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Nonlinear analysis for proposing limit state criteria
of reinforced concrete road bridge superstructures
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Abstract: In the research of long-time operating road bridge superstructures, it should note that when
the internal forces in the beam elements reach specific values, the stiffness of the cross-section of these
elements should decrease. Besides that, if there are damaged places in the beam-element of the road
bridge superstructures, the element could not work normally, and the redistribution of internal forces
between elements in the whole system would happen. This phenomenon was not taken into account in
the initial design calculation. In practice, it shows that many road bridges are subjected to greater loads
than the calculated loads in the design process, but they still normally operate. This article proposes
the other limit state criteria in evaluating the load capacity reserve of road-bridge superstructures
using nonlinear analysis based on nonlinear deformational models of modern construction codes. The
proposed calculation procedure is established to explain the load capacity reserve of long-time operating
road bridge superstructures in the case of the lack of experimental evaluation. From the obtained results,
the suitable limit state criteria for road bridge superstructures are suggested, and the conclusions about
the accuracy of the proposed approach of nonlinear structural analysis are recommended.
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1. Introduction

Many operating road bridges were built from the 1950s onwards in Russia and Viet-
nam, these road bridges with superstructures designed according to the typical drawings
with precast reinforced concrete as “Issue 1956”, “Issue 1956-D” and precast pre-stressed
reinforced concrete with as “Issue 1947”, “Issue 1011”, “Issue 122-62” [1]. These typical
drawings were published due to the requirements to speed up the construction progress in
the historical moment in Russia and Vietnam. The operating time of these road bridges
can now be approximately 50–70 years. According to statistics, if comparing the value of
the used live load in a period that these designs came into practice with the current value
of the live load, the current live load has increased more than two times [2, 3]. However,
these above-mentioned road bridges are still in a normal working state. The elements of
road bridges, such as their superstructures, are required to test the load-carrying capacity,
but that has not been done simultaneously for all road bridges over the country in Russia
and Vietnam. The article deals with the nonlinear analysis according to the nonlinear de-
formational models to propose the other evaluation criteria of limit states of road-bridge
superstructures. From there, it explains the load-carrying capacity reserve of the super-
structures, which is subjected to a higher load than the designed load in the case of a lack
of experimental tests. The new evaluation criteria of limit states based on the nonlinear
deformational analysis proposed in this research are especially effective in the case of that
the superstructure has been damaged at the places of one or several its elements because
it takes into account the stiffness decrease of elements of the superstructure. From the
application of the nonlinear deformational analysis method in road bridge superstructure,
the scope of application extended to the beam systems in the building structure [4, 5].
In addition, the nonlinear analysis of road-bridge structures has been studied by many

researchers. In [6], the authors applied nonlinear models for T-beam to calculate the shear
strength outcomes and in [7] the research determined the force-displacement relations
for a reinforced concrete beam-column type element, the determination of this relation-
ship needs to be computed internally at each step of the numerical integration process.
In [7], the localized plasticity approach is used in which the nonlinear material proper-
ties are considered at the endpoints of the elements. In [8], application of programming
software in calculation of bridge structures allows to static analysis without any difficulty.
In [9, 10] the nonlinearity is considered in the analysis of bridge structures. From these
researches, it is shown that with consideration of nonlinearity, the analysis results converge
with the observed behavior of the bridge structures and make them more economical.
In research [11–18], the authors have studied many types of road bridge superstructures
considering the nonlinearity of material and used the nonlinear deformational models for
compressive concrete and reinforcement, pre-stressed reinforcement in the analysis. In this
article, besides the nonlinear deformational models in [19], the nonlinear stress-strain rela-
tionship of compressive concrete [20] is used to compare the obtained results. From there,
it can be to verify the accuracy of the proposed nonlinear approach by authors in road
bridge superstructures. Besides, in this research, the authors applied an iterative algorithm
for applying the load process of structural analysis of road-bridge superstructures.
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Furthermore, according to the common limit state, calculate the load-carrying capacity
of any structure and road-bridge superstructures in particular; it is required to determine
the calculated values of internal forces in their elements. After that, compare these values
with the critical values of internal forces respectively in the most considered dangerous
cross-sections of the elements. However, this approach is often used in the calculations of
the design process. In the case of operating structures such as road-bridge superstructure
that are subjected to a higher load than the design load and has elements with damaged
places, this approach shows several disadvantages
– In the cross-section of an element, the bendingmoment of which achieved the critical
value, the plastic hinge is formed in this section, this beam-element cannot continue
to carry loading, but it does not mean that the whole system has reached the limit
state;

– When the bending moment of the elements reaches specific values, the stiffness
in the section gradually decreases. It will have happened the redistribution of the
bending moment in the whole system of the structure. This leads to different results
than those calculated in the design process’s initial period. This article presents the
evaluation criteria and calculation procedure based on the nonlinear deformational
models of concrete and steel according to construction codes [19] and [20].

The calculation procedure of the proposed approach in this article consists of two steps:
– Establishment of relationships between parameters such as an algebraical sum of
bending moments in considered sections, bending curvature, cross-section stiffness
of elements, and strain of compressive concrete. In this step, the nonlinear deforma-
tional models according to [19] and [20] will be applied;

– Finite element analysis for road-bridge superstructure with gradually increasing
reference lane of AK moving loads. This step considers the relationship between the
algebraical sum of bending moments in the elements and the cross-section stiffness
of elements, which was obtained in the previous step. From the calculation results in
this step, the other evaluation criteria of limit state for road-bridge superstructures
are proposed.

2. Nonlinear deformational models and nonlinear
structural analysis

2.1. Nonlinear deformational models

Previously, the construction codes usedmodels based on stress.When the internal forces
and stresses in the elements of the structural system reach critical values, the elements
cannot continue to carry loading. When Russian codes SP 52-101-2003 [21], SP 52-102-
2004 [22], later version [19] and [20] were released, allowing nonlinear structural analysis
based on stress-strain relations. According to these documents, the nonlinear deformational
models describe the stress-strain state at any period of the loading process and consider
the element stiffness decreasing when the load increases in the system. The stress-strain



498 T.V.T. Thi, Q.V.T. Bich

relations considered deformational models, which are presented in Fig. 1. In which the
3-stage line describes the stress-strain relation of concrete according to 6.1.19, 6.1.20,
6.2.14 of [19], while the curve describes the stress-strain relation of concrete according to
3.1.5 of [20].

Fig. 1. The comparison diagram of stress-strain relations of materials
for nonlinear analysis according to [19] and [20]

In Fig. 1, it presented the comparison between the stress-strain relations according
to [19] and [20]. From the Fig. 1, it shows that the stress-strain relations of [19] and [20]
are relatively similar with each other.

2.2. Approach of nonlinear structural analysis

In this research, the nonlinear structural analysis for beams of the road-bridge su-
perstructures is problem of establishment of relationships between different parameters,
which are strains of compressive concrete 𝜀𝑏 , bending curvature of cross-section 𝜌, bend-
ing moment 𝑀 , cross-section stiffness 𝑀/(1/𝜌) . . . The relation between section stiffness
𝑀/(1/𝜌) and bending moment 𝑀 is 𝑀/(1/𝜌) = 𝑓 (𝑀) that obtained from this step is used
into the second step of the analysis to describe the change of section stiffness when the load
increases. In this research, it is studied the increase of loading from the value of internal
forces that corresponds with static load to the value of internal forces that corresponds with
the ultimate loading.

2.2.1. Formulation of nonlinear analysis for beam elements
a) Theoretical background
In order to establish the above-mentioned relations, it is necessary to determine the

strains 𝜀𝑏 , 𝜀𝑠 , 𝜀𝑠𝑐 , 𝜀𝑝 , of compressive concrete, tensile, compressive and pre-stressed
reinforcement relatively and the corresponding stresses 𝜎𝑏 , 𝜎𝑠 , 𝜎𝑠𝑐 , 𝜎𝑝 in accordance with
the given variable strain of compressive concrete 𝜀𝑏0. These strains and stresses distribute
according to linear function by the height of the element as presented in Fig. 2.
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Fig. 2. Cross section ad schematic representation for nonlinear structural analysis: a) reinforced
concrete; b) pre-stressed reinforced concrete

From the schematic representation in Fig. 2a, 2b, it is determined the forces raised
in the compressive zone of concrete, in the tensile and compressive reinforcement, in the
pre-stressed reinforcement by following formula [23]:

(2.1) 𝐹𝑏 =

∫
𝐴

𝜎𝑏 d𝐴; 𝐹𝑠 =

∫
𝐴

𝜎𝑠𝐴𝑠; 𝐹𝑠𝑐 =

∫
𝐴

𝜎𝑠𝑐𝐴𝑠𝑐; 𝐹𝑝 =

∫
𝐴

𝜎𝑝𝐴𝑝

in which𝜎𝑏 ,𝜎𝑠 ,𝜎𝑠𝑐 ,𝜎𝑝 – stresses in compressive concrete, tensile, compressive reinforce-
ment, pre-stressed reinforcement; 𝐴, d𝐴 – areas of compressive concrete and infinitesimal
zone in compressive concrete; 𝐴𝑠 , 𝐴𝑠𝑐 , 𝐴𝑝 – areas of tensile, compressive reinforcement,
pre-stressed reinforcement.
It is necessary to note that in the pre-stressed reinforced concrete elements, the strain

of the pre-stressed reinforcement determined by the following formula:

(2.2) 𝜀𝑝 = 𝜎𝑝𝑛/𝐸𝑝 + 𝜀𝑏,𝑧=𝑥 (𝑥 − ℎ0)/𝑥

in which 𝜎𝑝𝑛 – stress of extensive period of reinforcement taking into account the stress
loss; ℎ0 – effective depth of section; 𝑥 – height of compressive concrete zone of section.
For each given value of variables 𝜀𝑏,𝑧=𝑥 , it is determined only one value of bending

moment M and section height of compressive concrete 𝑥 that satisfy the equilibrium
equations for each case:
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– for reinforced concrete element:

(2.3)
∑︁

𝐹 = 𝐹𝑏 + 𝐹𝑠 + 𝐹𝑠𝑐 = 0

– for pre-stressed reinforced concrete element [23]:

(2.4)
∑︁

𝐹 = 𝐹𝑏 + 𝐹𝑝 = 0

The bending curvature for section element is determined as 1/𝜌 = 𝜀𝑏,𝑧=𝑥/𝑥 for rein-
forced concrete element and 1/𝜌 = (𝜀𝑝 − 𝜀𝑏,𝑧=𝑥)/ℎ0 for pre-stressed reinforced concrete
element. Calculating the relationship between 3 parameters 𝜀𝑏,𝑧=𝑥 ,𝑀 and 𝑥 usingMathcad
programming software to determine the strains, the stresses, bending curvature 1/𝜌 and
bending stiffness 𝐵 = 𝑀/(1/𝜌).
Here, it should note that, the way of calculation of the bending stiffness of cross section

of element B is different in two period of load applying:
– For reinforced concrete elements, in the first period of load applying (when 𝜀𝑏,𝑧=𝑥 ≤

𝜀𝑏1), the bending stiffness of cross section 𝐵 = 𝑀/(1/𝜌) is constant and equals 𝐸𝑏 𝐼red,
in which 𝐼red is equivalent moment of inertia of cross section and the tensile concrete
zone is neglected. After crossing the transition point |𝜀𝑏,𝑧=𝑥 | = 𝜀𝑏1, 𝜎𝑏1 = 0.6𝑅𝑏 as
shown in the stress-strain relationship of compressive concrete of [19], this period is
considered as second period, the bending stiffness of cross section is defined as ratio
𝑀/(1/𝜌) < 𝐸𝑏 𝐼red. The loss of load carrying capacity determined by conditions of
which the strains of compressive concrete and reinforcement reached the values 𝜀𝑏2,
𝜀𝑠2 as shown in stress-strain relationships of compressive concrete and reinforcement
of [19] or the bending stiffness of cross section decreases to zero.

– For the pre-stressed reinforced concrete, the bending stiffness is also considered as
𝐵 = 𝑀/(1/𝜌), which is changed in two period of load applying. In the first period, the
cross section is compressive completely (𝑥 = ℎ), the equivalent area 𝐴red and equivalent
moment of inertia 𝐼red of cross section are calculated for the whole section and these
parameters are unchangeable at this period. In the second period of load applying
(𝑥 < ℎ), the bending stiffness of cross section is considered as ratio 𝑀/(1/𝜌) (where
1/𝜌 = |𝜀𝑏,𝑧=𝑥 | = (𝜀𝑝 − 𝜀𝑏,𝑧=𝑥)/ℎ0) which is calculated like the case of reinforced
concrete elements.
b) Calculation procedure of establishment of relationships between different param-

eters for beam-elements:
– Listed input parameters of the analysis: elastic modulus and strength of concrete, rein-
forcement 𝐸𝑏 , 𝐸𝑠 , 𝐸𝑠𝑐 , 𝐸𝑝 , 𝑅𝑏 , 𝑅𝑠 , 𝑅𝑝; geometrical dimensions of the element section
𝑏, 𝑏 𝑓 , ℎ, ℎ 𝑓 ; parameters of reinforcement 𝐴𝑠 , 𝐴𝑠𝑐 , 𝐴𝑝 , 𝑎𝑝 , 𝑎𝑠 , 𝑎𝑠𝑐 , ℎ0; tensile stress of
pre-stressed reinforcement 𝜎𝑝𝑛.

– Determine the geometrical characteristics of element section: equivalent area 𝐴red, equiv-
alent first moment of area 𝑆red, equivalent moment of inertia 𝐼red, equivalent section
modulus𝑊top_red,𝑊bot_red, distances between centre of section and top or bottom edges
of section 𝑦top, 𝑦bot;
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– Formulate the equation of forces to determine the height of compressive zone of concrete
𝑥. However, for pre-stressed reinforcement, it is necessary to calculated in two period as
illustrated in [23].

– Write the distribution of stresses of compressive reinforcement, tensile reinforcement and
pre-stressed reinforcement𝜎𝑏 (𝜀𝑏,𝑧 (𝜀𝑏 , 𝑥)),𝜎𝑠𝑐 (𝜀𝑠𝑐 (𝜀𝑏 , 𝑥)),𝜎𝑠 (𝜀𝑠 (𝜀𝑏 , 𝑥)),𝜎𝑝 (𝜀𝑝 (𝜀𝑏 , 𝑥)),
by the height of cross section according to formula in the sections 6.1.19, 6.1.20, 6.2.14
of [19] and 3.1.5 of [20];

– Determine the forces of compressive concrete, tensile, compressive and pre-stressed
reinforcement as following:
• for the reinforced concrete beam-element:

𝐹𝑏 (𝜀𝑏,𝑧 , 𝑥) =𝑏 𝑓

𝑥∫
0

𝜎𝑏 (𝜀𝑏,𝑧)d𝑧 if 𝑥 ≤ ℎ 𝑓

𝐹𝑏 (𝜀𝑏,𝑧 , 𝑥) =𝑏𝑤

𝑥−ℎ 𝑓∫
0

𝜎𝑏 (𝜀𝑏,𝑧)d𝑧 + 𝑏 𝑓

𝑥∫
𝑥−ℎ 𝑓

𝜎𝑏 (𝜀𝑏,𝑧)d𝑧 if ℎ 𝑓 < 𝑥 :

(2.5)

𝐹𝑠𝑐 (𝜀𝑏,𝑧 , 𝑥) =𝜎𝑠𝑐 (𝜀𝑏,𝑧 , 𝑥) · 𝐴𝑠𝑐(2.6)

𝐹𝑠 (𝜀𝑏,𝑧 , 𝑥) =𝜎𝑠 (𝜀𝑏,𝑧 , 𝑥) · 𝐴𝑠(2.7)

• for the pre-stressed reinforced concrete beam- element like in [23]
– Determine the bending moment of the forces at the neutral axis of the section:

• for the reinforced concrete beam-element:

𝑀𝑏 (𝜀𝑏,𝑧 , 𝑥) =𝑏 𝑓

𝑥∫
0

𝜎𝑏 (𝜀𝑏,𝑧)𝑧d𝑧 if 𝑥 ≤ ℎ 𝑓

𝑀𝑏 (𝜀𝑏,𝑧 , 𝑥) =𝑏𝑤

𝑥−ℎ 𝑓∫
0

𝜎𝑏 (𝜀𝑏,𝑧)𝑧d𝑧 + 𝑏 𝑓

𝑥∫
𝑥−ℎ 𝑓

𝜎𝑏 (𝜀𝑏,𝑧)𝑧d𝑧 if ℎ 𝑓 < 𝑥 :

(2.8)

𝑀𝑠𝑐 (𝜀𝑏,𝑧 , 𝑥) =𝐹𝑠𝑐 (𝜀𝑏,𝑧 , 𝑥) · (𝑥 − 𝑎𝑠𝑐)(2.9)

𝑀𝑠 (𝜀𝑏,𝑧 , 𝑥) =𝑀𝑠 (𝜀𝑏,𝑧 , 𝑥) · (𝑥 + 𝑎𝑠 − ℎ)(2.10)

𝑀𝑒𝑥 =
∑︁

𝑀 (𝜀𝑏,𝑧 , 𝑥) = 𝑀𝑏 (𝜀𝑏,𝑧 , 𝑥) + 𝑀𝑠 (𝜀𝑏,𝑧 , 𝑥) + 𝑀𝑠𝑐 (𝜀𝑏,𝑧 , 𝑥)(2.11)

• for the pre-stressed reinforced concrete beam-element like in [23]

𝑀𝑝 (𝜀𝑏,𝑧 , 𝑥) =𝐹𝑝 (𝜀𝑏,𝑧 , 𝑥) · (𝑥 − ℎ0)(2.12)

𝑀𝑒𝑥 =
∑︁

𝑀 (𝜀𝑏,𝑧 , 𝑥) = 𝑀𝑏 (𝜀𝑏,𝑧 , 𝑥) + 𝑀𝑝 (𝜀𝑏,𝑧 , 𝑥)(2.13)

𝑀∑ =𝑀𝑒𝑥 + 𝜎𝑝 · 𝐴𝑝 (𝑦bot − 𝑎𝑝)(2.14)

– Determine the bending curvature 1/𝜌 and the stiffness 𝐵 = 𝑀/(1/𝜌) of particle of
beam-element with length d𝑙:
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• for the reinforced concrete beam-element:

(2.15)
1

𝜌
(
𝜀𝑏,𝑧=𝑥 , 𝑥

) =

���𝜀𝑏,𝑧=𝑥
𝑥

��� ; 𝐵
(
𝜀𝑏,𝑧=𝑥 , 𝑥

)
=

𝑀𝑒𝑥

1/𝜌
(
𝜀𝑏,𝑧=𝑥 , 𝑥

)
• for the pre-stressed reinforced concrete beam-element:

(2.16)
1

𝜌
(
𝜀𝑏,𝑧=𝑥 , 𝑥

) =

���𝜀𝑏,𝑧=𝑥
𝑥

��� = 𝜀𝑝 − 𝜀𝑏,𝑧=𝑥

ℎ0
; 𝐵

(
𝜀𝑏,𝑧=𝑥 , 𝑥

)
=

𝑀∑
1/𝜌

(
𝜀𝑏,𝑧=𝑥 , 𝑥

)
Finally, draw the schematic representation of relationship between above determined

parameters (strain of compressive concrete, bending curvature, stiffness of cross section
. . . ): 𝑀 = 𝑓 (𝜀𝑏,𝑧), 1/𝜌 = 𝑓 (𝑀) = 𝑓 (𝜀𝑏,𝑧); 𝐵 = 𝑓 (𝜀𝑏,𝑧), 𝐵 = 𝑓 (𝑀).
Using the above calculation procedure and the proposed mentioned approach of non-

linear structural analysis for beam-element, the authors established the algorithm, wrote
the programming routine in Mathcad calculation software for reinforced concrete, and
pre-stressed reinforced concrete beam-elements. The results of this routine is applied in
the second period of the nonlinear structural analysis of road bridge superstructures.

2.2.2. Nonlinear structural analysis for road-bridge superstructures
The nonlinear structural analysis for road-bridge superstructures is implemented using

structural analysis software SCAD Office 21.1. In the analysis, it is applied the frame-shell
model as shown in Fig. 3a, 3b. In the analysis, it is necessary to take into account the
difference in height of center of beam elements and central axis of road bridge desks. For
this purpose, the hard connection is applied as shown in Fig. 3a, 3b [2, 3].

a) b) c) 

1

6

74 5 1 5

46

8

5

1

2

7

6

Fig. 3. Schematic representation for structural analysis of road-bridge: a) scheme of frame-shell
models for road-bridge superstructures of “Issue 56”; b) scheme of frame-shell models for road-

bridge superstructures of “Issue 122-62”; c) model of road-bridge superstructures

The Fig. 3c shows an example of model of road-bridge superstructures that subjected
to two lanes of live road loading type AK; it presents the discretization of desks and
beam-elements into finite elements, the distribution of AK load lane [2]. The selection
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of frame-shell model in nonlinear structural analysis of road-bridge superstructure allows
presentation of the change in section stiffness 𝐵 = 𝑀/(1/𝜌) in the beam-elements according
to the relationship 𝐵 = 𝑓 (𝑀) obtained from previous step of analysis in the case of that
the live load gradually increases.
The loading in the system followed the principle:
– In the first time of loading, in the road-bridge superstructures, it is applied only
a part of the live load of AK loading type which corresponding to the compressive
concrete stress raised in the middle section of the span of the highest bearing load
beam-element 𝜎𝑏,𝑧=𝑥 = 𝜎𝑏1;

– In the following times of loading, the unit live load A1 of the AK load added with
the previous live load AK for each time, the displacements of the beam-elements
recorded repeatedly. The load applied gradually until to the moment of reaching of
the limit state. The diagram of relationship between these displacements and the
gradually applied AK live load is established.
In this research, the limit state can be recommended according to following criteria:

– The displacement of the maximum bearing load beam-element in the superstructure
reaches to the critical value of displacement in the case of beam-element of road-
bridge superstructure;

– The bending moment of maximum bearing load beam-element reaches to the critical
value according to limit state of strength;

– The number of formed plastic hinges in road-bridge superstructures;
– The signal of displacement progression in the maximum bearing load beam-element;
– The condition of transformation of the boundary beam into the maximum bearing
load beam.

3. Numerical investigation

3.1. Reinforced concrete road-bridge superstructure

In this research, it is implemented the example of nonlinear structural analysis for
reinforced road-bridge superstructure of typical drawing Issue 56 with the length of beam
14.06 m (calculated span 13.7 m) and other parameters of dimensions and geometrical
characteristics are given in Fig. 4 and Fig. 5.
Material characteristics: Elastic modulus of concrete (M300) 𝐸𝑏 = 25650 MPa, re-

inforcement 𝐸𝑠 = 2.06 · 105 MPa; compression strength of concrete 𝑅𝑏 = 11.75 MPa,
reinforcement 𝑅𝑠 = 236 MPa.
In the Table 1, it is presented the results of nonlinear analysis of reinforced concrete

beam with length 14.06 m of Russian typical drawing Issue 56.
– Through Table 1, we could see that the results of distribution of stresses of compres-
sive concrete calculated according to [19] and [20] are relatively converged.

In the Fig. 6, it is presented the results of nonlinear analysis of beamwith 14.06m length
of Russian typical drawing of Issue 56, which are calculated to nonlinear models according
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Fig. 4. Schematic presentation of reinforcement along length
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Table 1. The distribution of stress by height of cross-section of 14.06 m beam of Russian typical
drawing Issue 56

𝜀𝑏 = 2.5 · 10−4 𝜀𝑏 = 8 · 10−4 𝜀𝑏 = 16 · 10−4 𝜀𝑏 = 25 · 10−4

to different construction codes. The Fig. 6 shows that the results of calculation according
to Russian construction code [19] and [20] are not much different with each other. This can
evince that the accuracy of proposed approach of nonlinear analysis of beam elements.

Fig. 6. Results of nonlinear analysis of beam with length 14.06 m of typical drawing of Issue 56
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The second period of nonlinear structural analysis of road-bridge superstructures im-
plemented using the results of nonlinear analysis of beam elements with 14.06 m length
and dimensions of the superstructure given as shown in Fig. 7.
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Fig. 7. Cross section of reinforced concrete road-bridge superstructure with length of beam 14.06
m of typical drawing Issue 56: 1 – beam element, 2- diaphragm, 3- metal barriers, 4 – reinforced

concrete sides

The authors implemented the nonlinear structural analysis of road-bridge superstructure
in the research using the structural analysis software SCAD [2, 3]. The models that used
in the research are frame-shell models as above mentioned with gradually applying of AK
type load. The Fig. 8 shows some results of analysis, in the Fig. 8a; it presents the changes
of bending moment along the length of all beams of road-bridge superstructure. The red
lines 𝑀 𝐵const of the Fig. 8a presents the values of bending moment corresponding with
the constant stiffness of cross section of the beams. When the value of bending moment
of beams reaches to the maximum value of bending moment, which corresponds with the
value of cross section stiffness, is approximately zero, it is considered to form the plastic
hinges in the beams. If in the road-bridge superstructure, it is formed 2 or 3 plastic hinges,
the superstructure reaches to limit state by criterion of number of plastic hinges. Besides
that, in the Fig. 8b, it is presented the diagram of relationship between displacements and
AK load. From Fig. 8b, it can be seen that after load A17 the displacements will increases
rapidly in almost beams. So, the load A17 of AK type load can be considered as the limit
load for the criterion of displacement progression.
From the results of nonlinear structural analysis, the Table 2 presents the comparison

of AK load corresponding with three proposed types of limit states:
– Achievement of critical value of bending moment according to the condition of
reaching of ultimate strength in one (maximum bearing load) beam;

– Achievement of critical value of displacement, which equals 0.004 of calculated span
length (𝑙𝑐) in maximum bearing load beam;

– Formation of two plastic hinges in beams of superstructure;
The data in Table 2 shows that the application of proposed approach of nonlinear

structural analysis in road-bridge superstructures and proposed criteria of limit states
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Fig. 8. Results of nonlinear structural analysis: a) the change of bending moment of beams under
reference lane of AK loads; b) displacements of beams

allows increasing class of loading of type AK about 2–3 units: from A10–A11 to A12–A13
and from A14 to A16–A17.

Table 2. The comparison of AK load corresponding with different limit states

Beam
length,
m

Area of steel
(in middle span),

cm2

Achievement of
critical value of
bending moment
calculated by
ULS method

Displacement
of max.

bearing load
beam 0.004 𝑙𝑐

Formation of 2
plastic hinges

in
superstructure

Achievement
of

max.disp. in
boundary
beam B1

14.06 72.4 A16 A19 A18 A17

3.2. Pre-stressed reinforced concrete road bridge superstructure

Similarly, in the research, it is also performed the example of nonlinear structural
analysis for pre-stressed reinforced road-bridge superstructure of typical drawing Issue
122-62 with 22.16 m beam (calculated span 21.5 m) and other parameters of dimensions
and geometrical characteristics are given in Table 3 and Fig. 9. Material characteristics:
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Elastic modulus of concrete (class B30) 𝐸𝑏 = 29250 MPa, pre-stressed reinforcement (type
Bp-II) 𝐸𝑠 = 177000 MPa; compressive strength of concrete 𝑅𝑏 = 15.5 MPa, reinforcement
𝑅𝑝 = 995 MPa, 𝜎𝑝𝑛 = 897 MPa, in the middle section of beam 𝑀init = 2102 kN·m,
𝜀𝑏0 = −3.75 · 10−4, 𝜎𝑝0 = −9.5 MPa.

Table 3. Dimensions and geometrical characteristics of cross-section of pre-stressed beam element

Sec.
𝑎, m

𝑏𝑤 ,
cm

h,
cm

ℎ 𝑓 ,
cm

ℎ𝑤 ,
cm

𝐴𝑝 ,
cm2

𝑎𝑝 ,
cm

ℎ0,
cm

𝐴red,
cm2

𝑌bot,
cm

𝐼red,
105cm4

𝑊bot_red
105cm3

𝑊top_red
105cm3

0 16 120 10 35 28.3 33 87 4796 74.3 82.96 1.116 1.817

5 16 120 10 35 28.3 25 105 4796 74 84.37 1.141 1.832

10.75 16 120 10 35 28.3 13 107 4796 73.6 86.25 1.171 1.861
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Fig. 9. Schema of reinforcement of pre-stressed beam with 22.16 m length of Issue 122–62

In the Table 4, it is presented the results of nonlinear analysis of pre-stressed reinforced
concrete beam with length 22.16 m. From Table 4, it can be seen that the results of
distribution of stresses of compressive concrete calculated according to [19] and [20] are
relatively converged.

Table 4. The distribution of stresses 𝜎𝑏 by height for middle cross section 𝑎 = 10.75 m (section 1–1)
of 22.16 m beam of Russian typical drawing Issue 122–62

𝜀𝑏 = 3.75 · 10−4 𝜀𝑏 = 8 · 10−4 𝜀𝑏 = 16 · 10−4 𝜀𝑏 = 20 · 10−4

The Fig. 10 presents the results of nonlinear analysis of pre-stressed beamwith 22.16 m
of Typical drawing of Issue 122–62.
In the Fig. 11, it presents cross-section of road bridge superstructure with 22.16 m beam

(calculated length of beam 21.5 m) and dimension G8 + 2 × 1.0. Similarly, in the second
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Fig. 10. Diagram of relationships of pre-stressed beam with length 14.06 m of typical drawing of

Issue 122-62: a) 𝑀∑/(1/𝜌) = 𝑓 (𝑀𝑒𝑥), b) 𝑀∑/(1/𝜌) = 𝑓 (𝜀𝑏,𝑧=𝑥)
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Fig. 11. Cross section of pre-stressed RC road-bridge superstructure with beam length 22.16 m of
typical drawing Issue 122–62: 1 – beam element, 2 – diaphragm, 3 – metal barriers, 4 – reinforced

concrete sides

period of nonlinear structural analysis of road-bridge superstructure also implemented
using the results of nonlinear analysis of beam in the first period, which shown in the
diagrams of Fig. 10 and the parameters of the superstructure in Fig. 11. The authors also
implemented the nonlinear structural analysis of road-bridge superstructure in the research
using the structural analysis software SCAD and the used models like in previous example.
The reference lane of moving load also is A11 load with gradually applying unit load of AK
type load. The Fig. 12 shows the results of analysis like in previous example: the changes
of bending moment along the length of all beams.
In the structural analysis, it is assumed that all reference lanes of live load are static.

On the other hand, by other words, in the research, the dynamic effect is neglected.
Like in previous example with reinforced concrete road bridge superstructure, in the

example with pre-stressed reinforced concrete road bridge superstructure, it also observed
and investigated themoment of formation of plastic hinges in beams of superstructures. The
moment of forming of two or three plastic hinges considered as the moment of reaching of
limit state of the superstructure by criterion of number of plastic hinges. In addition, in the
example, it is also investigated the moment of displacement progression.
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The Fig. 12b shows that after applying A18 load, the displacements in almost beams of
the superstructure increases rapidly. So, the load A18 can be considered as the limit load
for the criterion of displacement progression.

Fig. 12. Results of nonlinear structural analysis: a) The change of bending moment of beams under
reference lane of moving load AK; b) Displacements of beams

– The obtained results of this example are presented in the Table 5 which referred the
moving load AK corresponding with three proposed criteria of limit states.

– Reaching the point 𝜀𝑏0 corresponding with the value 𝑀init = 𝑀 that raised in the
maximum bearing load beam B1 under the reference lane of moving load A11;

– The first plastic hinge that formed in beam B1 under the reference lane of moving
load A16;

Table 5. The comparison of AK load corresponding with different limit states

Beam
length,
m

Area of
pre-stressed

reinforcement of
class BII

(in middle span)
cm2

Achievement of
critical value of
bending moment
calculated by
ULS method

Displacement
of max.

bearing load
beam
0.004𝑙𝑐

Formation of 2
plastic hinges
in road-bridge
superstructure

Achievement
of max.

displacement
in boundary
beam B1

22.16 28.26 A14.6 A17 A17 A18
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Under the moving load A11, the displacements of beam reached the value: B1–
64,94 mm, B2–58,5 mm, B3–51,9 mm; and the average displacement 43 mm, the number
of plastic hinges in the superstructure is three (formed in beams B1, B2, B3).
The data in Table 5 shows that the application of proposed approach of nonlinear

structural analysis in road-bridge superstructures and proposed criteria of limit states allows
increasing class of loading of type AK about 2–3 units: from A14–A15 to A17–A18.

4. Conclusions

In the research, the authors proposed an approach of nonlinear structural analysis for
reinforced concrete and pre-stressed reinforced concrete beams of road-bridge superstruc-
tures according to nonlinear deformational models of construction codes [19] and [20].
Based on the proposed approach, the algorithm and procedure of analysis are established,
and the routine of calculation is written usingMathcad software. From the obtained results,
it is built different relationships between internal forces, the strain of compressive concrete,
bending curvature, and cross-section stiffness. The obtained results calculated according
to various codes are relatively converged. This allows us to freely choose the deformational
models of the Russian code or the Eurocode2 in structural analysis.
The results of nonlinear analysis applied for beam elements in this research help to

perform a systematic description of the development of the stress-strain state of elements
at any period of the loading process. The relationships between bending moment and
cross-section stiffness used in the structural analysis of road-bridge superstructures allow
unequal section stiffness change in relationship with raised bending moment. In addition,
for this research, the most effective model of finite elements is the frame-shell model,
which consists of a finite shell element with three degrees of freedom at the node of the
element and the frame element with the entire section stiffness. The adoptedmodels applied
in nonlinear structural analysis for road-bridge superstructures allow for reflection of the
unequal section stiffness of beams that changes along the length of beams.
The approach of nonlinear structural analysis proposed by authors applied in the road-

bridge superstructures helps present the stress-strain state’s development.Moreover, it helps
describe the internal forces of any beam element of superstructures from the beginning of
loading to the exhaustion of bearing capacity. The reference lanes of loading type AK = A1
that are taken as the step of live load at the final stages of loading allow taking into account
the decrease of the section stiffness corresponding to raised bending moment of elements.
In this research, the recommended criteria for limit states of nonlinear structural analysis

are the following:
– The formation of two plastic hinges in the superstructure (with at least six beams);
– The transformation (in the process of step loading) of the boundary beam into
a maximum loaded one;

– The achievement of the critical value of displacement in the maximum loaded beam
or the degree of progression of deflection in the most loaded beam.
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According to these proposed criteria for limit states, that could reasonably explain
the load capacity reserve of the road-bridge superstructures, which have a long-time op-
eration process under greater load than the initially designed load. This is important in
evaluating the load capacity of reinforced concrete and pre-stressed concrete road-bridge
superstructures in the case of a lack of experiments.
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