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The positivity of the fractional order model
of a two-dimensional temperature field
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Abstract. The paper presents analysis of the positivity for a two-dimensional temperature field. The process under consideration is described
by the linear, infinite-dimensional, noninteger order state equation. It is derived from a two-dimensional parabolic equation with homogenous
Neumann boundary conditions along all borders and homogenous initial condition. The form of control and observation operators is determined
by the construction of a real system. The internal and external positivity of the model are associated to the localization of heater and measurement.
It has been proven that the internal positivity of the considered system can be achieved by the proper selection of attachment of a heater and place
of a measurement as well as the dimension of the finite-dimensional approximation of the considered model. Conditions of the internal positivity
associated with construction of real experimental system are proposed. The postivity is analysed separately for control and output of the system.
This allows one to analyse the positivity of thermal systems without explicit control. Theoretical considerations are numerically verified with
the use of experimental data. The proposed results can be applied i.e. to point suitable places for measuring of a temperature using a thermal

imaging camera.
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1. INTRODUCTION
In reality there exist many processes and phenomena described
by signals taking only positive values. Such phenomena are
known in medicine, chemistry, biology, economy or different
areas of engineering.

Theory of positive systems has been developed by many Re-
searchers over the years. Fundamentals are presented e.g. in
books: [1-5]. Presentation [6] is also interesting.

Control methods dedicated to positive systems allowing to
keep their positivity are given e.g. in: [7,8]. A specific class of
positive parabolic problems has been analysed i.e. in [9]. An in-
teresting “academic” example of a positive system is presented
in the paper [10].

An issue important from point of view of practice is to as-
sure of a positivity by a technical system we deal with. At first
glance, the number of results in this range seems to be large(see
e.g. [11-15]).

It is important to note that these theoretical results do not
give guidelines on how to construct a positive system. It can be
tried to apply the general positivity conditions, but this can be
difficult or dangerous in practice.

Numerical methods can be also employed to testing of posi-
tivity, as it is mentioned e.g. in [15]. However such a numerical
estimation is the NP hard problem. An alternative is delivered
by an idea of an “eventual positivity”. It permits an existence of
nonpositive solutions too. This issue is presented e.g. in [16,17].
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The fractional calculus allows one to describe many complex
physical phenomena and processes. Examples of fractional or-
der models are presented e.g. by [18-23]. Anomalous diffusion
problem using fractional order approach and semigroup theory
is given e.g. by [24]. An observability of fractional order sys-
tems is discussed e.g. in paper [25].

The use of the Kelvin scale allows one to describe thermal
processes using positive approach. Processes of heat transfer
and dissipation are analysed by researchers and engineers for
years. This broad class of processes can be described using non-
integer order approach also (see e.g. [26-31]).

Recently the study of positive fractional-order systems is
caused by the fact that many fractional-order systems also de-
scribe nonnegative physical phenomena and technical systems.
Fundamental results from area of the positivity of fractional or-
der systems have been published by T. Kaczorek incl. in pa-
pers [32-35].

In this paper new analytical conditions of the internal positiv-
ity for real, experimental thermal system are proposed and ver-
ified. The system under consideration is described by the frac-
tional order, two-dimensional state space model. The proposed
results allow one to attach a positivity property to a construction
of a real system.

The organization of the paper is following. It starts with re-
calling elementary ideas and definitions from fractional calcu-
lus and theory of positive systems. Next the experimental heat
system and its model are presented. The main result presents
analysis of the internal positivity of the considered system. Fi-
nally the numerical verification of presented results as well as
the numerical tests of the external postivity using experimental
data is given.

© 2023 The Author(s). This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)
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2. PRELIMINARIES
2.1. Basics of fractional calculus

The noninteger-order, integro-differential operator is defined as
follows (see e.g. [3,19,22,36]):

Definition 1. (The elementary noninteger-order operator) The
noninteger-order integro-differential operator is defined as fol-

lows:
def()
P a >0,
1) a=0,

oD f(1) = (1)

[r@an® a<o.

where a and ¢ denote time limits for operator calculation, o0 € R
denotes the noninteger order of the operation. If ¢ € Z, then the
operator (1) turns to classic integer order operator.

The fractional-order, integro-differential operator can be de-
scribed by definitions given by Griinwald and Letnikov, Rie-
mann and Liouville (RL) and Caputo (C). In this paper the C
definition is employed (see e.g. [3,19,22,36]):

Definition 2. (The Caputo definition of the FO operator)

ORI B B Al )
ODt f(t)r(M—(X)O/(l—T)a+]MdT7 (2

where M — 1 < o0 < M is the fractional order of operation and
I'(..) is the Gamma function.

The Laplace transform of the Caputo operator is defined as
follows (e.g. [37]):

Definition 3. (The Laplace transform of Caputo operator)

ZLGDEf(1) =s"F(s), a<0,

M-1
LEDEf(1) =s"F(s)— Y s** 1oDfF(0), @)
k=0
a>0, M—1<a<MEeZ.

The general form of a fractional-order linear state space
equation is as follows:

oD¥x(t) = Ax(t) + Bu(t), @

(1) = Cx(1).
In (4) @ € (0,1) is the fractional order, x(t) € RV, u(t) € RE,
y(t) € R” are the state, control and output vectors respectively,
A, B, C are the state, control and output operators, respectively.

2.2. Positivity
Next ideas and conditions of internal and external positivity of

the FO system should be remembered. They are given e.g. in
[33,34].

Definition 4. (The internal positivity)

The FO system (4) is called internally positive if x() € RY,
y(t) € RE ¢ > 0 for any initial conditions xo € RY and all inputs
u(t) e RM.

Theorem 1. The FO system (4) is internally positive if and
only if:
AeMy, BeRY, CeRY, (5)

where My denotes the Metzler matrix.

Definition 5. (The external positivity)

The FO system (4) is called externally positive if and only if
y() € Ri, t > 0 for homogenous initial condition xo = 0 and
all inputs u(z) € RM.

Theorem 2. The FO system (4) is externally positive if and
only if its impulse response matrix g(¢) is nonnegative for ¢ >
0, 1i.e:

g(t) =2 HC(s* 1 —A)'B} e REM. (6)

The internal positivity always implies the external positivity,
but the reverse implication is not true. The prooving of the ex-
ternal positivity without internal positivity is not a trivial issue.
The solution to this problem for a specified class of dynamic
systems is given in the paper [38].

3. THE CONSIDERED HEATING SYSTEM

The considered heating system is shown simplified in Fig. 1.
This is the PCB plate with the flat electric heater, denoted by
H. Tts coordinates are described by xp,1, xp2, y41 and yj, respec-
tively. The temperature of the whole PCB is monitored using
an industrial thermal imaging camera, the location and size of
measurement area are configurable. The size of camera sensor
is X x Y pixels. The area of measurement is marked as S and
its coordinates are denoted by x;1, x50, Y51 and ys» respectively.
Detailed description of this experimental system is given in the
section “Simulations and Experiments”. The heater and sensor
functions are expressed by the simple rectangular functions:

]" x7y€Ha

b(x,y) = {0 ey 2 H. (7)

[ [(0,0)
Xh1,Yh1
Xh2,Yh2
Xs1,Ys1
Y
Measured .
Area Xs2,Ys2

Fig. 1. The experimental system
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1, x,yeSs,
c(x,y>={0 Y ®)

x,y¢&S.

4. THE FRACTIONAL MODEL OF THE SYSTEM

The two-dimensional, FO model presented in this section has
been presented with details in papers [39,40]. Here its crucial
elements are recalled. The heat transfer equation is given by (9):

B O(x,y,1
SD?Q<x,y,z>=aw< Q)

_RaQ(X’yvt) +b(x,y)u(t),

9P Q(x,,1)
S

aQ(Oﬂy7t) :0’ [20,
ox
aQ(X7yﬂt) :O, tZO,
ox ©
9000 _o 5o,
dy
WYY o5y,
dy
0(x,y,0) =Qp, 0<x<X, 0<y<Y,

XY
y(0) =to [ [ Qxnr)e(r.y)drdy
00

where ¢ and f are fractional orders of derivatives of time and
length, a,, > 0, R, > 0 are coefficients of heat conduction and
heat exchange, k is a steady-state gain of the model, b(x,y) and
¢(x,y) are heater and sensor functions, expressed by (7) and (8).

The heat equation (9) can be expressed as an infinite-
dimensional state equation:

{ng‘Q(t) = AQ(t) + Bu(r), 10
y(t) =CO(1),
where:
FQ(x,y)  9P0(x.y)
AQ = day ( axﬁ ayﬁ _RtlQ(‘x?y)7
D(A)={Q e H*(0,1): Q'(0)=0, (11
0'(X)=0, 0'(v) =0},
Ay, Ry >0,
CO(t) = (c,Q(t)), Bu(t) = bu(r).
The state vector Q(r) takes the following form:
O(t) = [90.0, 90.1 Q02> q1.1, G125+ - (12)
The state operator A is as follows:
A= diag{%,(ﬁ ;LO,la %727 L) A‘l,l?
M2y oo Mty Mooy Ay o} (13)
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The shape of the heated plant (thin metallic surface) sug-
gests assuming the homogenous Neumann boundary condi-
tions. Consequently the eigenfunctions and the eigenvalues take
the following form:

1, m, n=0,
2Y
—cosn—ny, m=0,n=1,2,
n Y
2X b8
n—cos%, n=0 m=1,2,
Wi (x,y) = 3 7" (14)
2 1 mmx nwy
; COS X OST,
AL
XB " yB
m,n=1,2,
B B
m n
P = =t | 35 + 75 P —R,, m,n=0,12,... (15)

The main difference to the one-dimensional heat transfer equa-

tion is that the eigenvalues (15) can be multiple. The analysis

of existence of multiple eigenvalues is presented in paper [40].
The control operator takes the following form [40]:

T
B = [boo, bo1, -, bro, bi1s -] (16)
where:
XY
b= (H, W) = //b(x,y)wm,n(x,y)dxdy. 17
0 0
Taking into account (14) we obtain:
(Xn2 = xn1) Yn2 = yn1), m, n=0,
1
(Xn2 — Xn1) Anhy m=0, n=1,2,3,...,
hyn
bm,n == 1 (18)
h (th_yh])amhxa n:Oa m:1>2737"'7
xXm
Ma a m,n=1,2,3
hxmhyn mhx%nhy > ’ gLy Dy e
where:
mm
hxm = 7 )
(19)
P
yn Y .
2 1
knpn=——F——=, (20)
g/ mP nP
XB " yB
Amhx = (Sin(hxmth) - Sin(hxmxhl)) )
o . @D
Aphy = (Sm(hanhZ) - Sln(hynyhl)) )
3
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The output operator is as beneath [40]:

C = [c00, €01, s €10, CLL, -], (22)

where:
XY
Cmn— Swmn //nywman>dXdy (23)
00

In (23) each element ¢, , is expressed analogically, as (18):

(xSZ_-xsl)(yS2_ys1)7 man:07
1
— (X2 — X¢1) gy, m=0, n=1,2,3,...,
hyn
Cmp = 1 (24)
r(ySZ_ysl)amsxa n:()v m:172737"'7
Xm
Ma a mn=1273
hxmhwz msxUnsy ) [EZRSERE
In (24) hynyn are expressed by (19) and:
Amsx = (S?n(hxmxﬂ) - S.in(hxmxsl )) ; 25)
sy = (sin(hynys2) — sin(hy,ys1)) -

The dynamic system expressed by (13)—(23) is infinte-dimen-
sional and of course its explicit form cannot be employed to
modeling. This requires applying a finite-dimensional approxi-
mation. It is obtained by truncation of further modes of decom-
posed model at M x N-th place (see [40]). In such a situation
the state vector has the dimension M x N and operators A, B
and C turn to matrices of suitable size. The values of M and N
assuring the satisfactory accuracy of the model can be estimated
numerically or analytically.

4.1. The step and impulse responses of the model
The step response of the model we obtain using spectrum de-
composition property. It takes the following form (see [40]):

Z Zymn (26)
m=0 n=
where m, n-th mode of response is as follows:
Eoq(Apnt®) —1(¢
Ym,n (t) = a( e ) ( )bm,ncm,n . (27)

lm,n

In (27) Eq(..) is the one parameter Mittag-Leffler function,
Amns b n and ¢, are expressed by (15), (17) and (23) respec-
tively.

During simulations the finite-dimensional sum needs to be
employed:

Z Zymn

m=0 n=

ymn(t (28)

The analysis of the external positivity requires knowing an im-
pulse response of a system. It can be computed analogically as

the step response, using the decomposition of the spectrum of
the system.
The impulse response for a single mode of the system (10)—
(23) is as follows:
8m,n (t) = tailEa,(x (Afm,nta) bm,ncm,n s (29)
where Eq o(..) is the two-parameter Mittag-Leffler function,
the rest of parameters are the same as in (27).

Consequently the impulse response and its finite-dimensional
approximation are as below:

Z ngn (30)
m=0 n=

gun(t Z ngn 31)
m=0 n=

where g,, ,(¢) are the single modes expressed by (29).

5. MAIN RESULTS
Necessary and sufficient condition of the internal positivity is
given by (5).

The state operator A is described by (13) and it is the Metzler
matrix for each positive value of coefficients a,, and R,,. Testing
of the internal positivity requires checking the positivity of the
control and observation operators B and C only. Signs of par-
ticular elements of these operators are determined by the size
and location of control and observation as well as the order of
the model. Next, the positivity can be considered separately for
control and observation. This is discussed beneath.

Lemma 1. (The positivity of the control operator B) Consider
the dynamic system described by (13)—(23). Assume that the
size of its finite-dimensional approximation is M x N. The con-
trol operator B is positive iff the coordinates of the heater x; »
and yp,; » meet the following condition:

Xp1 + h X
hl ) M ; (32)
Va1 + Ayh < Y
2 2N’

where X and Y are the dimensions of the whole area, Ax;, =
Xpp2 — xp1 and Ay, = ypo — i1 describe the size of the heater.

Proof. The proof will be presented only for the horizontal co-
ordinate x. For the vertical coordinate y it is analogical.

At the beginning notice that the sign of each element by, ,, is
determined only by the sign of the factors a,,;, and ayyy, ex-
pressed by (25), because hy,, and h,y, expressed by (19) are al-
ways positive.

Next transform ay,,, to its equivalent form:

hymAx hymAx
xm2 h)sin( xm2 h)’ (33)
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where hy,, is expressed by (19). The factor (33) is positive iff its
both components are simultaneously positive or simultaneously
negative. With respect to (33) this is expressed as follows:

My AX,
cos (hxmxhl + xm2 h) >0
A (34)
sin <hxmAxh) >0

2

or

Mo\,
cos (hxmxhl + me h) <0
A (35)

sin <hxmzAxh) <0,

Using elementary properties of sine and cosine functions the
relations (34)—(35) can be expressed as follows:

Axy, T
0<h — | < =
xm <xh1+ ) > B

A (36)

Ax, T
0 < hym (2’1> <3

Axp, 3
T < hun — ) < =
(xm + ) > 5

A 37
Ax 3
T <hyn (2}'> id

or

7

Recalling (19) yields:

h X
0 il
< (xh' T ) < 2m
A (38)
Axh X
0 il
< ( 2 ) 2m’
or
X ( Axh> 3X
< (a2 ) <=
m 2 m
A 39

X (Axh> 3X

— <= < —.

m 2 m
The inequalities (38)—(39) must be met for 0 < x < X and
m = 1,...,M. The inequality (39) for m = 1 is not met for
0 < x < X. In the inequality (38) the strongest limitation is met

Ax,
for m = M and for x;; + Th This condition gives directly the

first inequality (32) and the proof for x is completed. The sec-
ond dependence for vertical coordinate y can be proven analog-
ically. O
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From the condition (32) the condition describing the maxi-
mum orders Mp and Np can be proven, assuring the postivity of
the control operator B for fixed location of heater. It is given by
the following Lemma:

Lemma 2. (The dimension of the model assuring the posi-
tivity of the control operator B) Consider the dynamic system
described by (13)—(23). Assume that the heater is attached in
points x,1, y1 and its size is Ay, Ay,

The control operator B is positive iff the dimensions Mp and
Np of the finite-dimensional approximation of the model meet
the following condition:

Mp < X
B 2 + A
Np < Y
Bl ——.
2yp1 + Ay,

(40)

The positivity of the output operator C can be proven ana-
logically. The suitable conditions can be proved analogically as
Lemma 2. They are given beneath.

Proposition 1. (The positivity of the output operator C) Con-
sider the dynamic system described by (13)—(23). Assume that
the size of its finite-dimensional approximation is M x N. The
output operator C is positive iff the coordinates of the measur-
ing place x,1 7 and yy » meet the following condition:

" Axg < X
Xs1 ) M’
Ay Y

ysl+7<ﬁ7

(41)

where X and Y are the dimensions of surface, Ax; = x;0 — X1
and Ay, = y» — ys51 describe the size of the measuring place.

Proposition 2. (The dimension of the model assuring the pos-
itivity of the output operator C) Consider the dynamic system
described by (13)—(23). Assume that the temperature is mea-
sured in the point: X1, ys1 and its size is Ay, Ays. The output op-
erator C is positive iff the dimensions of the finite-dimensional
approximation of the model M and N meet the following con-
dition:
M, < L
€ 2xg +Ax,
Y
NC < 2ysl +Ays .

(42)

The main difference between testing the positivity of the out-
put and control operators is that the field of measurement can
be much smaller than the surface of the heater. This allows
one to obtain the field of observation bigger than the surface
of heating.

Finally the conditions of the internal postivity of the consid-
ered thermal system can be formulated.

Proposition 3. (The internal positivity of the system) Consider
the dynamic system described by (13)—(23). Assume that the di-
mension of its finite-dimensional approximation is M x N. The
system is internally positive iff observation and control meet
the conditions (32) and (40).



www.czasopisma.pan.pl P
Y

N www journals.pan.pl

K. Oprzedkiewicz

Proposition 4. (The dimensions of the finite-dimensional ap-
proximation assuring the internal positivity) Consider the finite-
dimensional approximation of the dynamic system described by
(13)—(23). Assume that its dimensions assuring the positivity of
control and output operators are equal Mp ¢ and Npc respec-
tively.

The dimensions Mjnp, Ninep of the finite-dimensional approx-
imation assuring the internal positivity are expressed as follows:

MintP = min (MBaMC>7

(43)
Ninep = min (N, Nc).

It is worth noting that the conditions of the internal positiv-
ity proposed above are a little bit easier to keep than the ana-
logical conditions formulated for one-dimensional heat system
discussed in the paper [38].

Lemma 2 allows one to prove the Proposition about the in-
ternal postivity of the infinite-dimensional system.

Proposition 5. (The internal positivity of the infinite-dimen-
sional system) The infinite-dimensional system (13)—(23) can-
not be internally positive.

Proof. From dependencies (32) and (41) it can be concluded
that the size of the area of heating and measurement descrease
in the function of dimensions M and N. For M — oo and N — oo
this size goes to zero. O

6. SIMULATIONS AND EXPERIMENTS

6.1. Example 1

As the first example assume that the size of the sensor in the
thermal camera equals 380 x 290 pixels. We are looking for
locations of heater and measurement assuring the internal pos-
itivity of the system. The size of the heater is 100 x 20 pixels
and the size of the measurement field is 2 x 2 pixels. The “pos-
itive” locations of heater and sensor for different values of M
and N are given in Table 1 and illustrated by Fig. 2. They were
estimated using conditions (32) and (41).

Heater
300

200 -

150

Y in pixels

100 -

50
0 50 100 150 200 250 300 350 400
X'in pixels

Table 1
Dimensions of heater and measurement field assuring the internal
positivity for dimensions of the model equal: M =N =2,3,4

M, N | xp1 | Mg |y | Ay | X1 | Axs | ya1 | Avs
22 45 100 62 20 94 2 71
3,3 13 100 38 20 62 2 47
4.4 0 100 | 26 20 46 2 35

6.2. Example 2
As the next example look for the dimensions of model, for
which the internal positivity is kept for fixed locations of heater
and measurement. To do it the conditions (40) and (42) will
be employed. This job will be done for the experimental sys-
tem discussed in the paper [40]. The heater was attached in the
location given in Table 2. The measurements were realized in
different places, described in Table 3. The orders Mp, Np, Mc¢
and N¢ assuring the positivity of control and observation are
given also in these tables.

In Table 3 values “0,0” for place No 3 denote that this place
cannot be positive for any value of M or N.

Table 2
The dimensions Mp, Np assuring the internal positivity,
computed using (40)

Xp1 Xp2 Yhl Yn2 Mg, Np
100 270 40 60 1,3
Table 3
The dimensions M, N¢ assuring the internal positivity,
computed using (42)

Place X1 Xg2 sl Vs2 Mc, Nc
1 50 52 75 77 32
2 200 202 100 102 1,1
3 300 302 200 202 0,0
4 130 230 40 60 1,3

Measurement

300 1

250 r

200

150

Y in pixels

100

50 F

|

0 50 100 150 200 250 300 350 400
Xin pixels

0

Fig. 2. The areas of the internal positivity for M =N =2,3,4
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6.3. Example 3

Finally the external positivity using the general condition (6)
will be numerically examined. This is done using experimental
data collected in Table 4. The model was identified for orders
M = N = 5. For such orders the model is not internally posi-
tive (see Tables 2, 3), but the external positivity can be tested.
Results of the external positivity tests are presented in right col-
umn of Table 4. Additionally tests are illustrated by the impulse
responses obtained using (31) and shown in Fig. 3. This table
and figure show that the external positivity of the proposed sys-
tem can be obtained without internal one, analogically as in the
one-dimensional system, discussed in the paper [38].

Table 4
Parameters of the model for M =N =5
Place a B ay, R, Ext. Positivity?
1 1.0794 | 1.8641 | 0.0032 | 0.0032 Yes
2 0.9590 | 0.3959 | 0.0357 | 0.0057 Yes
3 1.4877 | 1.8712 | 0.0208 | 0.0003 No
4 0.8156 | 1.2400 | 0.0098 | 0.0234 Yes
30 T T
Place 1
— Place 2
57 Place 3| |
Place 4
20 | B
5 ‘ ! ! ‘ ‘
0 50 100 150 200 250 300

time [s]

Fig. 3. The impulse responses in all considered places of measurement
forM=N=5

7. FINAL CONCLUSIONS

The first conclusion is that the positivity of the considered, two-
dimensional heat system is associated to the dimensions and lo-
cation of control and measurement as well as the size of model.
This is an analogy to the one-dimensional case.

Next, the internal positivity is a little bit easier to obtain for
two-dimensional system, than for one-dimensional case.

The internal positivity does not depend on both orders & nei-
ther 3 of the model. This makes possible to apply the proposed
conditions to estimation of the positivity for both integer and
noninteger order systems. This property has been also observed

Bull. Pol. Acad. Sci. Tech. Sci., vol. 71, no. 4, p. 145675, 2023

for one-dimensional thermal system (see [38]) and has been no-
ticed by other researchers.

From the separated analysis of the positivity of control and
output it can be concluded that the internal positivity of the out-
put operator C is easier to obtain than the positivity of the con-
trol operator B. This is important during eventual application of
the presented results in thermal imaging. If we deal with e.g.
modeling of thermal traces, then only a response to initial con-
dition is necessary to analyse.

The formulation of general conditions of positivity for gen-
eral fractional system can be difficult due to the positivity deter-
mined by the form of operators A, B and C. Next, the form of
these operators is determined by a construction of a real system
we deal with. Surely, the formulating of general guidelines to
construct of positive systems and their models is very interest-
ing and it is planned to be further investigated.

Other areas of the further investigation covers the formula-
tion of an analytical condition of the external positivity, ana-
logically as in the one-dimensional case. Other issues to anal-
yse there are e.g. propositions of control algorithms for thermal
positive systems.

ACKNOWLEDGEMENTS

This paper was sponsored by AGH UST project no 16.16.
120.773.

REFERENCES

[1] L. Farina and S. Rinaldi, Positive Linear Systems: Theory and
Applications. New York, Chichester, Weinheim, Brisbane, Sin-
gapore, Toronto: John Wiley and sons, 2011.

[2] T. Kaczorek, Positive 1D and 2D Systems. New York: Springer,
2002.

[3] T. Kaczorek and K. Rogowski, Fractional Linear Systems and
Electrical Circuits. Bialystok: Bialystok University of Technol-
ogy, 2014.

[4] U. Krause, Positive Dynamical Systems in Discrete Time. The-
ory, Models, and Applications. De Gruyter, 2015.

[5] D. Luenberger, Introduction to Dynamic Systems. Theory, Mod-
els and Applications. USA: J. Wiley and Sons, 1979.

[6] A. Ratzer and M. Valcher, “A tutorial on positive systems and
large scale control,” in 2018 IEEE Conference on Decision and
Control (CDC), Miami Beach, FL, USA, 17-19 Dec. 2018, 2018.

[7] A. Benzaouia, F. Mesquine, M. Benhayoun, and A.B. Braim,
“Stabilization of continuous-time fractional positive systems
with delays and asymmetric control bounds,” J. Dyn. Syst. Meas.
Control, vol. 141, no. 5, p. 8, 2019.

[8] A. Rantzer, “Distributed control of positive systems,” Eur. J.
Control, vol. 24, no. 1, pp. 72-80, 2015.

[9] C. Walker, “Positive solutions of some parabolic system with
cross-diffusion and nonlocal initial conditions,” NoDea-Non-
linear Differ. Equ. Appl., vol. 19, no. 1, p. 195-218, 2012.

M. Zheng and Y. Ohta, “Positive fir system identification using
maximum entropy prior,” IFAC PapersOnLine, vol. 51, no. 15,
pp- 7-12, 2018.

R. Drummond, M.C. Turner, and S.R. Duncan, “External posi-
tivity of linear systems by weak majorisation,” in 2019 American
Control Conference (ACC), 2019, pp. 5191-5196.

(10]

(11]



[12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]

www.czasopisma.pan.pl P N www.journals.pan.pl
Y

K. Oprzedkiewicz

Y. Ebihara, “Construction of externally positive systems for
discrete-time 1ti system analysis,” IFAC PapersOnLine, vol. 51,
no. 25, p. 447452, 2018.

C. Grussler and A. Rantzer, “Modified balanced truncation pre-
serving ellipsoidal cone-invariance,” in 53rd IEEE Conference
on Decision and Control (CDC). United States: Institute of Elec-
trical and Electronics Engineers Inc., 2014, p. 2365-2370.

C. Grussler and A. Rantzer, “A tractable second-order cone cer-
tificate for external positivity with application to model order
reduction,” arXiv:1906.06139v1, vol. 1, no. 1, pp. 1-10, 2019.
C. Grussler, J. Umenberger, and I. Manchester, “Identification
of externally positive systems,” in 2017 IEEE 56th Annual Con-
ference on Decision and Control, CDC 2017, vol. 2018-January.
United States: Institute of Electrical and Electronics Engineers
Inc., 1 2018, pp. 6549-6554.

C. Altafini, “Representing externally positive systems through
minimal eventually positive realizations,” in 54th IEEE Confer-
ence on Decision and Control (CDC), 2015, pp. 6385-6390.

C. Altafini, “Minimal eventually positive realizations of exter-
nally positive systems,” Automatica, vol. 68, no. 6, pp. 140-147,
2016.

R. Caponetto, G. Dongola, L. Fortuna, and I. Petras, “Fractional
order systems: Modeling and Control Applications,” in World
Scientific Series on Nonlinear Science, L.O. Chua, Ed. Berkeley:
University of California, 2010, pp. 1-178.

S. Das, Functional Fractional Calculus for System Identyfication
and Control. Berlin: Springer, 2010.

A. Dzielinski, D. Sierociuk, and G. Sarwas, “Some applications
of fractional order calculus,” Bull. Pol. Acad. Sci. Tech. Sci.,
vol. 58, no. 4, pp. 583-592, 2010.

C. Gal and M. Warma, “Elliptic and parabolic equations with
fractional diffusion and dynamic boundary conditions,” Evol.
Equ. Control Theory, vol. 5, no. 1, pp. 61-103, 2016.

1. Podlubny, Fractional Differential Equations. San Diego: Aca-
demic Press, 1999.

D. Sierociuk, T. Skovranek, M. Macias, 1. Podlubny, I. Petras,
A. Dzielinski, and P. Ziubinski, “Diffusion process modeling by
using fractional-order models,” Appl. Math. Comput., vol. 257,
no. 1, pp. 2-11, 2015.

E. Popescu, “On the fractional cauchy problem associated with
a feller semigroup,” Math. Rep., vol. 12, no. 2, pp. 181-188,
2010.

T. Kaczorek, “Reduced-order fractional descriptor observers for
a class of fractional descriptor continuous-time nonlinear sys-
tems,” Int. J. Appl. Math. Comput. Sci., vol. 26, no. 2, pp. 277-
283, 2016.

[26]

[27]

(28]

[29]

(30]

(31]

(32]

(33]

[34]

(35]

(36]

(37]

(38]

(39]

(40]

R. Almeida and D.E.M. Torres, “Necessary and sufficient condi-
tions for the fractional calculus of variations with caputo deriva-
tives,” Commun. Nonlinear Sci. Numer. Simul., vol. 16, no. 3, pp.
1490-1500, 2011.

B. Baeumer, S. Kurita, and M. Meerschaert, “Inhomogeneous
fractional diffusion equations,” Fract. Calc. Appl. Anal., vol. 8,
no. 4, pp. 371-386, 2005.

M. Dlugosz and P. Skruch, “The application of fractional-order
models for thermal process modelling inside buildings,” J. Build.
Phys., vol. 1, no. 1, pp. 1-13, 2015.

A. Kochubei, “Fractional-parabolic systems, preprint, arxiv:
1009.4996 [math.ap],” 2011.

W. Mitkowski, “Approximation of fractional diffusion-wave
equation,” Acta Mech. Automatica, vol. 5, no. 2, pp. 65-68,
2011.

A. Rauh, L. Senkel, H. Aschemann, V.V. Saurin, and G. Kostin,
“An integrodifferential approach to modeling, control, state esti-
mation and optimization for heat transfer systems,” Int. J. Appl.
Math. Comput. Sci., vol. 26, no. 1, pp. 15-30, 2016.

T. Kaczorek, “Practical stability of positive fractional discrete-
time systems,,” Bull. Pol. Acad. Sci. Tech. Sci., vol. 56, no. 4, pp.
313-317, 2008.

T. Kaczorek, “Positive fractional linear systems,” PAR magazine,
vol. 2011, no. 2, pp. 91-112, 2011.

T. Kaczorek, “Positive stable realizations of fractional conti-
nuous-time linear systems,” Int. J. Appl. Math. Comput. Sci.,
vol. 21, no. 4, pp. 697-702, 2011.

T. Kaczorek, “Stability of interval positive fractional discrete-
time linear systems,” Int. J. Appl. Math. Comput. Sci., vol. 28,
no. 3, pp. 451456, 2018.

T. Kaczorek, “Singular fractional linear systems and electrical
circuits,” Int. J. Appl. Math. Comput. Sci., vol. 21, no. 2, pp.
379-384, 2011.

T. Kaczorek, Selected Problems of Fractional Systems Theory.
Berlin: Springer, 2011.

K. Oprzedkiewicz, “Positivity problem for the class of fractional
order, distributed parameter systems.” ISA Trans., vol. 112, no. 1,
pp. 281-291, 2021.

K. Oprzedkiewicz, K. Dziedzic, and W. Mitkowski, “Accuracy
analysis of the fractional order, positive, state space model of
heat transfer process,” in MMAR 2021: 25th international con-
ference on Methods and Models in Automation and Robotics,
Poland, 2021, pp. 325-330.

K. Oprzedkiewicz, W. Mitkowski, and M. Rosol, “Fractional or-
der model of the two dimensional heat transfer process.” Ener-
gies, vol. 14, no. 19, pp. 1-17, 2021.

Bull. Pol. Acad. Sci. Tech. Sci., vol. 71, no. 4, p. 145675, 2023



	Introduction
	 Preliminaries
	Basics of fractional calculus
	Positivity

	The considered heating system
	The Fractional Model of the System
	The step and impulse responses of the model

	Main Results
	 Simulations and Experiments
	Example 1
	Example 2
	Example 3

	Final conclusions

