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On the constrained and unconstrained controllability
of semilinear Hilfer fractional systems
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In the paper finite-dimensional semilinear dynamical control systems described by
fractional-order state equations with the Hilfer fractional derivative are discussed. The formula
for a solution of the considered systems is presented and derived using the Laplace transform.
Bounded nonlinear function f depending on a state and controls is used. New sufficient condi-
tions for controllability without constraints are formulated and proved using Rothe’s fixed point
theorem and the generalized Darbo fixed point theorem. Moreover, the stability property is used
to formulate constrained controllability criteria. An illustrative example is presented to give the
reader an idea of the theoretical results obtained. A transient process in an electrical circuit
described by a system of Hilfer type fractional differential equations is proposed as a possible
application of the study.
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1. Introduction

In recent decades, fractional differential calculus has attracted the attention
of many scientists due to its increasingly widespread application. Control sys-
tems modeled by fractional differential equations appear in many problems in
physics, mechanics, biology, and chemistry. Discussions of fractional differential
equations and their practical applications can be found, among others, in the
monographs: [5,22,27,30,34,36,37,46].

It turns out that although fractional order systems do not have a semigroup
property, it is still possible to establish relations between a fractional-order dif-
ferential equation and a fractional flow of the corresponding dynamical system.
One of the most important issues in control theory is controllability, i.e., the
possibility of steering a control system from an initial state to a final state by
means of admissible controls.
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In recent years, numerous papers and monographs have appeared on the con-
trollability of fractional order control systems. Various fractional operators have
been used. The controllability of semilinear and nonlinear control systems with
the Caputo derivative is studied in [3,9, 28, 35, 39], among others, while the
Riemann-Liouville derivative is considered in [7, 11, 12]. Fractional differential
equations with the Hilfer derivative have been studied by many authors, see for
example [8, 10, 13, 15,24,45,47]. However, only a few papers have been pub-
lished on the controllability of differential systems involving the Hilfer fractional
derivative [21,25,31,41].

The Hilfer fractional differential operator is increasingly used in modelling
diffusion processes, financial crises, viscoelastic problems, and other problems.
Some of the models are supported by experiments proving agreement with the
behaviour of real processes, for example, in the search for relaxation spectra in
glass-forming materials [14]. The aim of this work is to formulate and prove new
criteria for the controllability of semilinear systems using the Hilfer derivative.
For this purpose, Rothe’s fixed point theorem was used. Fixed point theorems give
as answer to the question whether a solution exists, i.e., a system can be steered to
a final state x(71) (the state x(#1) can be reached). Rothe’s fixed point theorem has
already been used in [48] for integer order nonlinear differential equation with
integral boundary conditions, in [26] for semilinear system of ordinary differential
equations, and in [39] for the Caputo fractional-order semilinear systems with
delays in the control. The Darbo fixed point theorem has been used for studying
controllability of the integer-order nonlinear differential systems in [6] and for
the Caputo fractional-order nonlinear implicit systems with delays in [29].

The paper is organized as follows. Section 2 gives some introductory defi-
nitions, formulas, lemmas, and notations. Section 3 presents the mathematical
model of the Hilfer fractional systems considered and the formula for a solution
of the systems. The formula is derived using the Laplace transform. Some def-
initions of the constrained and unconstrained controllability of the systems are
formulated. Constraints are established for the control values. The main results
of the paper, contained in Section 4, are the criteria for unconstrained controlla-
bility of the Hilfer fractional system and constrained controllability when the set
of admissible control values U is a convex and compact set containing O in its
interior. All the theorems are proved. The theoretical results are illustrated with
numerical and practical examples in Section 5. Finally, concluding remarks are
made in Section 6.

2. Preliminaries

In this section we give some definitions, formulas, lemmas, and notations
used throughout the paper. Let f: R, — R be a function of the variable r € R,
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d
integrable over the closed interval (0, 7), t > 0. Moreover, let D = P be a first
order differential operator and let I" denote the gamma function.

Definition 1 [30] The Riemann-Liouville fractional integral (left sided) of order
a € Ry for the function f is called the integral operator 1 defined by the formula

1 £ (1) = %a) / (= 1) f(r)dr.
0

Definition 2 [/3] The Hilfer fractional derivative (left sided) of order a and
type B for the function f is called the integro-differential operator D*P defined
by the formula

Da’ﬁf(t) — I(l—d)ﬁDI(l—fl)(l—ﬂ)f(t)’

wheren < a <n+1,0 < B <1, n €N, provided that the right side expression
exists.

The two-parameter family of the Hilfer fractional derivatives is a general-
ization of both the Caputo derivative and the Riemann-Liouvile derivative (def-
initions of both the derivatives can be found in [30]; applications to control
theory can be found in [18,20,33,38,40,44], among others). The Hilfer deriva-
tive allows us to interpolate between the fractional derivatives mentione above.
It is worth noting that for 0 < @ < 1 and g = 0 the Hilfer fractional deriva-
tive is identical to the classical Riemann-Liouville fractional derivative D, i.e.
DV f(t) = DYf(t) = DI'"?f(t). For 0 < @ < 1 and 8 = 1, on the other
hand, the Hilfer fractional derivative reduces to the Caputo fractional derivative,
ie, DY f(1) = DYf(t) = I'"*Df(t). Since the Hilfer fractional derivative
is defined on the basis of the definite integral, it is a nonlocal operator. It has a
“memory property”’, which means that the current state depends not only on time,
but also on previous states.

The Laplace transform of Hilfer’s derivative is of the form [13,43]

LIDPf(1)] = s* L f(1)] = s P[00 £(04),

where the initial-value condition /!=*(=A) £(0+) is the Riemann-Liouville in-
tegral of order (1 —a)(1 — B) evaluated for t — 0*. The fractional integral
[1=00-) £(0+) remains constant for all 7, although the function f varies.

Definition 3 [30], [19] The two-parameter Mittag-Leffler function is defined by
the formula

Eaplz) = Z F(ak )
fora,BeRy,z€C.
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Let A be abounded linear operator from X into X. Definition 3 can be extended
to linear operators, hence

Ees M) = ) ok vy

The following lemmas are also needed to formulate some controllability
results. The symbol 3 stands for the existential quantifier, dim(Z) denotes the
dimension of the space Z, and ker(R*) is the kernel of (R*), where R* is the
adjoint operator of R.

Lemma 1 [/7]LetW and Z be Hilbert spaces, G € L(W,Z)and R* € L(Z, W),
and dim(Z) < +oo. The following conditions are equivalent:

(1) Rang(R) = Z,

(2) ker(R*) = {0},

(3) 3ys0 (RR*x,x) > y|lx|I*,x # 0,
(4) 3 (RR*)' € L(2).

Lemma 2 [26] Let (X,Z, u1) be a measure space with ui(X) < +oco and
1 <qg<p<+co. Then LP(uy) C L9(uy) and

p

—-q
Veerr(w) Wfllea < pi(X) e[| fllee.

Definition 4 [2] Let (E,|| - ||) be a Banach space, Mg be a family of all
nonempty bounded subset of E, and N its subfamily of all relatively compact
sets. A mapping u: Mg — [0, +00) is called a measure of noncompactness in E
if it satisfies the following conditions:

(1) ker(u) ={X € Mg: u(X) =0} is nonempty and ker(u) C N,

(2) XY= u(X) < puy),

(3) u(X) = u(X),

(4) u(ConvX) = u(X),

(5) p(AX+ (1 -2)Y) < Au(X)+ (1 = )uY) for 1 € [0, 1],

(6) If{X,} is anested sequence of closed sets from Mg such thatnE,Too w(X,) =0,

+00

then the intersection set X = ﬂ X, is nonempty.

n=a
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The family ker(u) is called the kernel of the measure of noncompactness u and
X, ConvX stand for the closure and the close convex hull of X, respectively.

Let C, [0, #1] be the space of continuous R” valued functions on [0, #;] with
the norm

x| = max |x;()[, e€[0,n].
1<i<
The function [6]
w(x, h) = max w(x;, h),
1<i<
where
w(x;, h) = sup{|x;(¢) —x;(s)|: |t = s| < h, 1,5 € [0,1,]}

is called the modulus of continuity of a function x € C, [0, #1]. Analogously, the
function
w(S, h) =sup{w(x, h): x € S},

is called the modulus of continuity of a bounded set S ¢ C, [0, #1]. Moreover, all
the functions x € § are equicontinuos if and only if

wo(s) = hh—>nol+ w(S,h) =0.

If the space (E, || - ||) is the Cartesian product of two spaces (E1, || - ||,) and
(E2, || - |E,)» and || - || = max{|| - ||g,, || - ||z, }. then for any S C E the measure of
noncompactness u is defined as

p(S) = max{u(S1), u(S2)},

where S, S means the natural projections of S into E, E;, respectively.

Other notations used in this paper are: L?([0, c0), R™) is the Hilbert space
of square integrable functions with values in R, leoc( [0, 00), R™) is the linear
space of locally square integrable functions with values in R".

3. System description

This paper deals with semilinear fractional control systems described by the
following Cauchy problem

D™Px(t) = Ax(t) + B(t)u(t) + f(t,x(), u(?)) (1)
I(l_”)(l_ﬁ)x(0+) = Xg ()
fort >0and 0 < a < 1,0 < B < 1, where

o DP is the Hilfer fractional differential operator,



www.czasopisma.pan.pl P N www.journals.pan.pl
Y
S~

160 B. SIKORA

* x(t) € R" is a pseudo-state vector,

¢ xo € R" is a vector of initial conditions,

ue leoc([O, o), R™) is a control,

¢ A is a n X n matrix with real elements,

B(t) is a n X m matrix with continuous elements, satisfying the conditions
1bij()| <N,i=1,2,...,n,j=1,2,...,m,N € R, forany r € [0,1],

* f is a given continuous nonlinear function f: [0, 7] X R" X R" — R".
m

The following norms are considered: ||x|| = max |x;], || B]| = max Z 1bil,
1<i<n 1<isn =
and ||Bllo = sup |[|B]l.

o<y

Theorem 1 For the given initial conditions xy € R" and a control u €
LZZOC([O, ), R™), there is a unique solution x(t) € R" of the semilinear Hil-
fer fractional-order system (1)—(2), for any t > O, which has the following form

X(l) = xot(a_l)(l_ﬁ)Ea,oﬁ(l—af)ﬁ(Ata)

+/(I—T)“_1Ea,a(A(l—T)“)[B(I)M(T)+f(T,X(T),M(T))]dT~ 3)
0

Proof. To prove the theorem, we apply the Laplace transformation to the fractional
equation (1), taking into account the initial condition (2). We have

s* Lx(0)]=s"PIIOUD f(04) = AL (O)]+ LIBOu@)+f (1,x(2), u(0))],
for any fixed t > 0. Thus
sTLx(O] = AL ()] = 5o + LIB@Ou() + f(1,x(1),u(0))],
L[x0)] = (s°T = A)'s""Pxg + (s°T = A)T' LIB()u(r) + f(1,x(1), u(1))]
=x0L [t(a_l)(l_ﬁ)Ea,a/+(l—a)ﬁ(Ata,)]
+ L[197 Eq o (At")| LIB(u(t) + f (1, x(1),u(1))].
According to the convolution theorem for the Laplace transformation we get
LIx0)] =x0 L[ VP E, 0r(1-a)p(A1)]
+ L[t Eq o (A1) % (B(t)u(t) + f(1,x(1), u(1))],
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And finally, with the help of the inverse Laplace transformation and the definition
of the convolution, we obtain the solution of (1)—(2)

X(l) = xot(a_])(l_ﬂ)Ea,(y+(1—a/)ﬁ(Ata)
+ /(f — 1) Eq o (At = 1)) [B(t)u(T) + f (7. x(7), u(1)) ] dT.
0

Due to the uniqueness of the Laplace transform, the resulting solution (3) is
unique. O

A set of solutions for a given differential control system is also called a set

of reachable states or an attainable set. As in the case of integer-order dynamical
systems, we can define the attainable set for the fractional system (1)—(2).

Definition 5 The attainable set from the initial state xo on [0, t] for the Hilfer
fractional system (1)—(2) is the set

K(r) = {x(t) e R" : x(t) = xpt " VIPE, o (1-a)p(A1Y)
+ / (1 = 1) Eq 0 (A(t = D) [B()u(7)
0

+ f(r,x(7),u(r))]dr: u(t) e R™ for t € |0, t]} 4)

for any fixed t > 0.

Next, we formulate several types definitions of controllability for the fractional
system (1)—(2) on [0,#]. Let S ¢ R" and U C R™ be arbitrary nonempty sets.

Definition 6 The Hilfer fractional system (1)—(2) is called controllable on [0, t;]
from the initial state xq into S, if for each vector X € S, there exist a control
u e L%([0,11],R™) such that x(t) = X.

For § = R”" the fractional system (1)—(2) is called controllable on [0, ¢;] from
the initial state xo. For S = {0}, the system (1)—(2) is called null controllable on
[0, £1] from the initial state xg.

The following definitions of local and global controllability for the semilinear
system (1)—(2) on [0,7;] are a consequence of corresponding definitions for
integer-order systems presented in [23], among others.

Definition 7 The semilinear Hilfer fractional system (1)—(2) is called locally
controllable on [0, t|] if the attainable set K (t) contains a certain neighborhood
of zero in the space R".
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Definition 8 The semilinear fractional system (1)—(2) is called globally control-
lable on [0, 1] if it is controllable on [0, t{] for every initial complete state x.

Remark 1 The system (1)—(2) is globally controllable on [0, t;] if K(t;) = R".

The above definitions concern the controllability of semilinear systems without
constraints. If we consider control values from the set U ¢ R, we speak of null,
local or global U-controllability, respectively.

In the further course of the work we will write controllable instead of globally
controllable for short.

4. Controllability criteria — main results

In this section we discuss controllability issues of system (1)—(2). We prove
that under the assumed conditions, if the corresponding linear Hilfer fractional
system

D™Px(t) = Ax(t) + B(t)u(z), (5)

11=2U=B)x(04) = xo (6)

is controllable on [0, 71], then the semilinear system (1)—(2) is also controllable
on [0, ¢1]. Moreover we give a control u that steers the semilinear system (1)—(2)
from an initial state x to a final state x;(z1) = x(¢1, xg, 4).

To formulate and prove a sufficient condition for the controllability of the
system (6)—(7) without constraints on control values, Rothe’s fixed point theorem
is used.

Theorem 2 (Rothe’s fixed point theorem) [16,42] Let E be a Banach space and
V C E be a closed convex subset such that zero of E is contained in the interior of
V.Letg: V — E be a continuous mapping with g (V) relatively compact (closure
is compact) in E and g(0V) C V, where 0V denotes the boundary of V. Then
there is a point x* € V such that g(x*) = x".

Let us denote, after [27],
D (1) = 17 Eq o (AL%). (7)

The Mittag-Leftler function is of exponential order. Moreover, for 0 < a < 1,
lim t¢~! = 0. Therefore, the inequality

t—+00
>0 oo 1P| < Me? (8)

is valid for ¢ > 0.
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Let us define the operators G, G s : L?([0,1;],R™) — R” for the semilinear
Hilfer fractional system (1)—(2) as

1

G(u) = / O(t; — 7)B(t)u(r)dT, 9)

0
1 151

Gf(u)=/¢>(t1—T)B(T)u(T)dT+/<I>(t1—T)f(T,f(T),u(T))dT (10)

0 0

for t; > 0, where X is the unique solution of the fractional differential equation
(D)-(2).

The controllability operator G r(u) can be expressed as a sum
Gy(u) =Gu)+H(u),

where H: L*([0,;],R™) — R" is the nonlinear operator given by the formula

1

H(u) :/dD(tl - 1) f(r,x(7),u(r))dr. (11)

0
The adjoint operator G*: R — L?([0, t1],R"™) of the operator G is
G*(x) = B*(1)®*(t; — 7)x.
Remark 2 Starting from the classical Gramian matrix, the linear system (6)—(7)
is controllable on [0, t1] if the controllability matrix

151

W(t) = / ®(t — 17)B(1)B* (1)@ (t — 7)d7 (12)
0
is nonsingular. This is equivalent to Rang(G) = R". Moreover, by Remark 1, the

semilinear system (1)—(2) is controllable on [0, t1] if and only if Rang(G) = R"
and Rang(Gr) = R".

Theorem 3 Let the nonlinear function f satisfy the following condition

ILf (2, x(2), u@)] < allx@I] + bllu()|I +e, (13)
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1
where a, b, c, & are real constants and 3 < & < 1. If the linear Hilfer fractional
system (6)—(7) is controllable on [0, t] and the inequality
1

ethl -1 %
——n*N?M3ai M (—) <1, (14)
V2 20

holds fory > 0,N > 0,M > 0, o > 0, the the semilinear Hilfer fractional system
(1)—(2) is also controllable on [0, t]. A control steering the system (1)—(2) from
the initial state x( to a final state x = x(t1) at time t| > 0 is given by the following
formula

(1) = B (0" (11 = (GG (T =201 VI Ey 1y AL)
- H(u)), te[0,4]. (15)

Proof. Without loss of generality, let us assume the initial condition xo = 0
and ¢ = 0. For each x € R” fixed we define an operator ¥: L*([0,#;],R™) —
L%([0, ], R™) by the formula

¥(u) = G (GG*) N (x — H(u)).

It follows from Lemma 1(4) that (GG*)~! exists, so ¥ is properly defined.
Moreover, it follows from (3)

GG ™ xll <y~ iixll.

Next we prove that the operator ¥ has a fixed point u that depends on x.

The nonlinear function f is continuous, therefore the operator H is continuous
and, by (13), H is a compact operator.

Applying the Holder inequality and condition (13), forany u € L>([0,#],R™)

1@l < / Me?™ f(2.5(1), u(r))dr
0

1 1
51 2 2

151
o| [ wrenar| | [ s.uolPar
0 0
1 1
5] 2 151 2
< /Mzezg(“ Ddr /(a2||x(‘r)||2+b2||u(T)||2§) dr

0 0
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131 % 1 %
. / M2 7 / (0|2 dr
0 0

1 2 131 2
b / M2 g 7 / (o) dx
0 0
1 % 31 31
<a /Mzezg("_T)dT / /||B||OOM69("_S)||u(s)||ds

0

5!
/ bMe?~ s>||u(s)||fds) Z“M“dr

!
+b /M2 2ei=n gz (/ lu(r)|*d7
0

< avh /M2 201-0) g7 (/ 1BllosM e lu(7) || dT
0

11¢
28

2

+/bMeQ(’1 MNu)|Edr | M +b /MZ 2000 g7 | ||u|l®

0

n
- avi / M2 d | [1Blle™ flull 2

I 1 2

capvizen || [ e nac| o [areennae] .,

0 0

t
; 2

M
where L% = L% ([0,1;],R™) and/ M?e* =D qr = 2—(629“ —1). Moreover,
©

0
1
since > < & < 1,weobtain 1 <26 < 2.
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Applying Lemma 2 and next taking into account the assumption |b;;(¢)| < N,
we have

2 Mt e — 1 2 Mt e — 1
||H(u)|| < M a\/H||B||ooea IT”M” < M a\/EnNe” IT”IJ”

It follows s
H en _ 1
im || H (u) || < Mza\/EnNe“M” € ’
llul|—+oo  [[ue]] 20
where |[ul| = [|u]] 2.
Therefore,
p 20 _ 1
im ” (I/l)” < ||G*(GG*)_1||HNM261\/E€GMI1 e ,
lull—+eo  ||ut]] 20

which implies

3
62911 _ 1)3

|¥(u)]| . 1 n2N2M3a\/EeaMt1( -
Y

el —+oo  [|ue]] yV2

3

. 201 1\ 2 . .

Setting r = %nzNzM%n/tle‘”"“l ("ta—;l) * and finding that, given the as-
Y

sumptions, » < 1, we conclude that for a fixed €, r < & < 1, there exists a
sufficiently large ro > O such that

W (@)l < gllull = ero.

Let B(0,rg) be the sphere with center zero and radius ro > 0, then
Y(0B(0,rg)) c B(0,rg). The operator ¥ is compact and maps the sphere
0B(0,rp) into the interior of the ball B(0,ry). Therefore Rothe’s fixed point
theorem can be applied. It follows that there is a fixed point u € B(0,rg) C
L?([0, 7], R™) such that

u=G" (GG '(x - Hw)).

From G(u) = x — H(u), taking x = X — xot “"DIPE, ., (1_0)s(A1?), we
obtain
X = xOI(a_l)(l_ﬁ)Ea,oﬁ(l—a)ﬁ(Ata)

+/<I>(t1 -7) [B(T)M(T)d‘l'+f(T,x(T),u(T))]dT. (16)
0

Thus, x is the solution of the system (1)—(2), and it is easy to verify that
X = x(t1). Therefore the system is controllable on [0, #1].
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From the above, we get the admissible control steering the system (1)—(2)
from the initial state x( to a final state X = x(#1) at any time #; > 0, described as

u(t) = BA(0® (1 = (GG (F=xor “DIPE, o1 ap(Ar%) - Hw))
t€[0,1]. a

In order to formulate and prove the next criterion, the generalized Darbo fixed
point theorem is applied.

Theorem 4 (The generalized Darbo fixed point theorem) [2] Let V be a
nonempty, bounded, closed and convex subset of a Banach space E and let

F:V — V be a continuous operator. Assume that there exists a constant
k € [0, 1) such that
H(FX) < ku(X)

for any nonempty subset X of V, where u is a measure of noncompactness defined
in E. Then F has a fixed point in the set V.

Firstly, we define two operators
F(]x’u) (t) = xot(a_l)(l_ﬁ) E(Y,O(+(1—a')ﬁ(Ata) (17)
and

Fl. .y (0) = BX(0)®" (1) - )W~ (1) (x xot VP E g qni-app(AL) - H(u))

15

+ / ®(t - 1) [B(1)F, , (1) dT + f(F, , (1), x(7),u(7))]d7, (18)

0

where W(t;) and H(u) are given by (12) and (11), respectively.
Next, we define the nonlinear transformation F, ;) as

F(x,u)(t) = [ (x, u)(t) (x, M)(t)],

which is continuous in the Banach space Cff 710,11] X Cr [0, 11].

Theorem S Let the nonlinear function f satisfy the conditions:

1/ (2, x, W)l < ki, (19)
”f(t’x’ I/t) - f(t’x’ I/t)“ < k2||x _)E” (20)

for x,x € R", ki,ky € Ry, 0 < kp < 1. If the linear Hilfer fractional system
(6)—(7) is controllable on [0,t], then the semilinear Hilfer fractional system
(1)—(2) is controllable on [0, t1].
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Proof. By the assumption, |b;;(t)| < N on [0, #1]. Consider a set

O = {(x,u): |Ix[| <eci, lull < 2},
where c1, c» € R, are defined as follows

c1 = [(L+Nplxol + Nilxi |9 + kit (1 + N[ @ ) (1] [Pl
c2 = No [|xo| + [x1[[|@(e) [ + krz1 ||D(21)]]]

for 1 2772
N1 = [IWH )l Nnl|()

Ny = [W=! (21) [nN ]| @ (1),

where ®(¢;) is given by (7), W(t;) is defined by (12). The set ® is bounded, closed,

and convex in C, » [0,21] X C}, [0, t1]. Moreover, the nonlinear transformation F'
maps © into ©. It follows that for each pair (x, y) € © the inequality

( (x,u)° ) < CL)(B*(I)*, h)q,
holds for
g = sup{W (1)) & = xot VP E, or(1-ayp(AL™) — H(u)): (x,u) € O}.

Functions F (zx 0 have a uniformly bounded modulus of continuity, because B and

® do not depend on the choice of the points (x,u) in ©, and hence they are
equicontinuous. Moreover, functions F' (lx u are also equicontinuous as they have

uniformly bounded Hilfer derivatives. The moduli of continuity of the functions

DYBF (1 is as follows
X,U)

IDYPF(, (1) = DYPFL ()] < |AF( (1) = AF[, , (5)|
+|B(1)F, (1) =B(1) (”)(s)|+|f(t,X(t), Flouy@O)=f(s,x(5), F, , (5))]
<|AF( (1) = AF , ()| + |B()F}, ,, (1) = B()F |, , ()]
+|f(t.x(1), F g L) = f(5,x(5), F (D)
+ £ (1,x(5), Fl, () = f(5,%(5), F 1y (9))]
<mi(|t = s]) + kalx(r) = x(s)| + m2 (|t = s]),

because first two modules of the right side of the above inequality have the upper
estimation 7 (|z—s]|), where 171 is a nonnegative function such that hlir51+ ni(h) =0

third module has the upper bound k;|x(7) — x(s)| due to the assumption (20), and
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n2(|t—s|) (nonnegative function such that hlin& n2(h) = 0) is the upper estimation

of the fourth module. Finally,
IDUPF (1) = DYPF ()] < (]t = s]) + kalx (1) = x(s)],
where n = 1y + 2. This implies

w(DYPF!

(x.u)

h) < kow(D%Px, h) +n(h).

Hence for any set S C ©: wo(F(zx,u)S) =0and wo(D"’ﬁF(lx,u)S) < kowo(D*PSy),

where S is the natural projection of the set S on the space C,, p [0,71]. Defining
the measure of noncompactness as u(S) = %wO(S ), we have

ﬂ(F(x,u)S) < kap(S).

Applying the Darbo fixed point theorem, we conclude that the function F, ;) has a

fixed point. It follows that there exist functions x € C,, P [0,#1] and u € C,, [0, 1]
such that x(7) = F(lm)(t) and u(t) = F(zm)(t). Hence the control steering the

system (1)—(2) from the initial state xo to a final state x(¢) = x(¢1) at any time
t; > 01is defined as

u(t) = B (1)@ (t; —HW (1)) ()7—Xot(“_l)(l_'g)Ea,a+(1—a)ﬂ(z4fa) - H(u)) :

O

Theorem 6 Let U C R™ be a convex and compact set containing 0 in its interior,
and let every u(t) € U be an admissible control. If the linear Hilfer fractional
system (6)—(7) is controllable on [0, t{], the inequality (13) holds and |arg(A;)| >
an

—, 1 <i < n, where A; are the eigenvalues of the matrix A, then the semilinear
Hilfer fractional system (1)—(2) is null U-controllable on [0, t{].

Proof. We assume that inequality (13) is satisfied and the linear Hilfer fractional
system (6)—(7) with unconstrained control is controllable on [0, 7;]. Applying
Theorem 3, we conclude that the semilinear Hilfer fractional system (1)—(2) is
controllable on [0, #1], while the control is unconstrained. Suppose further that
U c R™isaconvex and compact set containing O inits interiorand u(¢) € U. If the

. . . .. an .
eigenvalues of the matrix A satisfy the condition |arg(4;)| > - 1 <i < n,then

the Hilfer fractional system (1)—(2) is asymptotically stable (see: [32]). Because
of the asymptotic stability assumption, x = 0 is the solution of the system (1)—(2)



www.czasopisma.pan.pl P N www.journals.pan.pl
Y
S~

170 B. SIKORA

for the admissible control u(¢) = 0. Using the null control u(¢) = 0, the solution
x(t) of (1)—(2) satisfies the conditions

tlim x(t) =0 and x(t1) € N(0),

—+00

for some 0 < f; < 400, where N(0) is a sufficiently small neighborhood of
0 € R". From the assumption of convexity and compactness of the set U ¢ R™,
we conclude that any state x(¢;) can be steered to O € R” in finite time. Therefore
the semilinear Hilfer fractional system (1)—(2) is null U-controllable on [0, ¢;].0

Theorem 7 Let U C R™ be a convex and compact set containing 0 in its in-
terior, and let every u(t) € U be an admissible control. If the linear Hilfer
fractional system (6)—(7) is controllable on [0, t], inequalities (19)—(20) hold

an _ .
and |arg(A;)| > —, 1 < i < n, where A; are the eigenvalues of the matrix A, then

the semilinear Hilfer fractional system (1)—(2) is null U-controllable on [0, t;].

Proof. Assuming that inequalities (19)—(20) are satisfied and the linear Hilfer
fractional system (6)—(7) with unconstrained control is controllable on [0, #1], we
apply Theorem 5 and conclude that the semilinear Hilfer fractional system (1)—(2)
is controllable on [0, #;] with unconstrained controls. If, additionally, u(t) € U,
U c R™ which is a convex and compact set containing O in its interior and the

. . : .. an .
eigenvalues of the matrix A satisfy the condition |arg(4;)| > - 1 <i < n,then

the Hilfer fractional system (1)—(2) is asymptotically stable. The justification is
just the same as in the proof of Theorem 6. O

5. Illustrative examples

In this section, a numerical example is presented to illustrate the theoretical
results obtained. Moreover, an example of a practical problem related to electric
circuits is given, modeled by a semilinear Hilfer fractional differential equation,
which is considered in this paper.

Example 1 (Numerical example)
Consider the following semilinear Hilfer fractional control system

D32x() = Ax(1) + B(u(t) + £(1,x()), Q1)

10-00-B)(04) = 0, (22)

sin x(t)

10 0t
whereA—[ ],B—[ cos u(1)

02 10

,and f(t,x(t),u(r)) = [ ] fort € [0,1].
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1
For @ = = and n = 2 the matrix ®(¢) takes the form

1
TG b

3 _2 _1
cI)(t)=Z—t :10t3+10t3
T ooy Floz2l o
ey r () r(3)
[ z—% 3
+ 0
r l r %
|13 3
0 i +—2t_% |
HE) (2
3 F(é).

Hence the Grammian matrix for the system (21)

1
W(l):/d)(t—r)B(t)B(t)*CD*(t—r)dr

- -3 12

N2\
= r-
PG G
is nonsingular. Therefore, by Remark 2, the linear system corresponding to (21)-

(22) is controllable on [0, 1].
Moreover, f satisfies condition (13). That is

(. x(2)]) = I sinx(r) +cos u(@)]| < || sinx(o)]| +[| cosu(r)]] < [x(1)] +]u(0)]*.

Sincea=1,n=2and N =1, for ¢t € [0, 1] we have

3 3
2 3 2 3
b > N> M3 arJi e (—e o - 1_)2 = 4 M3eM (e ‘- 1)2
yV2 20 V2
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e?0 —1
20
and 2V2M3eM < v. Then condition (14) holds, and using Theorem 3, we con-

clude that the semilinear Hilfer fractional-order system (21)—(22) is controllable
on [0, 1].

3
3
For o — 0, ( ) — 1, so y and M can be found such that ||®(#))| < M

Example 2 (Practical example)

Consider a transient process in the electrical circuit, that is, a process of
transition from one operating mode to another, differing with parameters, shown
in Fig. 1.

PTG PRESIO

AL 1
r 01(1)
00(1)
00| |/
e(t)
J C xs(t)
W, L || AL
—
g
y(®)

Figure 1: Electrical circuit

Applying the Hilfer fractional derivative, the following system of fractional
differential equations describes the process.

DMy (1) = = xa(0) = Tas(0) + e(0) = Toolxi () - po1 (),

D*r(t) =~ Ea(0) + Zs(0) = 2y (a0)
0 = —x2(t) —rx3(t) + 02 (x1 (1) = x3(8)) — r1(x3(2)),

where 0 < @ < 1,0 < B8 < 1, L is a given inductance, C is a given capacitance, /
is the current intensity, U is the current voltage, x| (t) = I, x2(¢) = Uc, x3(t) =
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I are coordinates of a state vector, e(t) € leoc([O, ), R™) is a continuous

voltage source (control), L, C, r, g € R, are given constants. Moreover, nonlinear
resistances g, 01 and g7, and a nonlinear conductance y are given continuous
functions with continuous its Hilfer D®# derivative.

6. Concluding remarks

In the paper, the controllability of semilinear Hilfer fractional control systems
is discussed. It was assumed that the nonlinear function f is smooth enough and
satisfies either condition (13) or conditions (19)—(20). Definitions of controlla-
bility from a given initial state, local and global controllability on the interval
[0,71], and null controllability with constrained controls for the systems were
formulated. The formula for solution of the Hilfer fractional-order initial value
problem (1)—(2) was given and proved. The main result of the paper is new criteria
for the controllability of the semilinear Hilfer fractional systems, which have been
established and proved. The first criterion (Theorem 3) is based on Rothe’s fixed
point theorem and concerns the fractional differential system with unconstrained
control. The second criterion (Theorem 5) is the constrained controllability cri-
terion formulated on the basis of the Darbo fixed point theorem. The third and
fourth criteria are the sufficient conditions for null controllability with constrained
controls (Theorem 6 and Theorem 7). The numerical example was presented to
show how the controllability of the systems under consideration can be checked
using the criterion established (Example 1). The practical example was included
to provide a possible application of the study (Example 2).

The Rothe’s and generalized Darbo fixed point theorems are useful tools for
studying the controllability of semilinear and nonlinear fractional order dynamical
systems. The presented results can be generalized to the case of the function f
dependent on a delayed argument.
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