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ZASTOSOWANIE METODY PROBABILISTYCZNEJ DO WYZNACZANIA POLA
TEMPERATUR W PLASKIM KOLEKTORZE SEONECZNYM

W pracy wykazano mozliwos¢ zastosowania mctody Exodus do rozwigzywania probleméw zlozoncj
wymiany cicpta w plaskim kolcktorze cnergii promicniowania stonccznego. Zostaly opracowanc modele
probabilistyczne kolcktora dla warunkéw ustalonych i nicustalonych. Opis matematyczny modcli zostat
wyprowadzony z wykorzystanicm analogii mi¢dzy rownaniami réznicowymi przewodzenia ciepta i rownaniami
opisujacymi ruch czastck bladzacych. Wyniki obliczefi symulacyjnych tempceratury pokrywy szklancj, ptyty
absorbera oraz czynnika wyptywajacego z kolcktora wedtug metody Exodus zostaly poréwnanc z wynikami
uzyskanymi na podstawic metody zastgpczej sicei cieplnej oraz mctody roznic skoficzonych. Zastosowana
proccdura obliczeniowa umozliwia uwzglednicnic w obliczeniach zmiennych warunkéw pogodowych
i cksploatacyjnych instalacji stoncczne;j.

Summary

The Exodus method is applicd to solve Fourier-Kirchoff's equation in heat transfer problems for flat
plate solar collcctors. Probabilistic models have been presented for the steady and non-steady conditions. The
mathematical description of these modcls has been derived on the basis of the analogy between the conduction
difference equation and the cquation describing walking particle movement. The rcsults of computations
performed by the Exodus mecthod have been compared to the results obtained by the Equivalent Thermal
Network and the Finite Differcnce methods. The Exodus procedure allows the influcnce of changeable weather
and operating conditions to be considered in calculations.

INTRODUCTION

The Exodus method is a statistical approach to the study of differential equations. It
is one of methods for the approximate solution of heat transfer problems in real systems.
This procedure enables relatively easy consideration of variability of material parameters
depending on temperature and the analysis of all the boundary conditions applicable
to the same boundary. The probabilistic techniques are specially recommended for
determination of temperature changes at one or several nodes of a geometrical network.
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The Exodus method has been modified and developed from the Monte Carlo method
and makes use of an analogy between thermal conduction difference equations and
probabilistic models of random walk processes. It is based on the concept of random walk
of particles. A walking particle is not assigned to any weight or energy. It indicates a point
which changes its position in a random way. Probabilistic methods enable us to determine
the searched values with their specific maximum accuracy or probability allowing for
non-linear thermal characteristics. As analytical methods of resolving thermal issues need
many simplifications, they become less precise and experimental tests are more and more
expensive.

This paper includes a proposal for the mathematical description of a thermal energy
collector model operating in stationary and non-stationary conditions using the Exodus
method. The proposal allows for random variability of meteorological and operational
factors of the solar system which fundamentally determine the boundary conditions of
complex heat transfer.

APPLICATION OF THE EXODUS METHOD TO RESOLVE PROBLEMS OF
THERMAL CONDUCTION

The theoretical basis of Monte Carlo techniques, including the Exodus procedure
and applications of these methods in various disciplines of science and engineering has
been the subject of many publications [2—7]. The Exodus method is known to be able to
resolve various issues related to thermal conduction. For example, it has been applied to
determine the temperature distribution of periodically changing field and heat fluxes in a
regenerator. In another case, the procedure was used to establish a relation between the gas
temperatures and the temperatures of filling surface layers in a blast-furnace stove. The
Exodus procedure has been mainly applied to resolve problems in radiant heat transfer.

The mathematical description of a thermal field with known initial and boundary
conditions is also provided by the Fourier-Kirchoff differential equation of transient heat
conduction. For solid non-stationary isotropic bodies and for isobaric processes, this
equation is as follows [10]:
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The general solution of thermal conduction problems per Exodus procedure is
received in the form of the following formula [5]:

1 M
T(x,y,z,‘c):EZY}. 3)
Jj=1

Temperature 7(x, y, z, 7) is the weighted average from temperatures at 7, boundary
points. The 7 temperature may indicate:

—  point temperature at area boundary (boundary condition of the first type);

—  replacement temperature resulting from a known heat flux at area boundary
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(boundary condition of the second type) or a known value of an internally
active source of heat;

—  temperature of fluid flowing round the considered area (boundary condition of

the third type);

—  gas or flame radiation temperature;

— temperature of any internal point, known from a previous series of walking

particles motion.

The probability distribution of a particle subjected to principles of random behaviour
should meet a given difference equation. The approximate distribution of random walk
terminations at the boundary is the basis for general solution of a given case. The p,
numbers defining the probability of walking particles transfer from / node to j node
and the probability of particles remaining at p, node, should comply with the following
axioms of probability:

_ ‘/> 0< py <1, 4)
- A ;p‘/<1, (5)
- A 0< pi<l, (6)
- A p,,+%:p.y:l. @)

MODELING OF HEAT EXCHANGE PROCESSES IN SOLAR ENERGY
COLLECTOR IN STEADY CONDITIONS

The considered heat model of a flat plate solar energy collector was in the form of
a system of three homogeneous elements (Fig. 1), i.e. a glass cover, absorber plate and
working fluid, with internal sources of heat emitted in the transparent face cover and in
the surface layer of absorber plate.

7
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Fig. 1. Thermal network for a flat plate collector for stcady conditions
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To resolve the present problem, a well-defined section of the collector area was
divided into isothermal difference elements. Difference equations were created recorded
per Elementary Balance method for each distinct element. In accordance with this method,
the sum of heat fluxes reaching the considered difference element from all neighboring
nodes and the heat emitted by internal sources of heat amount to zero. The following
system of equations was obtained [8]:

ng+ng+P1=0
Op+0p+0p+P2=0 (8)
Oy +(Tr.i=T7)/ Rr =0

The system of equations (8) was converted to the form allowing use of the Exodus

procedure [8]:
Tg—Tp'pgp =Ta 'pgb+bg

To—(Te-pee+Tr per) =T, pro+ b (C))
Ir—=Te-pr=T.i-pr

where:
_ Rgb
b———Rgp
pg Rgb+Rgp (11)
b _ Pl-Res- Rep
* Re+Re (12)
_ pr‘Rpf
ppg - Rpg‘ pr+ Rpg - Rpf+Rpf‘pr (13)
pom Rpg'pr
P Reg - Rov+ Rog- Roy + Roy - R (19
pob = Rpg* Rer
Rpg < Rob + Rpg - Roy + Ry - Rob (15)
_ P2 Rog- Ror - Rob
#= (16)
Rog - Rob + Rpg - Res + Rey - Rob
P Ret R (17)
pr= =
Rp+ Rr (18)
Plzlc'(Xg'Sg (19)

P2:Ic'Tg‘ap'Sp (20)
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P3= @n
and the equation of particle fraction behaviour satisfies:
2P+ Py =1
Py 22)

The p, numbers determine the probability of particle motion from 7 node to a ne-
ighboring node j and the p, numbers — the probability of walking particles motion from
i node to the boundary of a known temperature. The p, number indicates a probability
of walking particles staying permanently in the F node without the possibility of con-
tinuing the motion. The value ofpgp, Py P,y P,y P, Probabilities depends mainly on
meteorological parameters such as: ambient temperature, wind velocity and the relative
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Fig. 2. Model of walking particles distribution for stcady

conditions

humidity of the air. The value of b, b,

absolute terms depends, apart from the

above mentioned factors, on the solar
radiation. The change in working fluid

flow intensity results in the change of p,

and P, probability values.

The visual model of walking parti-
-cles distribution in the difference network
applied to a segment of the collector area
1s shown in Figure 2. It illustrates the me-
chanism of particles motion starting from
the P node representing the absorber pla-
te.

In this case, the computational
procedure is as follows:

1. The total number of walking parti-
cles start at the same time from
a node of searched temperature,
e.g. M= 10%

2. During the first cycle of walking, the
particles are distributed in an organi-
-zed way to neighboring nodes in the
quantities resulting from conditions
of heat transfer. The particles which,
when walking, reach the boundaries
of known temperatures are absorbed
and become eliminated from further
motion. The remaining particles re-
-turn via determined directions to the
node of the searched temperature.

3. Duringeachsuccessive cycle a sma-
-ller number of particles leave the
starting node and the motion histo-
ry is analogous to the first cycle.
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4. At the end of each cycle it is necessary to precisely determine:

—  the total number of absorbed particles;

—  the number of all particles passing through nodes in which internal heat sources

are active;

—  the number of particles which continue their motion from the concerned node.
5.  The procedure expires when 99.99% of the total amount of particles is absorbed.

The solution for the issue of heat exchange in solar collector is presented in the form
of the following formula:

Ti:(Skb'Ta+5kf'T/,i+Skg‘bg+Skp'bp)/M (23)

MODELING OF HEAT TRANSFER PROCESSES IN SOLAR ENERGY
COLLECTOR IN NON-STEADY CONDITIONS

To analyze the solar collector operation in non-steady conditions, the diagram of
resistances and heat capacities for the previously distinguished nodes: G, P and F is
presented in Figure 3.

Fig. 3. Thermal network for a flat plate collector for non-stcady conditions

The temporary energy balance for this / difference element in the stationary object
can be expressed by the following formula [10]:
di:
V.-p.'dAl = ZQ. + Obi + Vigi (24)
v g
For the finite thermal capacity of the difference element when there are no
transformations:
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dii dT:
— =Cpi

dt dt

(25)

The fluxes of heat flowing between the nodes were determined according to the
temperature distribution at the beginning of the considered time interval. The partial
first-order derivative of the time interval dt was approximated using the forward difference
diagram. This diagram allows the temperature at the end of the considered time interval
to be determined.

Temperatures in particular nodes are calculated from the following system of

equations:
Tyei=To1 Ar( L, 1 j}rm [Tp,w T +P1<)

L _—W; Eg; E Wg Rgp Rgb
T sr=Toe l—A—T[L+—1~+LJ +Ai(Tg" L +P21] (26)
Wp \ Rob Roe Ry W R.vg Ror Rp

Tres1=Trx 1—A—Y(L+LH+£(E’"+EJ
& U w R R T\ R R

The above system of equations was converted to the following form allowing the
Exodus procedure to be introduced:

Tg,t +1=Tg,x'ng+Tp,t‘pgp+Ta'Pgb+bg,t

Tp,‘ +1= 7;7,1 ‘ppp+Tg,t . ppg+71f,t 'ppf+Ta * Ppb +bp,t (27)
Tf,1+1=T_f,t'pjf+Tp,x'pfp+Tf,i'pf

where: _1_A_r L_FL 2
P W\ Re * Ro 28)

a1
P = W, Re 29)

A1
= (30)

At

b,1=—P1t
= = W, 3D
D —1_A_T(L+L+L) 32
" Wo\ Rpvp  Rpg Ror ( )

. R
P =W, Res (33)
P/—A—TL 34
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g = 1 - AAT L + L]
P Wr\Rp Rr (37
&1 s
pr W Ra (38)
and the following condition is met:
pi+ Yy, pi+pe=1. (39)
J

After each time interval the change in values of p,, p, and p, probabilities was
considered. This is caused by a change in thermal resistance values resulting from varia-

ble weather and operation conditions during
solar energy collector operation. Climate pa-
rameters such as ambient temperature, wind
velocity, relative air humidity affect the va-
lues of p_, p,,, P,, and p,, probabilities. The
solar radiation intensity determines the valu-
es of bg and b absolute terms. The values of
pand p probabilities depend on the value of
volume flow rate of working fluid.

To maintain the physical correctness
of the obtained system difference equations
(27), the time interval was chosen in such a
way that the values of p, properties are never
negative. At the same time the physical cor-
rectness of equations ensures stability and
solution convergence.

Interpretation of the probabilistic mo-
del for non-steady conditions for two first
time intervals is shown in Figure 4. It pre-
sents the history of walking particles passes
starting from the F node which represents
the working fluid in the collector.

To solve the problem, the following
strategy was invoked:

1. At the beginning it was assumed that
the temperature profile for the collector
area at the initial time t is known and
the boundary temperatures, the capaci-
ty of the internal thermal sources, the
convective heat transfer coefficient on
the boundary of particular elements are
known.

2. During the first time interval, i.e. at the
moment t+n-At, where 4t is a time in-
terval of one-second duration and » is

1L

Fig. 4. Model of walking particles distribution for
non-steady conditions
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the number of intervals, the 10* (= M) walking particles start from the node of sear-
ched temperature. Some particles remain during this interval in the considered node
and the others walk in specific directions to neighboring nodes. Also an appropriate
number of particles remain in each of these nodes. The particles which reach the
absorbing boundaries do not participate in further passes. Some particles return from
various directions to the F node.

3. During each successive interval, an appropriate number of particles pass to the plane
of the lower time moment number.

4.  After each time interval the following was recorded:

—  number of particles passing through neighboring nodes per prepared scheme;

—  number of particles which reached the time boundary;

—  number of particles continuing their motion from the F node;

—  total number of particles eliminated from motion at the boundary of known ambient
temperature 7, and at the absorbing boundary of known temperature 7, .

5. The procedure expires at the time of reaching the time plane 7 or at the geometrical
boundary of the area of known temperature.

The value of searched temperature in any node of the network and at any time
for the considered area of collector may be determined from the following formula:

I‘i,\' + nAt = (Skb'Ta+skf'7},i+Sk1 T '{"Skg'bg +Skp'bp)/M. (40)

RESULTS AND DISCUSSION

The analysis was performed for a flat-plate solar collector with the parameters
presented in Table 1. The Thermal Resistance.PAS program was used to carry out an
analysis of the solar energy collector in the steady conditions (author of this program
— Siuta-Olcha).

Table 1. Construction and material parameters of the collector

Parameter Description
Dimensions: length x width, [mm] 1350 x 1140
Gross arca of collector, [m?] 1.546
Aperture arca of collector, [m?] 1.417
Absorber arca of collector, [m?] 1.2
Glass cover thickness, [mm] 4
Absorber plate thickness, [mm] 1.4
Back insulation thickness, [mm] 38

Collector box thickness, [mm] 1
Tube diameter, [mm)] 8.9
Number of transparent covers 1

Glass transmittancc 0.80

Absorber plate absorptance 0.95

Temperature calculations for glass cover, absorber plate and working fluid flowing
out of the collector were performed on the basis of matrix computation and the Exodus
procedure. Table 2 specifies temperature values of working fluid flowing out of the
collector obtained from measurements and calculations, computed by the Equivalent
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Thermal Network method (ETNM) [1], the matrix method (MM) and the Exodus method
(EX). Figure S shows the efficiency curve for the investigated flat-plate solar collector
versus reduced temperature difference (T;o' T )/1 . Figure 6 illustrates i) changes of useful
energy flux gained by 1 m? collector surface, ii) the influence of solar irradiance on thermal
efficiency on the assumption the constant value of mean surplus of medium temperature
over ambient temperature. A detailed analysis of the influence of weather parameters
(,, T, v,) and exploitation parameters (Q, T,) on thermal efficiency of solar collectors of
various constructions was presented in [8, 9].

Table 2. Sclected results of measurements and calculations for the collector in the steady conditions

N o. Ir Q vw 7:: 7}: T/_ummrur T[ oETNM 6 1 T/,' oMM T[ oFEX 62
[W/m?] [m*/s] [m/s] [ [°C] | [°C] [*C] [C] (%] | [°C] | [°C] [%]
1. 330 6.667¢-6 | 3.5 | 13.6 | 239 | 314 305 | 2.87 | 316 | 31.6 | -0.60
2. 460 2.833c-5 | 3.0 | 134 | 168 | 208 196 | 577 | 20.1 | 20.1 | 336
3. 505 4833e5 | 15 | 97 | 132 | 159 150 | 5.66 | 153 | 153 | 3.77
4. 560 7e-5 0 | 329 | 245 | 272 264 | 294 | 263 | 263 | 331
5. 780 2.833¢-5 | 1.0 | 29.0 | 26.1 | 328 315 | 396 | 320 | 320 | 244
6. 800 4.5¢-5 1.0 | 324 | 251 | 294 29.1 | 1.02 | 29.0 | 29.0 | 136
7 800 1.667c-5 | 1.0 | 32.4 | 30.0 | 38.0 39.6 | -421 | 40.0 | 40.0 | -5.26
8. 820 le-5 0 | 287|330 450 | 492 | 933 | 49.0 | 49.0 | -8.89
9. 825 1.333¢-5 | 1.0 | 341 | 322 | 408 450 |-1029| 449 | 449 |-10.05
10. 860 4c¢-5 20 | 291 | 237 | 292 285 | 240 | 284 | 284 | 274
0.7
5, 0.6 12
:é 0.5 \
E 0.4 \
; 03 B
g 02
3 01 e
s B g5 gz g8y e
(=] (=] (=] (=] (=] (=] [=1 (=} =7 o
(T, -T M, Km'IW

Fig. 5. The collector cfficiency versus reduced temperature difference

An analysis of the solar energy collector in the non-steady conditions was carried
out using the STAN_NU.PAS program (author of this program — Siuta-Olcha). The
calculations of temperature in three selected nodes of the collector were performed by the
difference method based on the scheme shown and on the basis of the Exodus procedure.
Selected results of calculations for the flat-plate solar energy collector at subsequent
moments of time are included in Table 3.
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Fig. 6. The influence of solar irradiance on thermal efficiency of the collector and on uscful cnergy flux

Table 3. Sclected calculation results for the collector in the non-stecady conditions

I =600 W/m?, T =10°C,v_=2m/s, 0=10°m's, T = 12°C

No. T TxEX EFDM 5] T;IEX T;)FDM 52 T}GEX T[«JFDM 63
[s] [°C] [°C] [°C] [°C] [*C] [°c]
L. 0 10.50 | 10.50 - 12.00 [ 12.00 - 11.0 11.0 :
2. | 60 | 1076 | 1075 | 009 | 16.00 | 1650 | 3.03 [ 144 141 | 2.3
3. | 180 | 1130 [ 1130 - | 2060 | 2120 | 2.83 18.8 187 | -0.53
4. | 300 | 1190 [ 11.90 - | 2290 | 2350 [ 255 | 211 209 | 096
5. | 420 | 1240 | 1240 | - | 2400 | 2470 [ 243 | 223 221 | -0.90
6. | 600 | 1290 [ 12.90 - | 2490 | 2550 | 235 | 231 228 | -131
7. ] 720 | 1320 [ 1320 | - | 2500 | 2570 [ 233 | 233 23.1 | 086
8. | 900 | 1340 | 1350 | 074 | 2530 | 2590 | 232 | 234 232 | 086
9. | 1200 | 1360 | 1370 | 073 | 2540 | 2597 | 219 | 235 233 | 086
10. | 1500 | 1370 | 13.80 | 072 | 2541 | 2599 [ 223 | 236 233 [-1.29
11. | 1800 | 1380 | 1390 | 072 | 2542 | 26.00 | 223 [ 236 233 [ -1.29
1.=700 W/m2, T =25°C, v_=2 m/s, 0 = 10 ms, T, = 20°C
NOA t TgEX TKFD,‘V 61 7;»[.\’ 7ﬂpr),\I 82 7}:Aﬂ' T[uFDM 63
[s] [C] ] [°C] [°C] [°C] [°C]
1. 0 27.00 | 27.00 - [ 2710 | 2710 - 27.00 [ 27.00 -
2. 60 | 2705 [ 27.05 - | 3060 | 3030 | 099 | 2850 | 2860 [ 03
3. | 180 | 2720 [ 2720 - | 3360 [ 3320 | -120 | 3130 | 3140 [ 03
4. | 300 | 2740 | 27.40 - [ 3510 | 3465 | 130 | 3270 | 3280 | 03
5. | 420 | 2760 [ 27.60 - 3580 | 3540 | -1.10 | 3335 [ 3350 | 04
6. | 600 | 2785 | 27.87 | 007 | 3630 | 3590 [ -1.10 | 3380 | 3400 | 0.6
7. | 720 | 2795 | 2797 | 007 | 3640 | 36.00 | -1.10 | 3390 [ 3410 [ 06
8. | 900 | 2810 | 28.10 - | 3650 | 3610 | -1.10 | 3400 | 3420 | 0.6
9. | 1200 | 2815 | 2816 | 004 | 3654 | 3615 [ -1.10 | 3400 | 3430 | 09
10. [ 1500 | 28.19 | 28.19 - | 3655 | 3616 | -1.10 | 3400 | 3430 | 09
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The heating curves (Fig. 7) representing distinguished elements of solar collector
make the determination of the three time constants possible. The collector time constant
is a basic dynamic parameter of the solar system. Fig. 8 presents the dependence of
a medium time constant on collector thermal resistances in relative values. The thermal
resistance of the fluid has the most important influence on its heating up dynamics. Fig. 9
shows the influence of heat capacities on the fluid time constant in relative values.

; 1,=700 W/m?, T,=298 K, T,,=293 K, v, =2 m/s, 9=10" m%/s
310 —— = =
308 /'/./.-:
306 & —o— TgExM
—a— TpExM
s
~ [/ —a— TEoE
302
3
300
298+
o (=) (=1 (=1 o (=) o o
o 0 o \O (=] < o0
time, s

Fig. 7. Heating curves of solar collector

l}‘=600 Wim?, 7,1, =283 K, v, =2 mis, g=10+ m’/il
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Fig. 8. The influcnce of thermal resistances on the fluid time constant in relative valucs
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1,600 Wim®, T,=T,,=283 K, y =2 m/s, 9=10 m’/sJ
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Fig. 9. The influence of heat capacitics on the fluid time constant in
rclative values

CONCLUSIONS

Generally it is not possible to obtain the solution of the thermal conduction equation
for practical cases by using the analytical method and thus the numerical method was
applied to calculations. The problem of heat conduction with internal heat sources and
non-linear boundary conditions has been solved. To determine the thermal field in a
flat plate solar collector, the Exodus procedure was applied. First of all, it allows for
calculation of the temperature of fluid flowing out of the collector with high accuracy.
The calculated results make it possible to i) analyze the collector operation under any
conditions, ii) evaluate the energetic efficiency of its operation and iii) check the heat
dynamics of homogeneous elements of the collector. On the basis of these data it is then
possible to determine the effective heat flow received from 1 m? of collector area and to
determine its heat efficiency.

The numerical modeling of heat processes occurring during operation of the
collector has, as its goal, their optimization for the purpose of designing, controlling and
economical testing of solar systems.

NOMENCLATURE

—  fluid specific heat at constant pressure, [J/(kg'K)];

—  isothermal node, characteristic for working fluid;

—  isothermal node, characteristic for face cover glass;

—  specific enthalpy, J/kg;

global solar irradiance on collector plane, [W/m?];

total number of walking particles starting from the 7 node, i.e. the node of
determined temperature, [-];

—  isothermal node, characteristic for absorber plate;

la~] QNNN'OTJJ‘
|
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p; —  transition probability of walking particles from i node toj node, [-];
Pl —  thermal energy emitted in glass cover in the middle of its thickness, [W];
P2 —  thermal energy emitted on absorber plate surface, [W];
P3 —  heat transferred by absorber to working fluid, [W];
Q —  volume flow rate of heat transfer fluid, [m%/s];
Q,—,- —  thermal flux reaching i node from neighboring j node, [W];
4, —  useful energy gain from collector, [W/m?];
q, —  volumetric capacity of heat source, [W/m’];
R, —  thermal resistance of working fluid, [K/W];
thermal resistance between difference element with i node and differential
R. - in b
j element with j node, [K/WT];
Sp —  absorber plate area, [m?];
S, —  collector area, [m?];
S, —  glass cover area, [m?];
sk _ total number of walking particles passing through the P node in which the
4 internal source of heat with P2 power is active, [-];

Sk _ total number of walking particles absorbed at the boundary, equated with
! the boundary of known temperature of fluid flowing to collector T L
sk _ total number of walking particles eliminated at the boundary contacting

b outside air of known temperature T, [-];

total number of walking particles passing through the G node in which

sk - ' . . )

g the internal source of heat with P1 power is active, [-];

number of walking particles which started their motion in the / node and

sk —  finished it in the time plane 1 of known initial temperature 7, of a given
node, [-]; '

Ty — inlet fluid temperature, [K];

T/;o —  outlet fluid temperature, T, =T, [K];

T, —  temperature of solar collector element with characteristic i node, [K];

T, —  ambient temperature, [K];

4 —  volume, [m®];

v, —  wind velocity, [m/s];

w —  heat capacity, [J/K];

x, ¥,z — coordinates.

Greek symbols

a —  absorptance of solar radiation, [-];

AT —  time interval, [s];

A —  thermal conductivity, [W/m-K)];

p —  density, [kg/m’];

% —  transmittance of solar radiation, [-].

o0 SN o

Subscripts

boundary;
fluid;
glass;
plate.
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