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HYBRID METHOD OF STRAIN AND STRESS ANALYSIS IN 
FATIGUE CRACK ZONE 

The paper shows the hybrid method of stress and strain distributions analysis. 
In the method, the results of displacement measurement were used as boundary 
conditions in the numerical analysis of the tested objects. The numerical analysis 
was performed with the use of the finite element method (FEM), whereas measure­ 
ments of displacement were made by laser grating interferometry technique (moire 
interferometry). Examples of tests presented in the paper show good effi ciency of 
the method in the analysis of stress and strain distribution in the areas of their het­ 
erogeneous distribution. Mutual completion of laser grating interferometry and finite 
element method makes it possible to exclude their disadvantages creating broader' 
possibilities for research impossible to achieve in separate use. 

1. Introduction 

A number of models used in the fatigue analysis of structural parts and 
criteria accepted in the evaluation of their fatigue life and strength require 
full information on the state of stress and strain in the areas of elements 
prone to cracking. Usually, in order to define it, analytical methods are used 
as well as the commonly available advanced numerical tools, mainly finite 
elements method. However, in both cases the practical possibility of their use 
brings about a necessity of introducing many simplifications, assumptions 
and limitations. It is connected mainly with the complexity and variety of 
the geometrical characteristics of the objects, complex character of stress and 
diffi culties in material properties modelli ng. . 

The situation is not much different in the case of experimental method use 
either, in which the results of measurements are usuall y limited to a chosen 
component displacement and strain or their combinations, without making it 
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showing importance of the characteristics of the mesh in the geometrical 
model and the types of elements used to create it. 

A wide review of hybrid methods used in the analysis of issues related 
to fracture mechanics was presented in the paper [5]. Laser grating interfer­ 
ometry method and finite element method were used, among others, in the 
tests of the state of strain and stress at the crack tip in nuclear pressure vessel 
steel. 

2. Hybr id, exper imental-numer ical method of strain and stress analysis 

The basic result of the numerical analysis with the use of finite ele­ 
ments method are the components of strain and stress as well as the main 
stress/strain, intensity of the main strain/stress calculated on the basis of these 
values, as well as their equivalent values calculated with the use of effort 
criterion. These values are assigned in the mesh nodes of the tested object, 
whereas in other areas of the geometrical model the values of the required 
quantity are generated with the use of a postprocessor on the basis of the 
descriptions of material properties in individual finite elements. 

On the other hand, the results of using experimental methods in most 
cases are limited to the chosen component of displacement and strain, and 
in some cases indirectly to stress. 

Due to that fact, the possibility of "completing" the information on the 
state of strain and stress obtained with the use of experimental methods by 
using numerical methods seems to be very attractive from the point of view 
of the issues of experimental mechanics of solids, including specifically the 
issues of fatigue of material and structures. 

3. M ethodology of hybr id analysis of strain 
and stress distr ibution - HASS 

One of the reasons why the results of experimental tests are often insuf­ 
ficient in the issues concerning fatigue analysis of various technical objects 
is the lack of direct possibilities of assigning component strain in loading 
conditions causing plastic strain occurrence. 

On the other hand, the use of numerical analysis in such cases is not 
always effi cient or possible. There are some reasons for it, out of which the 
most important ones are the diffi culties in accepting the appropriate assump­ 
tions for the building of geometric and material models and the necessity of 
a very precise reproduction of the state of loading in the analysed object. 

In many cases, the simple limitation of modell ing only to the zone of 
the element covered by the fatigue analysis causes significant simplifications, 
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Application of the methodology described above in determination of 
strain and stress distribution will be presented on the example of strain and 
stress analysis in the area of fatigue crack zone. 

In the present state of work, the analysis of the state of strain and stress 
is realised on two-dimensional geometric models. 

4. Research objects and loading conditions 

In the tests, two types of specimens with a propagating fatigue crack 
were used, as shown in Fig.2. 
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Fig. 2. Specimen: a) AL type, made of aluminium alloy D16CzATW, b) ST type, made of steel 

18G2A 

The specimen marked with the label AL was made of aluminium 
D16CzATW alloy (equivalent of 2124) with mechanical properties given 
in Fig. 3a. During the test, the specimen was treated with one-side axial 
loading with R = O and maximum nominal stress value of Smax = 62.5 MPa. 
Second specimen (Fig. 3b), marked ST, was made of 18G2A steel (according 
to Polish Standards - P355N according to EN 10028-2). 

Similarly to the specimen made of aluminium alloy, during the tests of 
ST type specimen one-side loading was used with constant nominal stress 
amplitude Smin = 4MPa and Smax = 64MPa. 
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object with 
specimen grating 
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A, B laser beam - I/' .· 'l/ 
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mirror 

mirror 1 
CCD camera laser 

Fig. 4. Optical arrangement of laser grating extensometer LES 

surement in two perpendicular directions with the use of cross-line specimen 
gratings. 

AL and ST specimens with a measurement head applied during the tests 
are shown in Fig. 5. 

Fig. 5. Displacement measrement: a) AL type specimen, b) ST type specimen 

As a result of the measurements, displacement maps in y and x directions 
were obtained. The displacement 8y and 8 x in the "points" reflecting nodes 
on the boundary of finite elements mesh were used in the further numerical 
analysis, as boundary conditions. 

Fig. 6 and Fig. 7 present an example of displacement distribution maps 
for AL and ST specimens, while in Fig. 8 and Fig. 9 their distributions m 
cross-sections limiting the area of numerical analysis is plotted. 
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Fig. 8. Example displacement distribution for border of numerical analysis area for y (a) 

and x (b) direction for AL type specimen (S = 62.5 MPa) 
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Fig. 9. Example displacement distribution for border of numerical analysis area fory (a) 

and x (b) direction for ST type specimen (S = 64 MPa) 
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for a full , two-dimensional model of cracked specimen (Fig. 11). In this 
analysis, the same material model was applied and loading corresponding to 
loading used during experimental tests. 

a) 

number of elements: 8504 
number of nodes: 17008 

Fig. 11. Mesh of finite element used in analysis of whole AL type specimen: 

a) view of whole geometrical model, b) crack zone 

7. Results analysis 

The conducted tests and their results allowed for carrying out two types 
of comparative analysis. In the case of AL specimen, a comparison of strain 
and stress distribution obtained by the hybrid and numerical methods was 
made, whereas in the case of ST specimen the comparison included the 
results of the analysis conducted with the use of hybrid and experimental 
methods. 
- AL specimen 
During the tests, both in the case of numerical and hybrid analysis, all com­ 
ponents of the strain and stress state in the specimen were determined for 
individual phases of loading cycle. For comparison purposes, the components 
E:y and e, of strain and cry and crx of stress state were chosen. Fig. 12 shows 
their distributions in the zone including fatigue crack and its surrounding. 

Despite significant differences in the model itself, as well as in the 
method of loading in numerical analysis, the results of calculations in both 
cases are very similar. It applies to both their qualitative and quantitative 
character. In both cases, the characteristic stress and strain distributions for 
propagating fatigue crack were obtained. 

Comparison of their maximum values obtained in the hybrid and numer­ 
ical analysis showed a difference of about 3% for a-y, 30% for o , and about 
11 % for both E:y and Ex- Maximum stress reached higher values in the case 
of numerical analysis (cry = 372 MPa and o , = 222 MPa), whereas strain in 
hybrid analysis (cy = 1 % and e, = 0.2%). 
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cry, MPa 
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59':;< 311. ll l - 375 

<Jx, MPa 
d) 

- 230 - - 179. 444 
CJ - 128. 889 
34 - 78. 333 
=4 - 27. 778 
£lEEil 22. 778 
2!> 73. 333 
34 123. 889 
li8!£l 174. 444 - 225 

Ey, mm/mm 
?0

- . 0032 r---~ - - . 001733 
CJ - . 267E- 03 
34 . 0012 
34 . 002667 --...... 
BEE] . 004133 
CJ . 0056 
34 . 007067 
5)9' . 008533 - . Ol 

h) 
Ex, mm/mm 

- . 0033 - - . 0027 
CJ - . 0021 
34 - . 0015 
34 - . 900E- 03 
+4 - . 300E- 03 
34 . 300E- 03 
34 . 900E- 03 
@ABB7<. 0015 - . 0021 

Fig. 12. Stress and strain distr ibution obtained by hybrid method (a, c, e, g) and numerical 

analysis of whole AL type specimen (b, d, f, h) 
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The strain and stress distributions acquired by hybrid method (Fig. 12) 
were determined for the specimen with certain loading history, which was 
not taken into account in the traditional numerical analysis. One of the main 
reasons for the occurrence of differences may therefore be the changes of 
strain state in the area of crack tip caused by accumulation of plastic strain 
during cyclic loading and local material properties changes; which were not 
taken into account in the finite element method. 

Introducing the measurement results into the numerical analysis gives 
possibilities of considering, during calculations, the fatigue effects connect­ 
ed with the history of loading realised previously. However, an especiall y 
significant role plays the applied method of material properties modell ing 
(especiall y in the case of one-side loading), which requires taking into con­ 
sideration the influence of the cyclicall y changing plastic zone in the area of 
crack. 

It also requires developing the procedures allowing for elastic unloading 
of the specimen with retaining the plastic effects and moving their effects to 
next loading cycles in the following phases of numerical analysis. 
- ST specimen 

During the experimental part of the tests on ST specimen, beside of the 
measurements of displacement distribution required for the hybrid analysis, 
strain distributions in the area of fatigue crack were determined also. These 
tests made it possible to verify the strain distribution determined by the 
hybrid method, according to the described methodology. The example results 
obtained in the investigations are shown in Fig. 13. 

Comparative analysis of the experimental and numerical results was con­ 
ducted for strain distributions in the directions y and x determined for max­ 
imum value of nominal strain in cycle Smax = 64 M Pa. 

Images of interference fringes observed during the experimental tests and 
the strain distributions determined on their basis for the whole measurement 
field are shown in Fig. 14. 

Fig. 15 shows strain distribution maps Ey and Ex determined by hybrid 
and experimental methods. The comparison of the general characteristic of 
the obtained strain distributions allows one to notice their similarity both in 
the case of Ey and Ex strains. 

The main differences are of the local character and apply to two specimen 
areas: the near crack tip zone and the area along the crack line. In order to 
represent them in Fig. 16, strain difference maps are shown in the indicated 
specimen areas, while Fig. 17 compares the examples of distributions of Ey 

strain in two cross-sections of the specimen in y and x directions. 
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b) hybrid analysis 
0% 

ey, % 

0.38% 

-O.I% 

0.1% 

Fig. 15. Comparison of experimental (a,c) and hybrid (b,d) strain distributions 

a) b) 

Fig. I 6. Distributions of experimental and hybrid strain differences 6c:: a) y direction (6ey), 

b) x direction (6c:,) 
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The sources of the differences, which appeared in the comparison of 
the results of hybrid and experimental strain analysis, can be found in both 
methods. 

The differences of the maximum values of strain determined in the area 
of crack tip in the case of the laser grating interferometry method result 
mainly from the diffi culties of defining their value around the edge of the 
crack, which, taking into consideration a very high strain gradient, results 
in an apparent lowering of maximum values. The high strain gradient may 
also cause exceeding of the measurement range (excessive concentration or 
excessive reduction of interference fringes), especiall y in the case of the mea­ 
surement of the full loading cycle, when the wide range of loading changes 
makes the full measurement impossible (for high and low loading values) for 
single optical setup properties. 

In the case of finite elements method, the possible overestimating of the 
strain value on crack tip may be caused by assumptions accepted in crack 
modell ing as well as due to neglecting the loading history in calculations. 

Since the values of nominal stress did not exceed 0.2Re (Re - yield 
strength), the determined strain values should be less influenced by the plastic 
zone occurring at the crack tip. This may be confi rmed by the fact that any 
noticeable cyclic plastic zone did not remain in the specimen after unloading. 

The second area in the crack zone, which exhibits differences of the 
determined strain values, is the zone occurring behind crack tip. The result 
of the measurement has not confi rmed the effect of specimen unloading on 
the edges of crack resulting from FEM analysis. Similarly as in the previous 
case, it may result from neglecting the changes of the material state in front 
of crack tip, appearing as a result of cyclic loading. It may also be the effect 
of the assumption of complete separation of the specimen along crack line 
accepted in the FEM analysis. 

Certain possibilities of correction and verification of such assumptions in 
the case of hybrid method could be created by introducing the measurement 
data from the area of crack edge into the numerical model. 

A more comprehensive verification of the suggested experimental-numerical 
strain and stress analysis methodology in the area of fatigue fracture requires 
conducting a number of further tests, i.e. in different loading ranges (with 
plastic strain), for different specimen geometry, for areas showing diversifi ­ 
cation of cyclic material properties. 
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`5a #?C?[ DS>I &TI , ^; E; I bT\ ) 9: c M; D>9FJC>< ' : 89?< ?A , 8C;>@ - @; EFD>D >@89: +; 8>PM: / >A:
2 ; EGME; 8>?@' : 89?<DI d, 8CMG8MC;E %@8: PC>8F >@89: 5VD82: @8MCFdI ( ' - , I 5WWWI ==T Veef V6WT

`ea / >=DS>- T\ . MB: C>G; E <: 8: CB>@; 8>?@?AA;8>PM: E>A: A?C %UB?<: GC;GS>@PI 4: D̂F8F . ; MS?Q:
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