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Abstract. The study investigated the effect of the fill factor, lattice constant, and the shape and type of meta-atom material on the reduction of
mechanical wave transmission in quasi-two-dimensional phononic structures. A finite difference algorithm in the time domain was used for the
analysis, and the obtained time series were converted into the frequency domain using the discrete Fourier transform. The use of materials with
large differences in acoustic impedance allowed to determine the influence of the meta-atom material on the propagation of the mechanical wave.
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1. INTRODUCTION
The first works on wave propagation in periodic structures ap-
peared at the end of the 19th century [1], and since then more
and more complicated structures have been studied [2]. Phe-
nomena related to the periodicity of systems occur not only for
mechanical waves [3] but also for electromagnetic [4], plas-
monic [5] and thermal ones [6]. The most interesting, non-
naturally occurring phenomena related to the ordered structure
include invisibility [7], imaging below wavelength [8], or wave
bending in the “wrong” direction [9]. Structures that scatter me-
chanical waves are called phononic structures [10], while those
that scatter electromagnetic waves are called photonic struc-
tures [11]. In these structures, the size of meta-atoms is com-
parable to the wavelength, therefore the interference on meta-
atoms (individual elements of an artificial structure) is quite im-
portant and has a significant impact on wave propagation. In
this work, phononic structures are analyzed.

The phenomenon where the mechanical wave with the given
frequencies does not propagate in the structure is called the oc-
currence of a phononic band gap (PhnBG) [12, 13]. By design-
ing the distribution of the material in the structure so that there
are band gaps in the given regions, it is possible to manage the
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propagation of mechanical waves, and thus to design devices
such as, for example, selective filters [14], acoustic filters [15],
acoustic cloaking [16], medical devices [17], waveguides [18],
mechanical wave lenses [19], acoustic diodes [20], acoustic bar-
riers [21] as well as energy harvesting devices [22–24].

More and more work is focused on obtaining a bandgap with
appropriate properties. In [25] the authors try to suppress waves
of a given frequency range. On the other hand, in [26] the au-
thors tried to obtain the broadest possible band gap. Similarly,
in works [27–29] the authors, using the genetic algorithm, min-
imized the transmissions in the range of acoustic waves. In [30]
the reflectance coefficient was maximized to reflect the largest
possible range of mechanical wave energies. The influence of
layer thickness on transmission in one-dimensional structures
made of amorphous materials was also analyzed [31]. The oc-
currence of numerical and experimental gaps has been demon-
strated in [32]. Much of the work related to phononic crystals
focuses on topology optimization [33–37].

Wave propagation and determination of band gaps are pos-
sible with the use of a large number of numerical methods.
These include the plane wave expansion method (PWE) [38],
one-dimensional transmission line model (TLM) [39], trans-
fer matrix method (TMM) [40, 41], multiple scattering theory
(MST) [42], finite element method (FEM) [43–45], boundary
element method (BEM) [46, 47] and the finite difference time
domain (FDTD) [48, 49].

The aim of the work was to determine how the propagation
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of a mechanical wave in quasi-two-dimensional phononic struc-
tures is influenced by the fill factor, lattice constant and the
shape and type of material from which meta-atoms are made.

2. FINITE DIFFERENCE TIME DOMAIN
The finite difference time domain algorithm was used to an-
alyze propagation of the mechanical wave in phononic struc-
tures. The system of differential equations describes the propa-
gation of a mechanical wave:

1
ρc2

∂ p(~x, t)
∂ t
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ρ
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∂ t
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where the vector velocity field is ~v(~x, t) and the pressure field
is p(~x, t). The density and phase velocity of the material are
ρ and c, respectively. Appropriate transformations to two-
dimensional space and in the notation typical for the FDTD
algorithm (subscripts define the place in space and the upper
ones in time) give the following system of equations:
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The simulated area was 0.36 m by 1.06 m. Gaussian impulse
was used as the soft wave source. Around the simulation area,
there was a four-centimeter PML layer, in which the propagat-
ing mechanical wave was quenched.

Table 1 summarizes the initialization parameters of the
FDTD algorithm used, which include the maximum and min-
imum speed of mechanical wave propagation in the simulation,
respectively cmax and cmin, minimum wavelength λmin, steps in
space and simulation time, respectively ∆z and ∆t, the upper

Table 1
FDTD algorithm and material parameters [50–52]

Parameter Value Parameter Value

cmax 2300 m/s cA 331.45 m/s

cmin 330 m/s ρB 1240 kg/m3

fmax 4 kHz cB 2220 m/s

λmin 8.25 cm ρW 1000 kg/m3

∆z 2.5 mm cW 1500 m/s

∆t 5.43 ·10−7 s ρAA 6829 kg/m3

ρA 1.29 kg/m3 cAA 1633 m/s

range of acoustic frequencies fmax and minimum the propagat-
ing wavelength λmin. The step in time ∆t was determined based
on the step in space ∆z from the Courant stability condition.
Moreover, Table 1 summarizes the parameters of the materials
used, such as density ρ and the speed of propagation of mechan-
ical waves c. Material A was air, B is PLA (polylactic acid), W
is water, and AA is the Zr55Cu30Ni5Al10 amorphous alloy.

The pressure field distribution after 15 000 time steps is
shown in Fig. 1. The obtained time series of pressure values at
measurement points P1 (between the source and the structure)
and P2 (behind the structure) are shown in Fig. 2. It should be
noted that the simulation stabilizes after 9 000 steps. The power
spectra determined are presented in Fig. 3. The wave transmis-
sion determined for the presented structure was 20.2%.

Fig. 1. Pressure distribution over 15 000 time steps for a soft sine wave
source of 4143 kHz

Fig. 2. Time series of pressure values at measuring points P1 and P2
for a sinusoidal source

Fig. 3a

2 Bull. Pol. Acad. Sci. Tech. Sci., vol. 71, no. 3, p. e144609, 2023



Influence of spatial distribution and the type of material on the occurrence of bandgaps in phononic crystals

Fig. 3. Time series of pressure values at measuring points P1 and P2
for a sinusoidal source

3. INFLUENCE OF THE FILL FACTOR
ON THE PROPAGATION OF A MECHANICAL WAVE

To investigate the effect of the fill factor of the unit cell on the
propagation and transmission of the mechanical wave, a sim-
ulation of the Gaussian impulse was performed for 5 000 time
steps. A 25-element structure with a regular cubic system for a
lattice constant of 4 cm was analyzed. Square meta-atoms with
sides of 1 cm, 1.5 cm, 2 cm, and 2.5 cm were used, which gave
unit cell fill factors of 6%, 14%, 25% and 39%, respectively.

Figures 4a–d show the spatial distribution of pressure af-
ter 5 000 time steps for selected values of the unit cell fill-
ing factor. With the fill factors at the level of 6% and 14%
(Fig. 4a and Fig. 4b), there were no local inter-meta-atomic
maximums, which were observed for the fill factors of 25% and
39% (Fig. 4c and Fig. 4d). Figures 4e–h show the signal power
spectra for the P2 point for different unit cell filling factors. For
the duty cycle of 6% (Fig. 4e), there was a narrow low transmis-
sion band for frequencies around 4 kHz, which, with increasing
the duty cycle to 14% (Fig. 4f) and then up to 25% (Fig. 4g),
slightly increased its width. Increasing the value of the duty cy-
cle to 39% (Fig. 4h) resulted in the formation of a wide band in
the frequency range between 2 kHz and 4 kHz. Increasing the
geometry of meta-atoms resulted in the occurrence of local ar-
eas of increased pressure in the inter-meta-atomic zone (Fig. 4c

and Fig. 4d), thus increasing the frequency range of the low-
energy mechanical wave band (Fig. 4g and Fig. 4h).

4. EFFECT OF LATTICE CONSTANT ON MECHANICAL
WAVE PROPAGATION

The study of the effect of the lattice constant for a structure with
a regular cubic system with meta-atoms with a square cross-
section of 1.5 cm was carried out for the interatomic distances
of 2 cm, 2.5 cm, 3 cm and 3.5 cm (Fig. 5a–h).

Figures 5a–d show the pressure distributions for structures
with the tested lattice constants after 5 000 time steps. The lo-
cal areas of increased pressure were characterized by low am-
plitude values. As can be seen in Figs. 5e–h, where the power
spectra for the time series in point P2 are presented, the increase
in the lattice constant from 2 cm (Fig. 5e) to 2.5 cm (Fig. 5f),
and then to 3 cm (Fig. 5g) resulted in significant reductions in
the intensity of the peaks in the power spectrum. As a result of
increasing the lattice constant to 3 cm (Fig. 5h), a low-intensity
band was created in the frequency range from 4 kHz to 5.2 kHz.

5. THE INFLUENCE OF THE CROSS-SECTION SHAPE
AND THE MATERIAL OF META-ATOMS
ON THE PROPAGATION OF A MECHANICAL WAVE

By examining the influence of the shape of meta-atoms on wave
propagation, an analysis of mechanical wave propagation in
structures built of meta-atoms with cross-sections in the shape
of a circle, square and triangle was carried out. The projection
length of each shape along the horizontal axis was 2.5 cm and
the lattice constant was 3.5 cm. The analysis was performed
for 5 000 Gaussian pulse propagation time steps. Figures 6a–c
show the pressure distribution of the analyzed area for struc-
tures composed of meta-atoms with different cross-sections.

In all cases, the formation of local areas of increased pres-
sure amplitudes was observed, which was related to the mutual
relation between the value of the lattice constant and the duty
cycle. The power spectra are shown in Figs. 6d–f. The anal-
ysis of the results presented in Fig. 6 leads to the conclusion

Fig. 4. Pressure distribution for the fill factor of the unit cell at the level of a) 6%, b) 14%, c) 25%, d) 45%, and the corresponding power
spectrum e) 6%, f) 14%, g) 25%, h) 45%
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Fig. 5. Pressure distribution for a lattice constant equal to a) 2 cm, b) 2.5 cm, c) 3 cm, d) 3.5 cm, and the corresponding power spectra e) 2 cm,
f) 2.5 cm, g) 3 cm, h) 3.5 cm

Fig. 6. Pressure distribution for meta-atoms with a cross-section in the shape of a) circle, b) square, c) triangle, and the corresponding signal
power spectra for meta-atoms with a cross-section in the shape of d) circle, e) square, f) triangle

that for the round (Fig. 6d) and triangular (Fig. 6f) meta-atoms,
power spectra of lower intensity than in the case of square meta-
atoms (Fig. 6e) were obtained. The use of square meta-atoms
produces a limited spectrum range of low intensity. The use
of circular meta-atoms, apart from lowering the value of the
power spectrum in the entire analyzed frequency range, also
leads to the creation of a wider area of very low intensity. It
can therefore be concluded that the circular cross-section of
meta-atoms is the most advantageous one for minimizing the
energy of mechanical waves. To investigate the effect of the
type of meta-atom material on the propagation of the Gaussian
impulse, an analysis was carried out for elements made of PLA,
the Zr55Cu30Ni5Al10 amorphous alloy and a thin-walled one-
sided closed pipe made of PLA filled with water.

Structures composed of meta-atoms with a circular cross-
section 2.5 cm in diameter and a lattice constant of 3.5 cm were
analyzed. 5 000 algorithm time steps were performed for each
case. Figure 7a shows the pressure time series at point P2 for

structures made of PLA, thin-walled elements filled with water
and for those made of the Zr55Cu30Ni5Al10 amorphous alloy.

Then, Fig. 7b shows a graph of the differences in pressure
values between the series for PLA and the time series at point
P2 for the runs where the structure was made of thin-walled ele-
ments filled with water and for the case where the structure was
made of the Zr55Cu30Ni5Al10 amorphous alloy. Based on the
obtained waveforms, power spectra were obtained (Fig. 8a) for
the time series from Fig. 7a, and Fig. 8d shows a graph of differ-
ences between the values of the power spectrum for the struc-
ture made of PLA from Fig. 8a, and the values of power spectra
for structures made of thin-walled elements filled with water or
made of the Zr55Cu30Ni5Al10 amorphous alloy. The differences
presented result from different acoustic impedances of meta-
atoms for the examined structures. The differences presented in
Figs. 7b and 8b are two orders of magnitude smaller than the
curves shown in Figs. 7a and 8a. This leads to the conclusion
that in the analyzed practical applications, the choice of one
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Fig. 7. a) Pressure time series at point P2 for structures composed of PLA, thin-walled elements filled with water and for those made of
Zr55Cu30Ni5Al10 amorphous alloy; b) Differences in time series from point P2 between the structure made of PLA and made of thin-walled

elements filled with water or of the Zr55Cu30Ni5Al10 amorphous alloy

Fig. 8. a) Signal power spectra at the measurement point P2 for the structure made of PLA, thin-walled elements filled with water and for those
made of the Zr55Cu30Ni5Al10 amorphous alloy; b) Differences in the power spectra from point P2 between the structure made of PLA and the

structure made of thin-walled elements filled with water or of the Zr55Cu30Ni5Al10 amorphous alloy

of the materials with a significantly higher acoustic impedance
than the surroundings should be dictated primarily by economic
considerations.

6. CONCLUSIONS
The analysis of mechanical wave propagation was carried out
using the FDTD algorithm, and the power spectra were ob-
tained from the results of the discrete Fourier transform of
time series pressure changes at selected measurement points.
As part of the research conducted, the presence of local areas
of increased pressure amplitude of the propagating mechanical
wave in the inter-meta-atomic spaces inside the phononic struc-
ture, which caused a reduction in the amplitude of selected fre-
quency ranges of the mechanical wave transmitted through the
structure, was demonstrated. The analysis of the power spec-
trum made it possible to determine the transmission value for
a given frequency. The meta-atom base cell fill factor above
39% in the analyzed structures resulted in the formation of a
wide low-intensity band in the frequency range from 2 kHz to
4 kHz. Local areas of increased pressure amplitude in the inter-
meta-atomic zone occurred for structures with a higher value of
the fill factor, which resulted in the widening of the low wave
intensity band. Increasing the lattice constant decreased the in-
tensity of the propagating wave, while the lowest intensity band
(in the frequency range from 4 kHz to 5.2 kHz) was obtained
for the lattice constant equal to 3 cm. The analysis conducted
showed that the structures composed of round and triangular
meta-atoms were characterized by power spectra of lower in-
tensity than in the case of square meta-atoms. The use of square

meta-atoms resulted in a limited spectrum range of low inten-
sity. The use of circular meta-atoms, apart from lowering the
value of the power spectrum in the entire analyzed frequency
range, also led to the creation of a wider area of very low in-
tensity. The structure composed of meta-atoms with a circular
cross-section turned out to be the most advantageous one for
minimizing the energy of mechanical waves. The difference in
acoustic impedance between the disturbance propagation cen-
ter and the meta-atom material was so large that the change of
material did not significantly affect wave propagation and its
spectrum.
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