procedure is as follows: 
I. 

2. 

3. 

Fig. 2. Model of walking particles distribution for steady 
conditions 

The total number of walking parti­ 
cles start at the same time from 
a node of searched temperature, 
e.g. M= 104

• 

During the first cycle of walking, the 
particles are distributed in an organi­ 
-zed way to neighboring nodes in the 
quantities resulting from conditions 
of heat transfer. The particles which, 
when walking, reach the boundaries 
of known temperatures are absorbed 
and become eliminated from further 
motion. The remaining particles re­ 
-tum via determined directions to the 
node of the searched temperature. 
During each successive cycle a sma­ 
-ller number of particles leave the 
starting node and the motion histo­ 
ry is analogous to the first cycle. 
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4. At the end of each cycle it is necessary to precisely determine: 
the total number of absorbed particles; 
the number of all particles passing through nodes in which internal heat sources 
are active; 
the number of particles which continue their motion from the concerned node. 

5. The procedure expires when 99.99% of the total amount of particles is absorbed. 
The solution for the issue of heat exchange in solar collector is presented in the form 

of the following formula: 

(23) 

MODELING OF HEAT TRANSFER PROCESSES IN SOLAR ENERGY 
COLLECTOR IN NON-STEADY CONDITIONS 

To analyze the solar collector operation in non-steady conditions, the diagram of 
resistances and heat capacities for the previously distinguished nodes: G, P and F is 
presented in Figure 3. 

--·--··-----·-------- --------------------- 

w p 

F_ 1:r T,PJ 

rv .;r;r 
Fig. 3. Thermal network for a flat plate collector for non-steady conditions 

The temporary energy balance for this i difference element in the stationary object 
can be expressed by the following formula [IO]: 

di 
Vip; _'_ = L Qp + QM + Va)v; (24) 

d, j 

For the finite thermal capacity of the difference element when there are no 
transformations: 
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di; at: 
-=Cpi- 
dr; dr: (25) 

The fluxes of heat flowing between the nodes were determined according to the 
temperature distribution at the beginning of the considered time interval. The partial 
first-order derivative of the time interval dr: was approximated using the forward difference 
diagram. This diagram allows the temperature at the end of the considered time interval 
to be determined. 

Temperatures in particular nodes are calculated from the following system of 
equations: 

[ 
th ( I I )] L'n (Tp., Ta ) Tg,,+1=Tg,, 1-- -+- +- -+-+Pl, 
Wg Rgb Rgp Wg Rgp Rgb 

(26) 

The above system of equations was converted to the following form allowing the 
Exodus procedure to be introduced: 

{

Tg,,+ I= Tg,,· pgg + t., · pgp «r.. pgb + bg,, 

Ts., +I= Ts., ·PPP+ Tg,,· ppg +Tr.«- PPI +T«- ppb + bp,t 
n.., I= ti.: Pff+ Tp,,. PIP+ t..: Pf 

where: 
pgg = l - .il, (-1- + _l ) 

Wg Rgp Rgb 

PPP = I - ÓT: (-!- + _l_ + _I_) 
Wp Rpb Rpg RPt 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 
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Pff= 1- L'., (-1 + _!__) 
Wt RIP Rr 

L'., 1 
Pfp=-- 

Wr Rrp 

and the following condition is met: 

p;;+ LPii+ p;b = 1. 
j 

(37) 

(38) 

(39) 

After each time interval the change in values of P;;, pij and P;b probabilities was 
considered. This is caused by a change in thermal resistance values resulting from varia­ 
ble weather and operation conditions during 
solar energy collector operation. Climate pa- 
rameters such as ambient temperature, wind 
velocity, relative air humidity .affect the va­ 
lues of p , p h' p and p h probabilities. The 

gg g PP P 

solar radiation intensity determines the valu- 
es of b and b absolute terms. The values of 

g p 

p.ffandp1probabilities depend on the value of 
volume flow rate of working fluid. 

To maintain the physical correctness 
of the obtained system difference equations 
(27), the time interval was chosen in such a 
way that the values of P;; properties are never 
negative. At the same time the physical cor­ 
rectness of equations ensures stability and 
solution convergence. 

Interpretation of the probabilistic mo­ 
del for non-steady conditions for two first 
time intervals is shown in Figure 4. It pre­ 
sents the history of walking particles passes 
starting from the F node which represents 
the working fluid in the collector. 

To solve the problem, the following 
strategy was invoked: 
1. At the beginning it was assumed that 

the temperature profile for the collector 
area at the initial time , is known and 
the boundary temperatures, the capaci­ 
ty of the internal thermal sources, the 
convective heat transfer coefficient on 
the boundary of particular elements are 
known. 

2. During the first time interval, i.e. at the 
moment r+n-Ar, where .d, is a time in­ 
terval of one-second duration and n is 

I. 

Il. 

Fig. 4. Model of walking particles distribution for 
non-steady conditions 
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the number of intervals, the I 04 ( = M) walking particles start from the node of sear­ 
ched temperature. Some particles remain during this interval in the considered node 
and the others walk in specific directions to neighboring nodes. Also an appropriate 
number of particles remain in each of these nodes. The particles which reach the 
absorbing boundaries do not participate in further passes. Some particles return from 
various directions to the F node. 

3. During each successive interval, an appropriate number of particles pass to the plane 
of the lower time moment number. 

4. After each time interval the following was recorded: 
number of particles passing through neighboring nodes per prepared scheme; 
number of particles which reached the time boundary; 
number of particles continuing their motion from the F node; 
total number of particles eliminated from motion at the boundary of known ambient 
temperature T,, and at the absorbing boundary of known temperature T1_;- 

5. The procedure expires at the time of reaching the time plane , or at the geometrical 
boundary of the area of known temperature. 

The value of searched temperature in any node of the network and at any time 
for the considered area of collector may be determined from the following formula: 

(40) 

RESULTS AND DISCUSSION 

The analysis was performed for a flat-plate solar collector with the parameters 
presented in Table I. The Thermal_Resistance.PAS program was used to carry out an 
analysis of the solar energy collector in the steady conditions (author of this program 
- Siuta-Olcha). 

Table I. Construction and material parameters of the collector 

Parameter Description 
Dimensions: length x width, [mm] l350xll40 
Gross area of collector, (m'] l.546 
Aperture area of collector, [ m'] l .417 
Absorber area of collector, [ m'] l.2 
Glass cover thickness, [mm] 4 
Absorber plate thickness, [mm] 1.4 
Back insulation thickness, (mm] 38 
Collector box thickness, [mm] I 

Tube diameter, [mm] 8.9 
Number of transparent covers I 

Glass transmittance 0.80 
Absorber plate absorptance 0.95 

Temperature calculations for glass cover, absorber plate and working fluid flowing 
out of the collector were performed on the basis of matrix computation and the Exodus 
procedure. Table 2 specifies temperature values of working fluid flowing out of the 
collector obtained from measurements and calculations, computed by the Equivalent 
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Thermal Network method (ETNM) [l], the matrix method (MM) and the Exodus method 
(EX). Figure 5 shows the efficiency curve for the investigated flat-plate solar collector 
versus reduced temperature difference (T10-T)llc. Figure 6 illustrates i) changes of useful 
energy flux gained by 1 m2 collector surface, ii) the influence of solar irradiance on thermal 
efficiency on the assumption the constant value of mean surplus of medium temperature 
over ambient temperature. A detailed analysis of the influence of weather parameters 
(Jc, T;,, vJ and exploitation parameters (Q, Tfi) on thermal efficiency of solar collectors of 
various constructions was presented in [8, 9]. 

Table 2. Selected results of measurements and calculations for the collector in the steady conditions 

f.. Q V 
"' T,, Tt, Tf.,mcm·u, Tf,,£TNM ól T/11MM Tf.oEX ó2 

No. 
[Wlm2] [m!ls] [mis] ["CJ ["CJ ["CJ ["CJ [%] ["CJ ["CJ [%] 

I. 330 6.667c-6 3.5 13.6 23.9 31.4 30.5 2.87 31.6 31.6 -0.60 

2. 460 2.833c-5 3.0 I 3.4 16.8 20.8 19.6 5.77 20.1 20.1 3.36 

3. 505 4.833e-5 1.5 9.7 13.2 15.9 15.0 5.66 15.3 15.3 3.77 

4. 560 7e-5 o 32.9 24.5 27.2 26.4 2.94 26.3 26.3 3.31 

5. 780 2.833e-5 I.O 29.0 26.1 32.8 31.5 3.96 32.0 32.0 2.44 

6. 800 4.5c-5 I.O 32.4 25.1 29.4 29.l l.02 29.0 29.0 1.36 

7. 800 l .667c-5 l.0 32.4 30.0 38.0 39.6 -4.21 40.0 40.0 -5.26 

8. 820 lc-5 o 28.7 33.0 45.0 49.2 -9.33 49.0 49.0 -8.89 

9. 825 I .333c-5 l.0 34.1 32.2 40.8 45.0 -10.29 44.9 44.9 -10.05 

IO. 860 4e-5 2.0 29.1 23.7 29.2 28.5 2.40 28.4 28.4 2.74 

0.7 ~--------------~ 

;.-, 0.6 "##$$$$$$$$$$$$$$$$$$$%
u 
f 0.5 "$$$###$&$$$$$$$$$$$$$'
'fj e o.4 +-----.::,,,,, -.;;::------------1 .. 
.. 0.3 +---------=o..c-------1 

( 0.2 

O.I 

) .., V) r- °' ~ o o "' "' "' $$*o o o o o o o 

Fig. 5. The collector efficiency versus reduced temperature difference 

An analysis of the solar energy collector in the non-steady conditions was carried 
out using the STAN_NU.PAS program (author of this program - Siuta-Olcha). The 
calculations of temperature in three selected nodes of the collector were performed by the 
difference method based on the scheme shown and on the basis of the Exodus procedure. 
Selected results of calculations for the flat-plate solar energy collector at subsequent 
moments of time are included in Table 3. 
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Fig. 6. The influence of solar irradiancc on thcnnal efficiency of the collector and on useful energy flux 

Table 3. Selected calculation results for the collector in the non-steady conditions 

I_= 600 Wim', T = I0°C, V = 2 m/s, Q = JO·' m3/s, T{; = 12°c 
1 TgEX TgFOM T,£x T,,FDM TfoF.X TfoFDM No. 81 82 83 
[s] [OC] [·CJ [OC] ["CJ ["CJ [OC] 

I. o 10.50 10.50 - 12.00 12.00 - li.O Il.O - 
2. 60 10.76 10.75 0.09 16.00 16.50 3.03 14.4 14.1 -2.13 

3. 180 11.30 11.30 - 20.60 21.20 2.83 18.8 18.7 -0.53 

4. 300 11.90 11.90 - 22.90 23.50 2.55 21.1 20.9 -0.96 

5. 420 12.40 12.40 - 24.10 24.70 2.43 22.3 22.1 -0.90 

6. 600 12.90 12.90 - 24.90 25.50 2.35 23.1 22.8 -1.31 

7. 720 13.20 13.20 - 25.10 25.70 2.33 23.3 23.1 -0.86 
8. 900 13.40 13.50 0.74 25.30 25.90 2.32 23.4 23.2 -0.86 

9. 1200 13.60 13.70 0.73 25.40 25.97 2.19 23.5 23.3 -0.86 
IO. 1500 13.70 13.80 0.72 25.41 25.99 2.23 23.6 23.3 -) .29 

11. 1800 13.80 13.90 0.72 25.42 26.00 2.23 23.6 23.3 -1.29 
I = 700 Wim', T = 25°C, v ... = 2 mis, Q = J0·5 m3ls, T,, = 20°C 

1 TgEX T~FDM T,,EX T,,FDM 0 .. ex Tf.uFDM No. 81 82 83 
[s] [OC] [OC] [OC] ["CJ ["CJ ["CJ 

I. o 27.00 27.00 - 27. 10 27.10 27.00 27.00 
2. 60 27.05 27.05 - 30.60 30.30 -0.99 28.50 28.60 0.3 
3. 180 27.20 27.20 - 33.60 33.20 -1.20 31.30 3 I .40 0.3 
4. 300 27.40 27.40 - 35. IO 34.65 -1.30 32.70 32.80 0.3 
5. 420 27.60 27.60 - 35.80 35.40 -I.IO 33.35 33.50 0.4 
6. 600 27.85 27.87 0.07 36.30 35.90 -I.IO 33.80 34.00 0.6 
7. 720 27.95 27.97 0.07 36.40 36.00 -I IO 33.90 34. IO 0.6 
8. 900 28. IO 28.10 36.50 36. IO -I IO 34.00 34.20 0.6 
9. 1200 28.15 28. 16 0.04 36.54 36.15 -I.IO 34.00 34.30 0.9 
IO. 1500 28.19 28.19 36.55 36. I 6 -I.IO 34.00 34.30 0.9 
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The heating curves (Fig. 7) representing distinguished elements of solar collector 
make the determination of the three time constants possible. The collector time constant 
is a basic dynamic parameter of the solar system. Fig. 8 presents the dependence of 
a medium time constant on collector thermal resistances in relative values. The thermal 
resistance of the fluid has the most important influence on its heating up dynamics. Fig. 9 
shows the influence of heat capacities on the fluid time constant in relative values. 
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Fig. 7. Heating curves of solar col lector 
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CONCLUSIONS 

Generally it is not possible to obtain the solution of the thermal conduction equation 
for practical cases by using the analytical method and thus the numerical method was 
applied to calculations. The problem of heat conduction with internal heat sources and 
non-linear boundary conditions has been solved. To determine the thermal field in a 
flat plate solar collector, the Exodus procedure was applied. First of all, it allows for 
calculation of the temperature of fluid flowing out of the collector with high accuracy. 
The calculated results make it possible to i) analyze the collector operation under any 
conditions, ii) evaluate the energetic efficiency of its operation and iii) check the heat 
dynamics of homogeneous elements of the collector. On the basis of these data it is then 
possible to determine the effective heat flow received from 1 m2 of collector area and to 
determine its heat efficiency. 

The numerical modeling of heat processes occurring during operation of the 
collector has, as its goal, their optimization for the purpose of designing, controlling and 
economical testing of solar systems. 

NOMENCLATURE 

C 
p 

F 
G 

I 
C 

M 

p 

fluid specific heat at constant pressure, [J/(kg-K)]; 
isothermal node, characteristic for working fluid; 
isothermal node, characteristic for face cover glass; 
specific enthalpy, J/kg; 
global solar irradiance on collector plane, [W/m2

]; 

total number of walking particles starting from the i node, i.e. the node of 
determined temperature, [-]; 
isothermal node, characteristic for absorber plate; 



80 APPLICATION OF A PROBABILISTIC METHOD FOR ... 

s p 
s 

C 

s g 
sk p 

sk g 

sk 
' 

T a 
V 

w 

transition probability of walking particles from i node to j node, [-]; 
thermal energy emitted in glass cover in the middle of its thickness, [W]; 
thermal energy emitted on absorber plate surface, [W]; 
heat transferred by absorber to working fluid, [WJ; 
volume flow rate of heat transfer fluid, [m3/sJ; 
thermal flux reaching i node from neighboring} node, [WJ; 
useful energy gain from collector, [W/m2J; 
volumetric capacity of heat source, [W/m3

]; 

thermal resistance of working fluid, [K/W]; 
thermal resistance between difference element with i node and differential 
element with} node, [K/W]; 
absorber plate area, [m2J; 
collector area, [m2]; 

glass cover area, [m2]; 

total number of walking particles passing through the P node in which the 
internal source of heat with P2 power is active,[-]; 
total number of walking particles absorbed at the boundary, equated with 
the boundary of known temperature of fluid flowing to collector T1,;, [- ]; 
total number of walking particles eliminated at the boundary contacting 
outside air of known temperature T,,, [-]; 
total number of walking particles passing through the G node in which 
the internal source of heat with Pl power is active, [-]; 
number of walking particles which started their motion in the i node and 
finished it in the time plane , of known initial temperature ~-' of a given 
node, [-]; 
inlet fluid temperature, [K]; 
outlet fluid temperature, T~

0 
= T1, [K]; 

temperature of solar collector element with characteristic i node, [K]; 
ambient temperature, [K]; 
volume, [m3]; 

wind velocity, [mis]; 
heat capacity, [J/KJ; 

x, y, z coordinates. 
Greek symbols 

a absorptance of solar radiation, [-J; 
t-.-r time interval, [s]; 
A thermal conductivity, [W/m·K)]; 
p density, [kg/m3]; 

, transmittance of solar radiation, [-]. 
Subscripts 

b boundary; 
f fluid; 
g glass; 
p plate. 
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