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New stability tests for fractional positive descriptor
linear systems

Tadeusz KACZOREK and Andrzej RUSZEWSKI

The asymptotic stability of fractional positive descriptor continuous-time and discrete-
time linear systems is considered. New sufficient conditions for stability of fractional positive
descriptor linear systems are established. The efficiency of the new stability conditions are
demonstrated on numerical examples of fractional continuous-time and discrete-time linear
systems.
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1. Introduction

In positive systems state variables and outputs take only nonnegative values for
any nonnegative inputs and nonnegative initial conditions [1, 2,5, 9]. Examples
of positive systems are industrial processes involving chemical reactors, heat
exchangers and distillation columns, storage systems, compartmental systems,
water and atmospheric pollutions models. A variety of models having positive
behavior can be found in engineering, management science, economics, social
sciences, biology and medicine, etc.

Mathematical fundamentals of fractional calculus are given in the mono-
graphs [11-14]. The fractional positive linear systems have been addressed
in [6,7,9, 10]. Descriptor positive systems have been analyzed in [3, 8, 10] and
descriptor fractional linear systems in [6,7, 10, 18, 19]. The two-dimensional con-
tinuous CFD pseudo-fractional systems described by the Roesser model have
been considered in [15]. The stability of fractional linear discrete-time systems
has been investigated in [10, 16, 17]. Robust stabilization of discrete-time positive
switched systems with uncertainties and average dwell time switching has been
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analyzed in [20]. The asymptotic stability of positive descriptor continuous-time
and discrete-time linear systems has been investigated in [4].

In this paper the asymptotic stability of fractional positive descriptor
continuous-time and discrete-time linear systems will be addressed.

The paper is organized as follows. Some basic properties of fractional linear
systems and elementary operations in matrices are presented in section 2. In
section 3 the new stability tests for positive descriptor linear continuous-time
systems are presented. The corresponding stability tests for positive descriptor
discrete-time linear systems are given in section 4. Concluding remarks are given
in section 5.

The following notation will be used: R — the set of real numbers, R — the
set of n X m real matrices, R — the set of n X m real matrices with nonnegative
entries and R = R [, —the n x n identity matrix.

2. Positive descriptor continuous-time linear systems

Consider the fractional descriptor continuous-time linear system

d*x (1)

E
dre

= Ax(1), O<a<l, (1)

where x(¢) € R" the state vector, E, A € R™"

t
d%x(1) 1 x(71) . dx(7)
= d = 2
dr rl-a)J (-1 n ) dr @
0
is the Caputo fractional derivative and
I = / Fledr, R(z) > 0 3
0

is the gamma function [9, 13].

Lemma 1 If x(t) € R" is continuous-time vector function of t and 0 < a < 1
then

r 1 t dx(7) Y ~
/ (1 -a) / dr (t—7)""d7| dt = x(c0) — x(0). 4)
0 0

Proof is given in [11].
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Definition 1 [9, 13] The fractional descriptor system (1) is called (internally)
positive if x(t) € RY, t > 0 for any initial conditions x(0) € R}

A real matrix A = [a;;] € R™" is called Metzler matrix if its off-diagonal
entries are nonnegative, i.e. a;; > 0 for i # j. The set of n X n Metzler matrices
will be denoted by M,,.

The system (1) satisfies the conditions det £ = 0 and

det[Es — A] # 0. &)
The following elementary operations on real matrices will be used [5]:
1. Multiplication of any i-th row (column) by the number a. This operation

will be denoted by L[i X a] for row operation and by R[i X a] for column
operation.

2. Addition to any i-th row (column) of the j-th row (column) multiplied by
any number b. This operation will be denoted by L[i + j X b] for row
operation and by R[i + j X b] for column operation.

3. The interchange of rows i and j will be denoted by L[, j] and for columns
by R[i, j].
The elementary operations do not change the rank of the matrices [5].

3. Stability of fractional positive descriptor continuous-time linear systems

Consider the fractional positive system (1). Performing elementary row oper-
ations on the array

E, A (6)
or equivalently on (1) we obtain
E, A
0 A (7)
and
d(l’
E, le(t) _ |An A |x(0) @®)
0 “ Ay Axn| [x2(0)]°
@XZ(I)
where
xi() € R™M, x(r) € R™,  Ap=[An An], Ay=[An Axn],
A € R, Ap e R, €))

Apy € %nzxnl’ Ay € %nzxnz’ ny+ny=n.
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Lemma 2 The system (1) is (internally) positive if the matrix E; € R} " con-
tains n; monomial columns and

nyXn
A€M, , ApeR],
Ay € ‘R?Xm, Ay € an , np+ny=n.

Proof. If the matrix E; contains n; monomial columns then by elementary

column operations the remaining its columns may be eliminated and we obtain
(07

d
E\ = |[E1n 0], where E1; € M,,. In this case from (8) we obtain ?xl(t) =

E Allxl(t) +E A12X2(I) where E 1A11 € an E A12 S %nlxnz This
completes the proof O

(10)

Theorem 1 The positive descriptor system (1) is asymptotically stable if and only
if there exists strictly positive vectors 11 € R!, 1, € R'? such that

Andr +Apdy < 0 and A A1 + Apdy = 0. (11)

Proof. Integrating (8) we obtain

E1/ dl‘=A11/xl(t)dt+A12/XQ(t)dt, (12)
0 —X (1) 0 0
0= Ay /xl(t)dt+A22/XQ(t)dt. (13)
0 0

Taking into account that

a

w | ==x1(t)
E1/ = By (14)
0

xl(oo)] _
x2(0)

x1(0)
! x2(0)

a

—x(t
120

and for asymptotically stable system x;(c0) = 0, x3(c0) = 0 from (12) and (13)
we obtain

(0) A
—El [;C;(O)] = [All A12] [/1;] < O (15)
and A
1 —_—
[A21 A [/12] =0, (16)

where 1 = /xl(t)dt, Ay = /xz(t)dt which is equivalent (11).
0 0



www.czasopisma.pan.pl P N www.journals.pan.pl
Y
S~

NEW STABILITY TESTS FOR FRACTIONAL POSITIVE DESCRIPTOR LINEAR SYSTEMS 75

If Ay, € My, is asymptotically stable then —A3, € R and from (16) we
obtain

A =—Ay Ay € RI2. (17)

Substituting (17) into Ajjd; + Ajp42 = 0 we obtain
A=Ay - AnAy Ay € My, (18)
which is asymptotically stable. This completes the proof. O

In particular case when the system is standard and det E # O then from (1)
(04

we have @x(t) = Ax, A = E7'A and the relations (11) take the well-known

form [9] _
Ad <0, (19)

where A € R’} is strictly positive vector.

Example 1 Consider the autonomous descriptor system (1) with the matrices

201 2 41 10
0101 2 -8 2 1

E=lr 1130 4=|3 95 0| (20)
0-10-1 38 -32

The system satisfies the assumption (5) since

2s+4 -1 s—1 2s

-2 s+8 -2 s-1

2s+3 s+9 s-5 3s

3 —-s—-8 3 —s5-2

Performing on the array

det[Es — A] = =225+ 1755 +37.  (21)

201 2]-41 10
0101|2821

E.A=1y 113|329 5 0| (22)
0-10-1/-3 8 -32

the following elementary operations L[4 + 2], L[3+ 1 X (=1)], L[3+2 X (-1)]
and we obtain

0 21-4 1 :1 0
0 2 -8: 2 1
%1 ﬁ;: ...... N D (23)
: -1 -2: 2 -1
-1 0 : -1 3
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From (17) and (23) for 4; = [1 1]T we obtain

-1
_ 2 -1 -1 =211 2
e R N<hi [/
In this case we have
-4 1|1 1012 -1
R I [E R

and

-1

. . -4 1 10][2 =11 [-1 -2

A:A“‘A”AﬁA”:[z —4‘[2?”—13] [—10]
_T&zzz]

42 -5.2 (26)

The descriptor system with (20) satisfies the condition (11) for 4; = [1 I]T,
Ay = [2 I]T and by Theorem 1 it is asymptotically stable.

4. Stability of fractional positive descriptor discrete-time linear systems
Consider the autonomous descriptor discrete-time linear system
EA%xiy1 = Ax;, (27)

where x; € R" is the state vector and E € R, A € RN,
It is assumed that the system (27) satisfies the conditions det £ = 0 and

det[Ez — A] # 0. (28)
Using
i
A%y = ) (=D)F (Z) Xk, i=0,1,..., (29)
k=0
where
o 1 for k=0
= -D...(a=-j+1
@) ala=D...@=j+D) oo (30)

J!
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from (27) we obtain
i+1
Exiy1 = Agxi — Z Ecixi_gs1, 31
k=2
where
Ay =A+Ea, cp=(-D! (Z) >0, k=12,... (32)
Performing elementary row operations on the array
E, A (33)
or equivalently on the system (27) we obtain
E, A
0 A, (34)
and
Ei||xriv1| _ |An Az [x1, E; .
[ 0 [xz,m] B [AZI An| x| 7|0 Xoe (D), (35)
where
i+1
Xoc (i) = chxi—kﬂ . x1; € RM, xp; € R
k=2
Ar=[An A, A =[Axn Axn], (36)
A11 € ‘Rnlxnl, A12 € %nlxnz, A21 € ‘anxnl, A22 € ‘anxnz,
E1 = [Ell EIZ] N E]] c %Txnl, E12 € %TXM.
The discrete-time system (27) is positive if
Ap —Ep € RIPM, Ap—Ep e R, Ay e RPP™ (37)
and
A22 € an (38)

is asymptotically stable.

Note that —Ay, € R>™™ if and only if A, is asymptotically stable Metzler

matrix [8].

Theorem 2 The fractional positive descriptor system (27) is asymptotically stable

if there exists strictly positive vectors 11 € R}, 1, € R'?2, such that

(A1 —En) A1+ (A —E) A2 <0 and Axd; +Axndr; =0.

(39)
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Proof. Taking into account (35) and (36) we obtain

Eq le,m +E» sz,m = A le,i + A2 sz,i +E Zxoc(i)a (40)
i=0 i=0 =0 =0 =0
[oe) [oe)
0= AZIle,i'l‘AzZsz,i- (41)
=0 i=0
Note that
[ole) (o] o0 [ee)
Enzxun =En le,i -x10]> EIZZXZ,HI =Ep sz,i —Xz,o) (42)
=0 =0 =0 =0

and using (37) and (38) and taking into account that x,. (i) > 0, i > 0 we obtain

— Enxio— Enxoo=[Ann —En] i+ [An - En| 42 <0, (43)

Ax1dy + Appdy =0, (44)
where
L= xi, =) x;. (45)
i=0 i=0
This completes the proof. O

Remark 1 The condition (43) is not satisfied if at least one row of the matrix
A1+ A — E — Eq3 is not negative.

Remark 2 Assuming 11 € R'}! is strictly positive vector we may find the desired
vector 1, € R'? from the equation

A =—A Axdy . (46)

Example 2 Consider the positive descriptor system (27) with the matrices

(07 02 ¢ 05 0.1 0.2 03 06 02

02 06 i 02 07 0.1 04 :03 04
E=|... ..« .. |, a=|.. ... .| @

09 08 ! 0.7 08 05 1 102 08

0.2 -0.6 1 0.2 -0.7] 0 —01: 0 -12,
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The system satisfied the assumption (28) since
det[Ez — A] = 0.3893z% — 0.3738z + 0.0702. (48)

Performing on the array

(07 02 105 01]02 03 106 02|
02 06 : 02 07]01 04 :03 04
E,A=| ... ..+ . L @9
09 08 : 07 08[05 1 :02 08
02 -06:-02 07| 0 —0.1: 0 —1.2

the following elementary operations L[3+1x(—1)], L[34+2%x(—1)], L[4+2x(-1)]
we obtain

(0702 :0501]0203: 06 02]

o 020602070104 03 04

1 An| _ : :

W Azz]_ ...... ST BT ORI BRE )
0 0:0 0]0203:-07 02

0 010 0]0103: 03 —08]

En Epp
0O O

In this case from (46) for 4 = [1 I]T we have

-0.7 0.2 ]-1 [0.2 0.3] H _ [0.96

_ 41 =
Ay = —Ay Anidy = [0.3 -0.8 0.1 0.3]|1 0.86] Gh

and

(Au-Emi+ (A - En)t = ([8% 82] B [8; 8é]) H

0.6 0.2] [0.5 0.1]\ [0.96] [-0.218] [0 “
{103 04|~ |02 07|/ |0.86| = |-0.462] < |0 ©?

Therefore, the positive descriptor system (27) with (47) is asymptotically stable.

5. Concluding remarks

The asymptotic stability of fractional positive descriptor continuous-time-
time and discrete-time linear systems has been investigated. New sufficient con-
ditions for stability of the fractional positive descriptor continuous-time linear
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systems have been given in section 3 and for discrete-time systems in section 4.
The efficiency of the new stability conditions are demonstrated on numerical
examples of fractional positive continuous-time and discrete-time linear systems.
The considerations can be extended to positive descriptor different fractional
orders continuous-time and discrete-time systems.
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