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DYNAMICS EFFECTS CAUSED BY THE "SQUAT" TYPE 
OF A CRACK IN THE RAIL TREADS 

The authors present the part of research devoted to the "squat" -type crack 
development in the heads of railway rails. This paper contains description of the 
results of investigations of the influence of the dynamic interaction, between the 
railway bogie running along the track on the "squat't-type crack development. The 
studies are performed by the use of computer simulation technique. The study is 
divided into two parts. The first part explains, how the vertical displacement of the 
wheel varies during the quasi-static roll ing of the bo gie wheel along the cracked rail. 
In the second part of the paper, this displacements fluctuation is introduced to dynamic 
analysis. The histories of the wheel-rail force fluctuation during passage along the rail 
with the "squat'l-type crack were obtained as the result of dynamic analysis. 

NOMENCLATURE 

$
H
C 
F 
K 
C-- C#
0!
M 

- length of crack 
- Young's modulus 
- damping-gyroscopic matrix, 
- external excitation vector, 
- stiffness matrix, 
- mode I and II stress intensity factors 
- sleeper spacing, 
- mass matrix. 
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2. Part I - Determination of the vert ical displacement 
of the railway wheel 

The "squat"-type cracks occur in the rail head. They are characterized by 
a complicated spatial shape. In the initial stage of development, their shape is 
close to half-elliptical with the main axis inclined under the angle of 45 
degrees with regard of the rail longitudinal symmetry plane and with the crack 
plane inclined under the angle within the range of 15-;- 20° degrees with 
regard to the horizontal plane. However, for determination of the railway 
wheel vertical displacements, the 2-dimensional contact analysis was applied 
in order to avoid complications associated with an application of the 
3-dimensional contact analysis. The representation of the "squat"-type crack 
in the 2D-model is presented in Fig. 1. 

plane of 2D model 

__ , 

Fig. I. The "squat"-type crack in the rail tread and its representation in the rail 2D-model 

Such simplification leads to a greater variation of the wheel vertical 
displacements, because the results determined using this approach corres­ 
pond to the whole rail head, cracked as shown in Fig. 2. 

Similarly, at further stages of the research, the authors consequently 
took assumptions aiming at emphasizing the influence of the crack 
on dynamic effects. 
The 2-dimensional model consists of the rectangular prism with the oblique 
crack as well as of the cylinder with a diameter equal to the railway wheel 
diameter. The support of the prism and its dimensions are presented in Fig. 3. 
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were assumed for the material of the prism and cylinder, which corresponded 
to the properties of steel, i.e.E=210000 MPa and v = 0.3. The linear-elastic 
material was assumed in the analysis. The analysis was quasi-static in 
character. The two investigated variants of the crack were without and with 
the gap between the crack faces, respectively. 

In the second case, for the unloaded state, the gap between the faces varied 
linearly from 15 µmat the surface to O at the tip of the crack. Such gap was 
selected to represent the crack wall wear observed in real cracks of the rails. 

The Coulomb model of friction was applied between the prism and the 
cylinder with the coeff icient µP = 0.4. However, no friction was assumed 
between the crack faces, i.e. µs = O, in order to maximize the vertical 
displacements of the cylinder caused by the crack. 

In order to solve the contact problem between the prism and the cylinder 
as well as between the crack faces the authors used the method based on 
applying flexibility matrices of the bodies in contact [6]. The standard finite 
element code was applied to determine the flexibility matrices. An approp­ 
riate boundary element, finite difference codes or other analytical-numerical 
methods could be used for this purpose, because the flexibility matrix method 
does not requires any contact elements. 
The numerical simulation of the process of cylinder roll ing along the prism 
consisted of many partial solutions of the contact problem for the successive 
cylinder positions. In the each solution, the final state of the former solution 
was assumed as the initial state during the simulation. Normal and tangential 
forces in the mesh nodes belonging to the contact were determined. One also 
found the micro-slip in such nodes where the following condition was not 
satisfied: 

t, ::;;p" · µ (1) 

where P11, t, are the normal and tangential force, respectively, andµ denotes 
the coeffi cient of friction. 

Each solution was used to determine the vertical displacement L'lz of the 
cylinder's center necessary to reduce to zero the clearance between the 
cylinder and the prism, so that the two surfaces, deflecting under the contact 
forces, would touch one another. 

The results of these solutions were stored for each 0.125 mm to be used for 
drawing diagrams presented below. The contact forces determined from the 
solution of the contact problem were applied to calculate the stresses and 
displacement in the prism, and then these stresses and displacements were 
used for determination of the stress intensity factors at the tip of the crack. 
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Fig. 5. The vertical displacement of the center of cylinder in domain of the cylinder current position 

3. Part II - Dynamic analysis of the bogie motion on the track 

In order to determine the possibly realistic dynamic wheel-rail contact 
forces by means of the computer simulation, it is necessary to introduce an 
appropriate mechanical model of the railway running gear and the track. This 
model should enable us to investigate the vehicle-track dynam.ie interaction in 
the frequency range at least O+ 1000 Hz, with particular attention focused on 
the so called medium frequency range of 30 + 500 Hz. As it follows from e.g. 
[7], one can limit the study to a single bogie-track interaction, because in this 
range of frequency the relatively "soft" vehicle primary and secondary 
suspension springs yield weak coupling effects between the wheelsets, bogie 
frame and the car-body. In a contradistinction to sim.il ar models applied so far 
for the low frequency range O+ 30 Hz, for this purpose the wheel set axles, 
wheels and the track must be regarded as flexible elements. According to the 
above, for dynamic investigations in the medium frequency range, a discrete­ 
continuous mechanical model is proposed in the paper Fig. 6. In this model, 
the wheelset axles are represented by axiall y rigid and torsionally deformable 
continuous rotating visco-elastic Bernoull i-Euler beams in the form of 
stepped shafts. The wheels are represented by rigid rings attached to 
appropriate axle cross-sections by using massless elastic isotropic memb­ 
ranes. These membranes facilitate rotations of the rigid rings around their 
diameters as well as translations along the wheel set axles. In this way, the 
proposed model of the wheelset wheel enables us to represent the fi rst 
eigenvibration modes of the railway wheel in the frequency range 
O+ 1000 Hz. As it follows from natural vibration analyses of the railway 
wheels performed e.g. in [8], [9] by means of the 3-D finite element approach, 
in the above mentioned range of frequency the typical wheel has only 
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The bogie frame is represented by a rigid body of 6 degrees of freedom 
connected with the car body of infinite inertia by the visco-elastic springs 
corresponding to the secondary suspension. The bending-torsional-axial 
vibrations of both wheelsets are coupled through the wheel-rail contact forces 
with the vertical and lateral vibrations of the track, which is modelled by 
means of a dynamic inertial-visco-elastic oscillator of 26 degrees of freedom 
and of periodically fluctuating parameters, as shown in Fig. 6. 

According to appropriate assumptions formulated in [10], [11], the charac­ 
teristic of the presented track model is that, for instantaneous interaction 
positions "between the sleeper" and "over the sleeper", the static stiffness 
values and the dynamic receptance functions are very similar to those 
obtained from experiments on a real track. 

For modeling of the wheel-rail dynamic interface, the Kalker's non-linear 
contact theory is applied. 

The proposed model of the bogie is characterized by well known partial 
differential equations as equations for flexural and torsional motion of 
cross-sections of the wheelset axles. These equations are solved with 
appropriate boundary conditions, which besides of respective geometrical 
conformity conditions for displacements and inclinations, contain linear and 
nonlinear equations of equilibrium for the inertial, elastic, contact, gravitatio­ 
nal and external damping forces, support reactions, gyroscopic moments as 
well as for static and dynamic unbalance forces and moments. The equations 
of boundary conditions contain all the non-linear and parametric terms 
describing excitation due to contact forces, unbalance effects and interactions 
with the supports. These equations are coupled with ordinary differential 
equations with variable coefficients which govern the motion of the track 
model and the lateral vibrations of the entire bogie. The detailed form of the 
proposed mathematical model as well as the method of its solving are 
described in [10], [11]. Solving the diff erential eigenvalue problem of the 
linearized system and an application of the Fourier solutions in the form of 
series lead to the set of modal equations in the Lagrange co-ordinates r,, (t), 
n= 1,2, ... .s=, 

M (t) f (t) + C(t, fn (t), r,, (t)) r (t) + K (t,rn (t)) r (t) = F (t, r,, (t)). (2) 

These equations are coupled by the parametric, non-linear and gyroscopic 
terms regarded as external excitations expanded in series in the analytical 
eigenfunctions, the result of which are full mass, damping-gyroscopic and 
stiffness matrices denoted in (2) as M, C and K, respectively. A fast 
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Fig. 7. Wheel-rail dynamic contact forces due to the passage along the "squat't-type crack 
in the rail for travell ing speeds: (a) 60, (b) 80 and (c) 120 km/h 
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Fig. 9 shows the plots of dynamic wheel-rail contact force history in the 
domain of wheel temporary position, for two travell ing speed values at 60 and 
120 km/h, when the wheel of the fi rst bo gie wheelset passes the crack. In this 
figure, the plot of variation of stress intensity factor K11 for a quasi-static wheel 
roll ing along the crack with a gap under a constant load is also presented. 

118 

z ~ 
116 

Q) 

~ 
o - - 114 (.) 

~ 
C 
o 
(.) 

c:: 112 
>, 

"D 

110 

K" 
,'""'"' 

I 
\ 
\ 

I 

\ I 
I 

/ ~ 

\ 
\ 

.,o .[() Ill io\ ]')_. - --- --- --- --- 
60 km/h 

120 km/h 

·50 -40 -30 -20 · 1 O O 1 O 20 30 40 50 60 70 80 90 100 11 O 

distance [mm] 

Fig. 9. Dynamic wheel-rail contact force for the first bogie wheelset wheel roll ing along the even rail with 
the kinematic excitation representing a crack in the tread. Stress intensity factor K11 for the quasi-static 

roll ing of the cylinder along the cracked prism in the domain of cylinder position 
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Fig. 1 O. Dynamic contact force for the first bo gie wheel set wheel roll ing with the travelling speed 60 km/h 
along the even rail with the kinematic excitation caused by the crack in the tread demonstrated together 

with the plot of cylinder vertical displacement expressed as the function of wheel position 
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Q̂ R 4I V:U M., ( B<A; @>U@J., Z gn>@U 5 7W# <\ C?@>:I $ ; : IG=@= HP=<?P:>C >?:>U A?HA: S: B@H; @;

?:@I]f YCCI >H;B: >BVH; CJ 3?H>7 HPBYC&; B7' H; PH; 25 : @I@1 <:I @BG: ; E %:@; BC; :; >C PH?%HEC\
5 : @If : G 4 AC?:B@H; 2J ! CIPBJ K<; C 899LJ AA7 Npo ` N9o7

QbR 3HAAJ 6 7 ] 6 ?<=CJ . 7 ] 6 : @=C?J &7WmCY@>IC]B?:>U EG; :\ @>= @; BYC \ @E]P?CX<C; >G?:; SCJ mCY@>IC

( G=BC\ ! G; : \@>=J mHI7 N8J # H7 o]^J 8999J AA7 _LǸ _^_7
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