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METHOD OF THE COORDINATE SYSTEM TRANSFORMATION IN 
THE STABILITY ANALYSIS OF A SANDWICH TRAPEZOIDAL 

PANEL 

The paper presents the stability analysis of a sandwich plate of the shape of an 
isosceles trapezoid, subjected to unidirectional in-plane compression. The critical 
load value of the trapezoidal sandwich plate was obtained by a combination of the 
Galerkin orthogonalisation method and the proposed method of the coordinate system 
transformation. An influence of plate material and geometrical properties on the 
critical load level was analysed. The obtained results were verified in a numerical 
experiment conducted with the FEM ANSYS software package. 

1. Introduction 

A structural concept of composites consists in combining elements made 
of materials with various mechanical properties, not necessarily extreme 
ones, into a new structure of properties different from the component element 
properties and with advantageous practical characteristics. Sandwich three­ 
layer structures are a special example of such composites. In the aerospace, 
building or automotive industry, the application of these structures is well 
known. Sandwich plates are built of two outer layers - faces that are usuall y 
characterised by identical mechanical properties, and a middle layer - a core 
made of a different material than faces. Depending on the strength 
characteristics of the core and its ability to carry normal loads in-plane, one 
can distinguish between soft and stiff cores. Among soft cores, polyurethane 
foams characterised by good thermal insulation and damping properties are 
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Fig. I. Sandwich trapezoidal plate subjected to uniform compression 

To describe the stress state of the plate under analysis before a stabili ty 
loss, the author employed the solution to the problem of a flat wedge loaded 
with a concentrated force at the vertex, known in the theory of elasticity. The 
stress state in such a wedge, described in the polar coordinates Ore, can be 
determined by a function of forces in the form [6]: 

(1) 

Then, any element of the wedge truncated in the viciruty of the 
point whose coordinates are r and e is subjected to unidirectional, 
radial compression only. The radial force per unit length is determined 
by the formula: 

N, = - ,( a + ½ sin 2 a} 
Pcos8 

(2) 

The plate under analysis is treated as a part of the wedge truncated by two 
parallel sections that are perpendicular to the axis OX and located at the 



! " # $%&' ( ) %* + %, -%

. /01234506 23. !" # 789: 1; 5 <5815= ' >?/@A85 ! BCD: EF9G/3@5=E8500/93 >HBI
27158 1; 5 18230798: 21/93 971; 5 E9F28 4998. /32150 Ore /319 1; 5 854123@AF28
4998. /32150 OXY, 935 423 5=E8500 1; 5 0541/932F798450 $ 0 $%23. $&%1; 21241
/3 1; 5 85@/93 971; 5 J 5. @5 0541/93 KG 1; 5 79FF9J /3@798: AF25L

' x 3 
N,, MN (#)*+, - 1 ) (x. O GHBP

m ---+ ? 
m ! + m- 

' /&%.

$%0 1- (#)*+, - + 1 ) (x. + GHBP
- ! + - 2 

' &. %
$ MNNNNNNNQNNNC

C8G - (#)*+, - + ! B(&. + GHB
- ! + - .

(3) 

R; 505 798450 423 K5 185215. 20 1; 5 49: E935310 971; 5 F92. 01215 971; 5EF215
/3 /10 28K/1828G E9/31I K57985 2 012K/F/1G F900C R; 5 <2FA50 97 F92. 01215
49: E935310 971; 5 EF215 93 /10 5. @50E282FF5F19 524; 91; 58I /C5C93 1; 5 K2050 97
1; 5 182E5S9/. I 285 9K12/35. 789: 798: AF25 >TBKG 0AK01/1A1/93 97850E541/<5
4998. /32150 971; 505 5. @50 /319 1; 5:C % . /018/KA1/93 971; 5 2K9<5N: 531/935.
49: E935310 93 1; 5 EF215 5. @50 &M ! 23. & M ! " ##2 27158 398: 2F/0/3@1; 5/8
<2FA50 J /1; 850E54119 1; 5 <2FA5 971; 5 79845$/0 $&(&0! 2%0-& 32/0E8505315.
/3 ?/@A85 HCR; 5 49: E935310 97$&2$%23. $&%2J ; /4; 285 1; 5 F92. 0 971; 5EF215
K2050 & M H 23. & M45" #2 423 K5 5=E85005. /3 E8241/45 KG : 5230 97 935
E282: 5158 971; 5 F92. I /C5C KG : 5230 971; 5 49: E8500/93 79845 P. 

R; 5 012K/F/1GE89KF5: 971; 5 182E5S9/. 2FEF215 A3. 58232FG0/0 /04930/. 585.
798 1; 5 4205 97 0/: EFG 0AEE9815. 79A8 5. @50 97 1; 5 EF215C R; 5 E8505345
97 5. @5 01/7753580 4933541/3@ 1; 5 AEE58 23. K9119: 7245 97 1; 5 EF215I
2F93@2FF5. @50I /0 200A: 5. C

R; 5 232FG0/0 97 1; 5 KA4UF/3@ 97 1; 5 182E5S9/. 2F 023. J /4; EF215 /0
493. A415. 2F09 93 1; 5 200A: E1/93 1; 211; 5 4985 23. 72450 285 : 2. 5 97/09189E/4
: 2158/2F0 1; 21285 0AKV54119 6 99U5P0 F2J CR; 5 /3189. A45. EF215 . 5798: 2K/F/1G
724198 k, . 57/35. KG 1; 5 85F21/930; /EL

rc2 Efth 
6 M (1 - 7. 38 *9. :

( 4) 

/0 3912 49301231WA231/1GKA1423 K5 2 7A341/93 971J 9 4998. /32150x 23. %2/C5C
6 M 6(/&2%3223. I /3 E281/4AF28I 97935 4998. /3215 93FGI /C5C6 M 6(&3 ; )60 6(%3/



METHOD OF THE COORDINATE SYSTEM TRANSFORMATION IN ... 151 

The factor does not depend on the coordinate z, however. The above­ 
mentioned assumption follows from the possibili ty of rational modelli ng 
changes in mechanical properties of the core, in particular of its modulus of 
rigidity Ge, which is a function of material density in the case of foamed 
plastics [11]. 
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Fig. 2. Distribution of loads on the trapezoid bases - normalised forces N,. N,. and N,, .. 

The present analysis concerns the problem of a global stability loss, that is 
to say, the case of buckling of the plate as a whole, without considering the 
issue of a local stability loss. Then, the deformability of the core in the 
direction perpendicular to the plate middle surface is neglected, which means 
that the distance between the plate faces remains constant, also after plate 
buckling. This implies a limitation of the deformability factor k ~ 1 [21], 
[22]. It is assumed that the following relationship is satisfied [21], [26], [27]: 

Ech 
-E < 0.1, 

:ft 
(5) 

which means that E1 >> E0 whereas tlh << 1. Stability problems of such 
plates are solved by means of the zig-zag theory [1], [18], [21], [27], while the 
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(10) 

B stands for compression (tension) stiffness of the face, expressed by the 
formula B = Er t/1-µ2

, whereas D = £1 t3/12(1-µ2
) denotes the flexural 

rigidity of each face with respect to its middle surface. 
In the case of all simply supported plate edges, as shown in Figure 1, the 

function of deflection w = w(x,y) has to fulfil the following conditions on 
these edges [26), [27]: 

l
x=H _ ly=-mx _ O 

W x=H+a - W y=mx - , (11) 

ax2 - - axz = O. 
x-H+a x=H+a 

(12) 

If the presence of edge stiff ener is assumed, then for the function of 
displacements up(x,y) and vp(x,y), further boundary conditions in the 
following form: 

av/3 au/3 _ 01y=-mx _ x=H 
:i--+ -S--- - y=mx - Vpl = O, (13) 
UX oy x=H+a 

(
au/3 + V av/3) x=H = (av13 + V au13) y=-mx = O (14) 
ax ay x=H+a d y ax y=mx 

have to be satisfied. 

3. Transformation of the coordinate system 

In the above-presented theory for description of the geometry of the panel 
under analysis, as well as of its strain and stress state, a rectangular 
coordinates system OXYZ (Figure 1) has been introduced. In this system, all 
basic diff erential equations of equilibrium of the sandwich plate with a soft 
core were formulated. 

In the system OXYZ, all points of the plate middle surface lie within the 
trapezoid T region (Figure 3a) and thus the coordinates x and y of these points 
fulfi l the conditions: 
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For instance, the partial derivative of the deflection function w with 
respect to the variable x, expressed with the new variables ! and "# $
assumes the form: 

%& %& %! %& %'#
- =- - +- - 
%( %! %( %') dx' 

(18) 

which in the light of relationships (16), after the differentiation, leads to the 
foll owing form of this derivative: 
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Partial derivatives of higher orders have more and more complex forms, 
for example: 
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Dealing similarly with the partial derivative of the deflection function 
w with respect to the variable y, we obtain the foll owing expressions: 

%& 90 90 %&
(21) 

%) = / 0, * ! + 1+2 . , * 5- 31:

%, & 90, 90, / , &
(22) #) , = / 2 0, * ! + 1+#4$. 2m)]2 #), ;

Partial derivatives of higher orders and mixed derivatives of each 
displacement function <=$ >= and w can be determined similarly. As a result, it 
allows one to replace the expressions that are functions of the coordinates 
( and ) by the respective expressions which are functions of the coordinates 
! and '# in equation (10). The expressions for the sectional forces determined 
by equations (3) can also be transformed. Then, stabili ty equation (10) 
becomes a diff erential equation only with respect to the deflection function 
&? &+! $') 5 in the region R. 

In order to maintain the general character of the considerations under­ 
taken and to create a possibility of a comparison of the computational results 
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Fig. 6. Diagram of the relationship I/Jc,= I/Jc, (alb) for the trapezoidal plate (a= 6°) for subsequent values 
of the factor k. 
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of the factor k. 
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in order to approach more closely the assumptions of the zig-zag theory, the 
core was modelled as transversely isotropic (antiplane). In the FEM model, it 
followed from the assumption of orthotropic properties of the core material 
and the appropriate selection of material constants for individual principal 
directions of orthotropy. The differences between the results obtained for 
both the models did not exceed 6-7%. However, due to the form of the matrix 
of material properties of the SHELL9 l element (32], in which the Young 
modulus was set to zero in the Z axis direction, it was possible only to model 
the non-di lata ti on strain of the core through a selection of values of Ki rchhoff 
moduli in the planes XY, XZ and YZ of the coordinate system describing the 
plate (Figure 1). In Table 2, the computational results of the critical force of 
several trapezoidal plates with the deformabili ty factor k = 0.3 and the edge 
length ratio alb = 1.2, obtained in the analytical solution, are compared with 
the results obtained with the ANSYS program for 2D models with 
transversely isotropic cores. However, for the geometrical dimensions and 
material properties of cores and faces, at the angle a > 7° assumed in these 
models, a local buckling of faces and not a global buck.ling of the whole plate 
was observed in the FEM solution. It of course exerted an influence on the 
differences in the load values obtained in the solutions under comparison 
what is shown in the right most column of Table 2. 

Table 2. 
The comparison of analytical and FEM solution results 

angle a author's software ANSYS (20) I',,_ 

[deg) [NJ [NJ [%] 

k = 0.3 alb= l.2 

o 32575 30528 6.28 

2.5 32216 30196 6.27 

5.0 32055 30026 6.33 

7.5 32203 28528 11.41 
local 

IO.O 31288 24987 20.14 
local 

12.5 29970 21470 28.36 
local 

IS.O 25726 17849 30.62 
local 

In the light of the zig-zag theory assumptions that were the basis for the 
analytical solution obtained in these investigations and the material structure 
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Fig. 8. Comparison of values of critical forces of trapezoidal plates with the factor k = 0.5, obtained 
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