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GH;[ ?DGRP ABG<=BGRDN7OP BRDE: ?E DE9DN>: C=< G>G:>CG7: 7 =<8R: ;< 7FI @: ;< DRQL
97@>Q; s - DE9DN>: C=> DN>K>M1 ] @7N: >M7B>G?;<BE: ?;\ h - 7D;7HRMr - AB7Q;<L
: ;7HRMwlot, wylot. 

r(j) ls.wlot l1h,wlot 

llr,wlot 

QJ.,r,wlot 

h(i) 

b
i,j-1 

I s,wylot 

i,j 

b !
i,j+l 

llr,wylot 

QJ.,r,wylor 

J lh,wylot 

/ RDS 3S ` ;@>: D <: <BF;; <@<Q<: NE ,,i, j" 

$: <BFR 9>@>: C< _7BN̂< <@<Q<: N"i, j" 



16 ! " #$ %#&' ( ) * +, * ) -* ! . /* 0 0 * 1 #-* ! -2) -+#

3456 789:; 5<=:> ?=@<9A:: A456BC@7. D? E6AF6E<BG; 6 5 H<=?I 7 ?9?J ?=@> 4KDL
=:; 7E?I 7 M@4>J :?N M>8M@<=;B: J < @?J A?4<@>4C @?I 7 ?9?J ?=@>. @5=O EM56M@P:?
M>8M@<=;B?Q P<487=:5<@: ; 5CR; : 97@=? J <BGB?H=<P7EG@?J A?4<@>4C A7 E6BR; :>
5 ?9?J ?=@> 4KD=:; 7E?I 7O

0 <M@CA>BG; ? 5<9?D=7R; : 7A:M>BGMPF<H7E? 8:9<=M> J <M6 : ?=?4I :: H9< ?9?J ?=L
@> ..:. j" SA7H<=7 A456PF<H7E? M@4>J :?=:?. <86 >A47R; :T 5<A:MA7J:= :C@7 A7L
A:KFUO

M@4>J :?NE97@7E6 M>8M@<=;B: M@<F?BQ

ms.wlot= (l-zi-1)ms,o,j, 

?=@<9A:< M@4>J :?=:< E97@7E?I 7 M>8M@<=;B: M@<F?BQ

(16) 

(17) 

?=@<9A:< 7M:7E?I 7 M@4>J :?=:< E97@7E?I 7 M>8M@<=;B: 97@=?B.
I H6 tn-«, V Pi,/ 

SWX<U

I H6 ».:«, V Pi./ 

11,h,wlot Y m1,h,wlot{ Cp,1(Tw-T,,)+ i,h,t,i)' 

?=@<9A:< A47J :?=:7E?I 7 M@4>J: ?=:< E97@7E?I 7 M>8M@<=;B: 97@=?B.
I H6 I H6 Pi,j-1 V Pi,/ 

11,r,wlot Y m1,r,wlot{ Cp,i(T;,j-1,j- &..U+ i,h,l,i,j- i}, 

I H6 Pi,j-1 Z Pi,/ 

11 I Y m1 I [ ; 1(T: --T..)+iht. ·} ,r,w ot ,r,w ot p, W.W n ; . .W./ .

SWX8U

SW\ <U

(19b) 

] M@4>J :?N ; :?AF< H7AF6E<BG; 6 H7 ?9?J ?=@> ..:. j" A45?5 A45?E7H5?=:?
5 ?9?J ?=@> ..:. j- /^Q

2 :
Q,1.,,,wlot Y .1/' j + 2L1r) 2nL1h(T;,j-1,j- T;,j). 

_:9<=M?=?4I:: H<=?I 7 ?9?J ?=@> ..:. j" E6I 9GH< =<M@CA>BG; 7 SA7M5; 5?I K9=?
@J@<9A:? A:M<=? MGH9< P:?4>=PKE A7P<5<=6; ` =< 46MO a 5 5<; 5?4=:7=6J : I 47L
@<J :UQ

(20) 

fs,wlot + 11,h,wlot + 11,r,wlot + Q.1.,r,wlot + Q,1.,h,wlot Y

Y fs,wylot + ft,h,wytot+ f1,r,wytot+ Q.1.,r,wylot + Q,1.,h,wylot· SbWU

" KE=<=:< @? @E745G>PF<H 4KE=<NJ <; :?457E6; ` . E P@K46; ` =:?E:<H7J 6L
J : MGE<4@7R; : @?J A?4<@>46 EM<H> : M>8M@<=;B: 97@=?BE ?9?J ?=@<; ` EM<H> Ti,j· 

34<E? M@47=6 4KE=<N A45?HM@<E:<BGH7H<@=:? 9>8 >B?J =? c4KHF< ?=?4I :: E 5<9?L
D=7R; : 7H @6A> A45?8:?I > A47; ?M>Q?=H7@?4J: ; 5=6 9>8 ?I 57@?4J :; 5=6O

d+/ d&/ Y d1 /O (22) 



! " # $% ! & ' $ ! & ' ( ) *+ ( , &%) " , $ - . " ! " / ( 01/ " %1' ( ) * +$ - 23

045 6789: ;<5 =>=?> @A89BC6DA9AE: F=?4=: 4 5>;A=G?C;9: H45 : I , >;A=G?
J: 8B=>8JKEALBM: N

2I 5 48?G4@4;6 5 >;A=: GC;9: H45 6 11;4O9>LA P86@: J;?> 48?45>QR5>;A=: G
+: A@>==>N

8T(h, r) I _ ar - " R
r= O 

PST>Q

SI => E45 ?: ;9MU=? 9: 5 =KJ;9=:L VM?>=6 ;: >GJ4;> 5>;A=: G C;9: H45 6 111 ;4W
O9>LAR5>;A=: G X4A;?: ;>N

TI => H;>=?M6 VM?>=6 ?5 8>OA 5>;A=: GC;9: H45 6 1Y ;4O9>LAN

A aT,,,(h, r) I Z R2IaT(h, r) I 
ser a a 

T r=R; T r=Rr 

PSTCQ

PSTMQ

Z[ T.,lr=Rr Z Tlr=Rr· 

/ <5=>=?: @>M?: ;945 : PSSQA9AE: F=?4=: 4 5>;A=G?C;9: H45 : PST>\MQ;49W
5?B965 >=: L: 8J @: J4OB] >A88>I

^MU: @>J AGF>OA ;: >GJ4;> PG4@4;6 E?;4_?J6M9=:LQ 5 ;>9 9 G4@4;B 8E>_>=?>
?G4@4;B H>9<5 8E>_?=45 6MU E;9: O8J>5 ?4=4 => ;68I ` I

, 4C_?M9: =?>MU @4O: _45 6MU 5 68JKEALB: =J>_E?: MU: @?M9=: 8AC8J>=ML? _4JW
=6MU E;9: EF65 >LBM6MU E;9: 9 O>=6 : _: @: =JR> =?: J6_G4 E45 8J>LBM6MU E4OM9>8
4OH>945>=?>I ^JBO A5 9H_KO=?4=4 @?: 89>=?: E;9: EF65 >LBM6MU 8AC8J>=ML? _4JW
=6MUI # 4 O>=: H4 : _:@: =JA O4EF65 > O4O>JG45 4 8AC8J>=ML> _4J=> 9 8B8?: O=?MU
: _: @: =J<5 P48?45 4 ?E;4@?: =?45 4QR4;>9 E4 9@?: 89>=?A 5 6EF65>5 G?: ;A=G>MU
48?45 6@ ? E;4@?: =?45 6@I ^JBO 5 ;<5 =>=?>MU C?_>=8A : =: ;H??PS2QL: O=4_?J:
49=>M9: =?: :=J>_E?? M9KVM? _4J=6MU 5 6EF65 >LBM6MU 9 O>=: H4 E?: ;VM?: =?> \
i,ht, wylot· 

, a&b) 1, " b) 1 X&* ^' &a$- 1 ] &* " ,$ -

^AC8J>=ML> 8J>F> CKOBM> 5 E4M9BJG45 :Lc>9?: E;4M: 8A 5 8>O: @ \ 8AC8J>=MLB
8A;45BRA_: H> M?BHF:L E;9: @?>=?: 4OH>945 >=?> E4_: H>LBM:L 5 8G;<M?: => A5 KHW
_>=?ARJLI 59;4VM?: AO9?>FA E?: ;5?>8JG> 5KH_> 5 8AC8J>=ML? 8J>F:LI . 4dM45 6@
E;4OAGJ: @ 8J>F6@ E;4M: 8AL: 8J8AC8J>=ML> 4 C_?8G4 2eef AO9?>_: 5 KH_> \ _?W
M9BMO_> 8J>=A PO>cQ8AMU: H4RC: 9E4E?4F45 : H4 PO_> J: @E: ;>JA;6 G4dM> 4OH>94W
5>=?>R=EI O_> 5 KH_> G>@?: ==: H4 E;96L@AL: 8?K T= 2gee K hSiQI W =?7896MU
J: @E: ;>JA;>MUAO9?>F5 KH_> CKO9?: 4M965 ?VM?: @=?:L896I ^AC8J>=ML> 8J>F>5 J;>W
GM?: 4OH>945 >=?> 9@?: =?> 85 : 5F>8=4VM? c?96G4MU: @?M9=: N M?: EF4 5 F>VM?5 : R
5>;J4VD4E>F45 B P: =J>_E?> 8E>_>=?>QR5 8E<FM96==?GE;9: 54O=?MJ5 > M?: EF>I , >W
7=>L: 8JJ: 7 9@?>=> 4CLKJ4VM?9?>;: =N G89J>FJAR5 6@?>;<5 RO: M6OAL: 4=> 4 E4;4W
5>J4VM? 9F47>I

1_4VD 4OH>945 >=:L 8AC8J>=ML? _4J=:L 4;>9 L:L 8GF>O MU: @?M9=6 ? : =J>_E?>
8E>_>=?> 5 O>=:LJ: @E:;>JA;9: 8B 9@?: ==: ? 8B 4G;: V_>=: O4V5?>OM9>_=?: h̀ iI



! " # $%&' %( ) * + , - . , +/ , # 0 1, 2 2 , 3 %/,# /4+ /- %

J sp,wylor 

( T,p,wylor) 

J ,p,ovt 

( T,p,ov,) 

9;=, g,,., s, 

5670

(T,P,h-ednie) 

¼r,F2 

T,,, Ji~I~ 
T., 

8 9: ; (T,,) 
<=: >?5 (T,,) 

R, r(jJ 
@@A@B

h(i) 

V 

.1h 

·.·.·.·.·.·.·. 

I sp-wun 

(T,p,wlot) 

I,p,in 

(T,p,in) 

7!>

CDED>: 9F:G: HI:
<DEJK9LIDH <=: EJ5>

$M97 N7' <=5E: LKCO: ; KCDED>MFI>DGILM<PH5Q8>:PP DL: <P:QR<MEI CDED>: EI 9F: G: HI: C: >JDHIP: LK
I C:H: O5E ?:PS8 9F: GIHD8 M<=

' <=5E5 DTL=5 FM>DGM9I9 <=:E J5>:H; 9K>>DH; IH? <DEJK9LIDH<=: EJ5>TD><:>JDHI9: L5 : H; FM>DGMU
9I9 ?:959



! " # $% ! & ' $ ! & ' ( ) *+ ( , &%) " , $- . " ! " / ( 01/ " %1'( ) * +$ - 23

0/ " 4 / &! " 5%1) * $+1" , (

" 016 &%4 " / (' ! 7 " 5%1) * $+1" ,$ 4 "

089: 8;< 9=>?@ABC?9DE 9F?GHIJ@E F89@BGE A; @K9LAJ@B D 9L: ; A9DED; @AH
C; F?G; CE A9GM; ND IOAEPH 598>; CL 0; G@; > QRSR 08T@A : NTDCE@K F89@BLH89=U
>?@A; C?; 9L: ; A9D; C?; P9< 98E F?89>?ME@ACBI D F89: 8;< ?BDEGMOFHIJ ?CCBF89@BU
LH8E 9P8BV>;IJ@BW

XMB< FB8;MH8OGF; >?CD P9< 98AB GF; >; C?; Y
XDGFTN@AECC?P?DC?P; C?; @?BFN; 9L GF; >?C 98;A 9L V@?; CE P9< 98E GF; >; X

C?; L9 8H8E 8B; PM98; Y
XGM9GHCP?9L: ; A9D; C?; AHFBNCB: 9 L>; L9D9>CE@K MB< FB8;MH8F8AB< ?; CEY
XA<?; CE BCM; >F??GF; >; C?; P; 8=9C?A; MHYGH=GM; C@I?>9MCE@KR
09@AJMBP F89: 8;< H A; D?B8; DF89D; LABC?B DN; V@?D9V@?DG; LHYMIR GPN; LH

B>B< BCM; 8CB: 9YBCM; >F??GF; >; C?; YA; D; 8M9V@?GH=GM; C@I?>9MCE@K 98;A : OGM9V@?Y
I; P 8TDC?BZ @K; 8; PMB8EGMEP? 9L: ; A9D; C?; W ?>9V[ ? GPN; L GH=GM; C@I? >9MCBI
D \HCP@I? MB< FB8;MH8ER. 9< 98; GF; >; C?; 9F?GED; C; IBGMM; PZB F8ABA DGFTNU
@AECC?PC; L< ?; 8HF9D?BM8A; Y IB: 9 MB< FB8;MH8OY A; D?>: 9@BC?BY GDJ : B9< BU
M8?O ? : 8H=9V[ V@?; CP? ?A9>; @I? GA; < 9M9DBIR , F?B8D 9=>?@A; C; IBGMMB< FB8;U
MH8; P9< 98E GF; >; C?; A =?>; CGH BCB8: ??98;A A 8TDC; ] GMB@K?9< BM8E@ACE@K
98;A MB< FB8;MH8; GF; >?C C; DE>9@?B A P; C; NH GF; >?C9DB: 9 ^P; C; N DALNHZ
V@?; CP? P9< 98E F?89>?ME@ACBI_Y FT̀ C?BI P98AEGM;IJ@A ME@K MB< FB8;MH8 A; PN; U
L; G?OV8BLC?J MB< FB8;MH8OV@?; CP?8H8E P9< 98E F?89>?ME@ACBIY@9 H< 9Z>?D?;
9=>?@ABC?B DGFTN@AECC?PTD 8;L?; @EICE@K DC?P; C?; @?BFN; 9L GF; >?C ? V@?; CE
P9< 98E GF; >; C?; L9 8H8E 8B; PM98;R ' B8;A L9P9CHIB G?OF9LA?; NH 8H8E 8B; PU
M98; C; B>B< BCM; 8CB F?B8V@?BC?B 9L: ; A9DHIJ@BR+; GMOFHIBF8AEIO@?B GM; 8M9DBU
: 9 F9>; MB< FB8;MH8DG; LH?A9GM;IJ 89AD?JA; CBHPN; LE 8TDC; ] =?>; CGH< ; GE. .. 
2 BCB8: HR

/ 9AD?JA; C?B9GM; MB@ACBIBGM9M8AE< ED; CBC; L89LAB?MB8;@I?FT>MB< FB8;MHU
8E ? DN; V@?D9V@?DG; LHR

0/ * (. a&# " 5%1) * $+1" ,(

" =>?@ABC?; < 9LB>9DBDEP9C; C9 L>; 9LF; LTD L8ABDCE@K XM89@?CM; 8M; @AU
CE@KYABDA: >OLHC; F9G?; L; C?BL9GE[ 9=GAB8CE@KL; CE@K< ; MB8?; N9DE@K?@K; U
8;PMB8EGMEP 9L: ; A9D; C?; R08AEPN; L9D9 F8AEIOM9 : B9< BM8?OP9< 98E F?89>?ME@AU
CBI ? DEL;IC9V[ F89@BGHR

# ; CB F8AEIOMB L9 9=>?@AB]

, 9=>?@ABC?; @K F8AEI< 9D; C9 D; 8M9V[ BCM; >F?? @KB< ?@ACBI B̂CM; >F?? GF; >; U
C?; _ 9P8BV>9CJ C; L89LAB >; =98;M98EICBI ?A; PN; L; C9 I; P9 A< ?BCCJ D F89@BG?B
bcdR1CCB DN; V@?D9V@? =ENEF8AEIOMB A >?MB8;MH8E I; P9 GM; >BYMIR @?BFN9 DN; V@?DB
cP,•' DGFTN@AECC?P F8ABD9LABC?; @?BFN; Ai. 

4 NTDCB L; CB M89@?C F8AEIOMB D 9=>?@ABC?; @K F8ABLGM; D?9C9 D M; =B>? 2R



! " # $%&' %( ) * + , - . , + /, # 01, 2 2 , 3 %/, # /4+ /- %

( 56785 9: + ;5<=>?@<=> AB@=>CDBEFGHA7 I @@68>=E7J KLM
NB@D7BA>7O@PAQ7 O5?I ROAP@BAQ7 =58=R85A>@COKLM

+ ;5<=>?@<S 17I C@OAT5 + 5BA@<S
NB@D7BAF UC>A V58R7

, C58>E5 787W7CA5BC5
X W5O@? 7487W7CA5BF 5C58FO>O

- YZ0" Z
H [ 0L"
N 90\ ]
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