
 

 

 

1. Introduction 

Prandtl observed that the boundary layer is crucial in accu-

rately predicting the flow of some fluids about a century ago. He 

demonstrated that viscosity is minimal in the middle of the flow 

but becomes critical near the boundaries. The asymptotic 

method, invented by Prandtl, drastically modified the mathemat-

ical characteristics of the original Navier-Stokes equations. The 

boundary layer equations are parabolic in character, whereas 

these equations (Navier-Stokes equations) are elliptic in nature. 

In order to achieve numerical solutions for practical problems,  

 

 

 

the mathematical treatment of boundary layer equations of the 

parabolic type is significantly simplified. Because of its applica-

tions in various engineering disciplines, boundary layer flow 

past a stretching surface has received a lot of attention. This kind 

of flow can occur during the cooling or drying of papers and 

textiles, the manufacturing of glass fibre, the boundary layer 

along a material-handling conveyor, the boundary layer along 

liquid film and condensation processes, etc. With this motiva-

tion, the investigation of boundary layer flow over a stretched 

sheet was started by Sakiadis [1]. Crane [2] examined the steady 

flow of a viscous incompressible fluid over an elastic sheet with  
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Nomenclature 

B0 – uniform magnetic field 

T – fluid temperature 

ρ – fluid density 

Gr – local Grashof number 

k – thermal conductivity  

M – magnetic parameter 

Pr – Prandtl number 

Q0 – dimensional heat generation / absorption coefficient  

R – radiation parameter 

ց – gravitational acceleration 

n – non-linear expanding parameter 

qr – radiative heat flux 

A – unsteadiness parameter  

KI – porous permeability 

K0 – permeability constant  

K – permeability parameter  

qw – heat flux 

k* – mean absorption coefficient 

Rex – local Reynolds number 

u, υ – velocity components along 𝑥 and 𝑦 directions. 

t – time 

f – dimensionless stream function 

a, b – constants 

Greek symbols 

𝜓 – stream function  

η – coordinate transformation variable 

σ – electrical conductivity  

 – dimensionless temperature 

ϕ – nanoparticle volume fraction 

τ – shear stress 

σ* – Stefan-Boltzman constant 

α – thermal diffusivity 

λ – parameter 

μ – fluid dynamic viscosity  

ν – kinematic viscosity 

Subscripts and Superscripts 

w – condition on the wall 

∞  – ambient condition 

nf – nanofluid 

f – base fluid 

′ – differentiation with respect to η 

 

 

a velocity that varied linearly with distance from a fixed point, 

with the flow being purely produced by the stretching of the 

sheet in its plane. Many researchers have extended Crane's [2] 

problem in recent years by incorporating various aspects of flow 

and heat transfer features. Following this pioneering work, many 

investigations on this work [3‒6] are generated. Kumaran and 

Ramanaiah [7] examined the viscous incompressible flow over 

a flat stretching sheet issuing from a long thin slit. In this study, 

the authors considered the velocity of a sheet as a quadratic pol-

ynomial of the distance function. All of these investigations are 

limited to linear stretching surface. It is worth noting that the 

stretching is not always linear, as in the case of polymer extru-

sion. The following authors considered the problem of a non-

linear stretching sheet. The flow and heat transfer properties of 

a viscous fluid across a non-linear stretching surface were ex-

amined by Vajravelu [8]. Later, Cortell [9] discussed the viscous 

flow in two cases namely; constant surface temperature (CST) 

and prescribed surface temperature (PST) over a non-linear 

stretching sheet. Raptis and Perdikis [10] illustrated the magne-

tohydrodynamics (MHD) flow over a non-linear stretching sheet 

in the presence of chemical reactions. An approximate solution 

of viscous flow past a non-linear sheet under the influence of 

a magnetic field and chemical reaction was noticed by Kechil 

and Hashim [11]. Flows over non-linear sheets on more complex 

geometries and conditions are presented in [12‒16]. 

Nanotechnology has recently become a highly debated topic 

of study. Every day, nanotechnology is interested in verifiable 

issues. It is important in processes including industry, biomedi-

cine, medicine and technology. The primary role of nanotech-

nology is to improve the heat transfer mechanism in a variety of 

electronic devices to increase their performance. Further, indus-

trial applications include micro-manufacturing, power produc-

tion, chemical and metallurgical processing, transportation, ven-

tilation, cooling, air conditioning, and drive up the demand for 

fluids with improved thermal conductivity and heat transfer 

properties. It is vital to develop advanced heat transfer fluids 

since the heat transfer rates reached by frequently used cooling  

media like water and air are unsuitable for other industrial ap-

plications. High thermal conductivity fluids can be engineered 

by suspending nanoparticles in conventional heat transfer fluids 

such as motor oil, water, ethylene glycol, and so on. The mixture 

of the nanoparticles and the base fluid results in a new innova-

tive fluid, coined a nanofluid by Choi and Eastman [17]. 

Buongiorno [18] conducted an extensive survey of convective 

transport in nanofluids. In particular, nanofluids are a revolu-

tionary type of nanotechnology-based heat transfer fluids that 

have been developed by stabilizing the suspension of minute 

amounts (1% volume) of nanoparticles with dimensions compa-

rable to those of conventional heat transfer fluids. The properties 

of nanofluid under the influence of magnetic fields make it the 

most appealing method in this procedure due to its ease of use 

as well as its uniqueness and nature. The impact of nanoparticle 

size, shape and type on the magnetohydrodynamic convection 

flow of nanoparticles was observed by Reddy and Chamkha 

[19]. The authors [19] discovered that increasing thermal con-

ductivity raises the temperature of the coolant fluid. The impact 

of the MHD flow of a nanofluid past a stretching surface was 

investigated by Ali et al. [20]. Mjankwi et al. [21] examined the 

time-dependent conductive flow of a nanofluid across an in-

clined stretching surface with heat and mass transfer effects. The 

study of nanofluid flows over a nonlinear stretching/shrinking 

sheet is important in heat transfer analysis for natural and engi-

neering applications such as electronic cooling, nuclear reactor 

technology and nanotechnology industries. The stagnation point 

flow over a non-linear stretching sheet embedded in Carbon 

nanotubes under the influence of a magnetic field was explored 

by Anuar et al. [22]. The influence of a magnetic field over 

a non-linear stretching surface with viscous dissipation, thermo- 

https://www.sciencedirect.com/topics/chemistry/kinematic-viscosity
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phoresis and Brownian motion was analysed by Mabood et al. 

[23]. The impact of thermal radiation, heat source and viscous 

dissipation effects on conducting nanofluid past a non-linear 

stretching surface was considered by Jafar et al. [24]. Triveni et 

al. [25] investigated the MHD Casson nanofluid flow past a non-

linear stretching sheet under the impact of a non-uniform heat 

source and viscous dissipation effects. The importance of radia-

tion and viscous dissipation effects on magnetic Casson nanoliq-

uid over a nonlinear stretching sheet was investigated by Reddy 

et al. [26]. The authors, Rasool et al. [27], discussed the non-

Newtonian type Cason nanofluid flow across a non-linear 

stretching surface immersed in a porous medium. In their study, 

the porous medium is developed by the Darcy-Forchheimer re-

lation. Jagan et al. [28] present the MHD unsteady flow of 

a nanofluid across a non-linear stretched sheet with thermal ra-

diation. Vinod Kumar et al. [29] investigated the unsteady stag-

nation point flow of a nanofluid using the Buongiorno’s model 

in the presence of viscous dissipation and thermal radiation. Re-

cently, the authors Rajputa et al. [30] studied the unsteady flow 

of a nanofluid generated by the non-linear expansion of 

a stretching sheet. In their study, the flow of nanofluid is mod-

elled by using two-phase Buongiorno’s model. However, earlier 

works on unsteady non-linear stretching surface were discussed 

in [31‒35]. The recent investigations on nanofluids by consider-

ing the effects of magnetic field, porous media, radiation and 

heat source/sink, are investigated in [36‒39]. 

Heat transfer issues involving nanofluids have become more 

important in biomedical activities such as drug targeting sys-

tems, cancer therapy, biotherapy, blood testing and coagulation 

systems, and many more. With this in mind, the current attempt 

aims to analyze the characteristics of radiation, viscous dissipa-

tion, and heat source/sink in hydromagnetic nanofluid flow over 

a non-linear stretchable surface. Moreover, the investigations on 

unsteady nanofluid free convection flows caused by non-linear 

stretching sheets have gained less attention.  

2. Problem formulation 

A two-dimensional laminar incompressible free convection 

creeping flow of an unsteady water-based nanofluid over a non-

linear sheet immersed in a porous medium is considered. The 

mathematical model of Tiwary and Das [40] is used for devel-

oping the boundary layer equations. Two types of distinct nano-

particles namely; aluminum oxide (Al2O3) and copper (Cu) are 

added to the water. The sheet is stretched with the velocity 𝑢𝑤. 

The sheet velocity is assumed in the form 𝑢𝑤(𝑥) =
𝑎𝑥𝑛

(1−𝜆𝑡)
. The 

magnetic field strength 𝐵0 is applied normal to the flow direc-

tion. The flow is confined to y > 0. The induced magnetic field 

is ignored because of the low magnetic Reynolds number. The 

electric dissipation is ignored, so that Joule heating is negligible 

[41]. In most situations, the Hall and ion slip factors were ne-

glected because they have no discernible influence on small and 

moderate magnetic field values. However, the authors can refer 

to the impact of ion and Hall effects on fluid flow in [42‒43]. 

The porous medium is modelled with Darcy's law [44] to de-

scribe slow flows. The flow is produced by the stretching of the 

sheet caused by the simultaneous application of two equal and 

opposite forces along the 𝑥 −axis as illustrated in Fig.1. The ef-

fects of heat source/sink and viscous dissipation are considered 

in the energy equation. The magnetic field, permeability, heat 

source and thermal Grashof (Gr) number coefficient terms are 

taken in the following forms:  

 𝐵(𝑥, 𝑡) =
𝐵0𝑥

𝑛−1
2

√(1−𝜆𝑡)
 ,      𝐾′(𝑥, 𝑡) = 𝐾0𝑥1−𝑛(1 − 𝜆𝑡)  

 𝑄∗ =
𝑄0𝑥𝑛−1

(1−𝜆𝑡)
 ,            𝑔∗ =

𝑔

(1−𝜆𝑡)
3
2

  

where 𝜆 is a parameter. The nanoparticles thermo-physical prop-

erties and their physical values are presented in Tables 1 and 2. 

 

 

 

 

 

 

 

 

 

Fig. 1. Flow configuration. 

Table 1. The nanofluid's thermo-physical characteristics [45, 46]. 

 

Table 2. The base fluid and nanoparticle's thermo-physical properties 

for copper (Cu), aluminium oxide (Al2O3) and water (H2) [47]. 

 

https://www.sciencedirect.com/topics/engineering/darcys-law
https://www.degruyter.com/document/doi/10.1515/nleng-2017-0004/html?lang=en#j_nleng-2017-0004_fig_001_w2aab3b7c57b1b6b1ab1b1b2c33Aa
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The time-dependent boundary layer dimensional governing 

equations are provided by under the aforementioned presump-

tions (Jafar et al. [24]): 

 𝑢𝑥 + 𝑣𝑦 = 0, (1) 

 𝑢𝑡 + 𝑢𝑢𝑥 + 𝑣𝑢𝑦 = 𝜈𝑛𝑓𝑢𝑦𝑦 −
𝜎𝑛𝑓

𝜌𝑛𝑓
𝐵2𝑢 −

𝜈𝑛𝑓

𝐾′ 𝑢 +  

 𝑔∗ (𝜌𝛽)𝑛𝑓

𝜌𝑛𝑓
(𝑇 − 𝑇∞), (2) 

 𝑇𝑡 + 𝑢𝑇𝑥 + 𝑣𝑇𝑦 = 𝛼𝑛𝑓𝑇𝑦𝑦 +
𝜇𝑛𝑓

(𝜌𝑐𝑝)𝑛𝑓
(𝑢𝑦)2 −  

 
1

(𝜌𝑐𝑝)𝑛𝑓

𝜕𝑞𝑟

𝜕𝑦
+

𝑄∗

(𝜌𝑐𝑝)𝑛𝑓
(𝑇 − 𝑇∞), (3) 

assisted by the boundary conditions of: 

‒ at 𝑦 = 0 

 𝑢 = 𝑢𝑤(𝑥, 𝑡) =
𝑎𝑥𝑛

1−𝜆𝑡
 ,            𝑣 = 0,  

(4a) 

 𝑇 = 𝑇𝑤(𝑥, 𝑡) = 𝑇∞ +
𝑏𝑥2𝑛−1

√1−𝜆𝑡
 ,  

‒ as 𝑦 → ∞ 

 𝑢 → 0,                     𝑇 = 𝑇∞ . (4b) 

Roseland's approximation is considered as: 

 𝑞𝑟 = −
4𝜎∗

3𝑘∗

𝜕𝑇4

𝜕𝑦
 . (5) 

The temperature 𝑇4 can be expanded using the Taylor series in 

powers of 𝑇∞ as 𝑇4 = 4𝑇∞
3𝑇 − 3𝑇∞

4. In view of approximation 

(5), Eq. (3) can be transformed as: 

 𝑇𝑡 + 𝑢𝑇𝑥 + 𝑣𝑇𝑦 = 𝛼𝑛𝑓𝑇𝑦𝑦 +
𝜇𝑛𝑓

(𝜌𝑐𝑝)𝑛𝑓
(𝑢𝑦)2 +  

 
1

(𝜌𝑐𝑝)𝑛𝑓

16𝑇∞
3𝜎∗

3𝑘∗

𝜕2𝑇

𝜕𝑦2 +
𝑄∗

(𝜌𝑐𝑝)𝑛𝑓
(𝑇 − 𝑇∞). (6) 

2. Solution of the problem 

The suitable similarity transformations are defined as: 

 𝜓 = √
2𝜈𝑎

(𝑛+1)(1−𝜆𝑡)
𝑥

𝑛+1

2 𝑓(𝜂) ,  

 𝜂 = √
(𝑛+1)𝑎

2𝜈(1−𝜆𝑡)
𝑥

𝑛−1

2 𝑦 ,  

 𝑢 =
𝜕𝜓

𝜕𝑦
=

𝑎𝑥𝑛𝑓′(𝜂)

(1−𝜆𝑡)
 ,  

𝑣 = −
𝜕𝜓

𝜕𝑥
= −√

2𝜈𝑎

(𝑛+1)(1−𝜆𝑡)

𝑛+1

2
𝑥

𝑛−1

2 𝑓(𝜂) +

−
𝑎

(1−𝜆𝑡)

𝑛−1

2
𝑓′(𝜂)𝑦𝑥𝑛−1 , 

 𝜃(𝜂) =
(𝑇−𝑇∞)

(𝑇𝑤−𝑇∞)
 . (7) 

The wall temperature is defined as 𝑇𝑤 = 𝑇∞ +
𝑏𝑥2𝑛−1

√1−𝜆𝑡
. 

In view of the above transformations the governing equations 

(2) and (6) are reduced as: 

 𝑓‴ + (1 − 𝜙)2.5𝐷1𝑓𝑓″ − [
2𝑛

𝑛+1
] (1 − 𝜙)2.5𝐷1(𝑓′)2 −  

 𝑀(1 − 𝜙)2.5𝐷3𝑓′ − 𝐾𝑓′ + Gr(1 − 𝜙)2.5𝐷2𝜃 −  

 
2𝐴

(𝑛+1)
(1 − 𝜙)2.5𝐷1 [

𝜂

2
𝑓″ + 𝑓′] = 0, (8) 

 
1

𝐷4
[

1

Pr(𝐷5+
4𝑅

3
)

″ Ec(𝑓″)2

(1−𝜙)2.5

]
𝐴

(𝑛+1)
(𝜃 + 𝜂𝜃′) −  

 
(2𝑛−1)

(𝑛+1)
𝜃𝑓′ + 𝜃′𝑓 = 0, (9) 

where functions D1D5 are explained in Appendix. 

The changed non-dimensional boundary conditions are: 

‒ at 𝜂 = 0 

 𝑓 = 0,           𝑓′ = 1,             𝜃 = 1, (10a) 

‒ as 𝜂 → ∞ 

 𝑓′ → 0,             𝜃 → 0, (10b) 

In Eqs. (8) and (9):  𝐾 =
2𝜈

𝐾0𝑎(𝑛+1)
 ;        𝑀 =

2𝜎𝑓𝐵0
2

𝑎(𝑛+1)𝜌𝑓
 ;  

 𝐴 =
𝜆

𝑎
𝑥𝑛−1 ;      Gr =

2𝑔𝑏𝛽𝑓

𝑎2(𝑛+1)
 ;       Pr =

(𝜇𝐶𝑝)𝑓

𝑘𝑓
 ;  

 𝑅 =
4𝜎∗𝑇∞

3

𝑘𝑓𝑘∗  ;      𝑄 =
𝑄0

𝑎(𝜌𝐶𝑝)𝑓(𝑛+1)
 ;      Ec =

𝑎2𝑥

𝑏(1−𝜆𝑡)
3
2𝐶𝑃𝑓

 ,  

where 𝑄0 is a dimensional heat generation/absorption coeffi-

cient, 𝐾0 is the porous permeability constant, and 𝑎, 𝑏 are con-

stants.  

3. Physical quantities 

The coefficient of skin friction and Nusselt number are ex-

pressed as follows: 

 𝐶𝑓 =
𝜏𝑤

𝜌𝑓𝑢𝑤
2  , (11a) 

 Nux =
𝑥𝑞𝑤

𝑘𝑓(𝑇𝑤−𝑇∞)
 , (11b) 

where the shear stress 𝜏𝑤 = 𝜇𝑛𝑓 (
𝜕𝑢

𝜕𝑦
)

𝑦=0
and the heat flux  

𝑞𝑤 = −𝑘𝑛𝑓 (
𝜕𝑇

𝜕𝑦
)

𝑦=0
 can be expressed as: 

 𝐶𝑓√Rex =
𝑓″(0)

(1−𝜙)2.5 √
𝑛+1

2
 , (12) 

 (Re𝑥)−1/2 Nu𝑥 = −𝜃′(0) ×
𝑘𝑛𝑓

𝑘𝑓
√

𝑛+1

2
, (13) 

where the local Reynolds number Re𝑥 =
𝑢𝑤𝑥

𝜈𝑓
 . 
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4. Results and discussion 

The set of dimensionless equations (8)‒(9) with the related con-

ditions (10) is simplified by utilizing the MATLAB bvp4c func-

tion [48]. The obtained results are plotted in Table 3 and Figs. 

2‒13. The current numerical results (see Table 4) are compared 

with the existing results of Vinod Kumar et al. [32], Ranaand 

Bhargava [49] and Kalidas Das [50]. The following parameters 

have been fixed throughout our analysis: the Prandtl number 

taken as: Pr = 6.2 and Ec = 0.5, η = 0.1, A = 0.5, Gr = 10, M = 0.5, 

R = 0.5, K = 0.5, Q = 0.5, n = 0.1. The range of volume fraction 

parameter𝜙 is considered as 0 < ϕ  0.1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The Fig. 2 illustrates the impact of the magnetic field param-

eter (M) over the velocity field f '(η). The profiles are drawn for 

copper and aluminium oxide nanofluids. It follows from this fig-

ure that the fluid velocity declines with the rising values of M. 

This is because the Lorentz force generates resistance to the 

fluid flow and hence slows down the fluid velocity. Moreover, 

significant behaviour is observed for copper water nanofluid. 

The influence of the porous permeability parameter (K) on fluid 

velocity is shown in Fig. 3. It is seen that the fluid velocity de-

creases with the rising values of K for both copper-water and 

aluminium oxide nanofluids. Physically, an increase in K 

strengthens the porous layer and hence reduces fluid velocity. 

Also, a decrement in the momentum boundary layer is noticed. 

 

 

 

 

 

 

 

 

 

 

Table 3. Numerical values of Rex
1/2 Cf, and Rex

‒1/2 Nu for various values of flow parameters when ϕ1 = 0.1, ϕ2 = 0.1,  

η = 0.5, c = 0.5, M = 0.5, Pr = 6.2, A = 0.5, Gr = 0,5, K = R = Q = 0.5.  

M K A Gr n R Q 
Rex

1/2 Cf
 

Rex
‒1/2 Nux

 
Cu + H2O

 
Al2O3 + H2O

 
Cu + H2O

 
Al2O3 + H2O

 
0.1       1.774433 1.790626 -0.493296 -0.516242 

0.2       1.718406 1.732834 -0.459773 -0.479898 

0.3       1.664387 1.677254 -0.428849 -0.446479 

 0.1      0.710402 0.751428 -0.005428 0.007241 

 0.2      0.671865 0.711406 -0.000381 0.013399 

 0.3      0.633842 0.672048 0.004200 0.018748 

  1     0.348103 0.478336 -0.326767 -0.310067 

  2     0.061212 0.364972 -1.189281 -1.221245 

  3     0.022868 0.560151 -2.498586 -2.859526 

   0    -1.971437 -1.833754 -0.745983 -0.639561 

   5    -0.761404 -0.677244 -0.161698 -0.112582 

   10    0.559381 0.594962 0.011729 0.027959 

    0   0.802446 0.809084 -0.219926 -0.204617 

    0.5   0.318425 0.381278 0.331944 0.345007 

    1   0.056470 0.149524 0.782100 0.786824 

     1  0.365539 0.405030 0.198145 0.218041 

     2  0.175535 0.221788 0.406026 0.422812 

     3  0.082008 0.132436 0.520088 0.532815 

      0.1 0.844363 0.876468 -0.508353 -0.504293 

      0.2 0.763414 0.796337 -0.362504 -0.354822 

      0.3 0.689568 0.723333 -0.228261 -0.217334 

 

Table 4. Comparison values of  ' (0) for various values of n. 

Pr  n Rana and Bhargava [49] Das K. [50] Kumar G.V. et al. [32] Present results 

 
1 

0.2 0.6113 0.610571 0.610266 0.610400 

0.5 0.5967 0.595719 0.595298 0.596688 

1.5 0.5768 0.574525 0.574894 0.576870 

 
5 

0.2 1.5910 1.60713 1.607787 1.605107 

0.5 1.5839 1.58619 1.586774 1.586586 

1.5 1.5496 1.55719 1.557686 1.557521 

 

 

Fig. 2. Effect of M on f '(η). 
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The effect of the thermal Grashof number (Gr) on velocity dis-

tribution is illustrated in Fig.4. It has been seen that the velocity 

of the fluid is enhanced with the rising values of Gr. The 

Grashoff number accelerates fluid velocity and hence increases 

boundary layer thickness because the equations of the governing 

boundary layer are coupled to the convection parameter. Figure 

5 displays the influence of the non-linear stretching sheet param-

eter (n) on fluid velocity. 

It may be seen that the velocity decreases almost exponen- 

tially with constant values of𝑛for both cases. Figs. 6 and 7 ex-

plain the influence of nanoparticle volume fraction parameter 

(𝜙) on𝑓′(𝜂) and 𝜃(𝜂). It is observed that the fluid velocity re-

duces with the growing values of 𝜙. Additionally, pure fluid has 

a larger momentum boundary layer than nanofluid. Moreover, 

on the temperature field, the opposite pattern is noticed. This is 

because the higher value of 𝜙 produces more thermal conduc-

tivity of the nanofluid, and this causes the fluid temperature to 

 

Fig. 3. Effect of K on f '(η). 

 

Fig. 4. Effect of Gr on f '(η). 

 

Fig. 5. Effect of n on f '(η). 

 

Fig. 6. Effect of ϕ on f '(η). 

 

Fig. 7. Effect of ϕ on (η). 

 

Fig. 8. Effect of R on (η). 
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increase (see Fig. 7). The effects of thermal radiation variations 

(𝑅) on the temperature field are depicted in Fig. 8. 

From the figure, it is noticed that thermal radiation signifi-

cantly increases the fluid temperature for both the cases since 

thermal radiation enhances thermal diffusion. Moreover, 

a thicker thermal boundary layer is observed for aluminium ox-

ide nanofluid than for copper-water nanofluid. The effect of vis-

cous dissipation  (Ec) on fluid velocity and temperature fields is 

depicted in Figs. 9‒10. The fluid velocity and temperature were 

increased with the increasing viscous dissipation parameter. 

This is because the viscous dissipation parameter allows energy 

to be stored in the fluid region as a result of viscosity and elastic 

deformation, which produces heat due to fractional heating. This 

physically explains why the fluid's velocity and temperature in-

crease. The nanofluid velocity and temperature is a decreasing 

function of an unsteady parameter (A) for both cases (see Figs. 

11‒12). Generally, increasing A can be associated with reducing 

the nanofluid temperature. This effect causes a reduction in the 

fluid velocity and temperature. 

From Fig. 13, it is noted that the fluid temperature rises as 

the heat generation parameter Q increases for both nanofluids. 

The huge amount of heat produced in the fluid causes an en-

hancement of the thermal energy of the nanofluid. This process 

increases the thickness of the thermal boundary layer, implying 

that heat energy is released and, as a result, the fluid's tempera-

ture rises. Further, it has been observed that the temperature of 

the aluminium oxide nanofluid is considerably lower than that 

of the copper water nanofluid. 

The numerical results of the skin-friction coefficient 

(Rex
1/2 Cf) and Nusselt number (Rex

-1/2 Nu) for various flows of 

copper-water and aluminium oxide nanofluids are presented in 

Table 4. From this table, it is noticed that the skin friction at the 

 

Fig. 9. Effect of Ec on f '(η). 

 

Fig. 10. Effect of Ec on (η). 

 

Fig. 11. Effect of A on f '(η). 

 

Fig. 12. Effect of A on (η). 

 

Fig. 13. Effect of Q on (η). 
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wall decreases with increasing values of M, K, A, n, R and Q, 

while it rises with the increasing values of Gr. However, the heat 

transfer rate significantly increases with the increasing values of 

M, K, Gr, n, R and Q. The opposite pattern is observed for A.  

5. Conclusions 

The effects of an unsteady nanofluid across a non-linear porous 

stretching sheet in the presence of thermal radiation and heat 

generation caused by a uniform magnetic field are investigated. 

The set of non-linear ordinary differential equations are solved 

by using the MATLAB bvp4c package. The outcomes are pre-

sented and analyzed through figures and tables. The primary fin-

dings of the current investigation are: 

1) The volume fraction parameter shows a significant impact 

on fluid temperature. 

2) The Cu-water nanofluid has much greater friction at the 

wall than the Al2O3-water nanofluid. 

3) A thicker thermal boundary layer is noticed for the alumin-

ium oxide nanofluid than for the copper-water nanofluid 

with the rising values of R. 

4) The momentum boundary layer is thicker for pure fluid 

than for the nanofluid. 

5) With increasing values of A, the heat transfer rate coeffi-

cient drops. 

Appendix 

Functions D1-D5 that appear in Eqs. (8), (9) are explained below 

 𝐷1 = [(1 − 𝜙) + 𝜙
𝜌𝑠

𝜌𝑓
], (A.1) 

 𝐷2 = [(1 − 𝜙) + 𝜙
(𝜌𝛽)𝑠

(𝜌𝛽)𝑓
] , (A.2) 

 𝐷3 = [(1 − 𝜙) + 𝜙
𝜎𝑠

𝜎𝑓
] , (A.3) 

 𝐷4 = [(1 − 𝜙) + 𝜙
(𝜌𝐶𝑝)𝑠

(𝜌𝐶𝑝)𝑓
] , (A.4) 

 𝐷5 =
𝐾𝑛𝑓

𝐾𝑓
=

(2𝐾𝑓+𝐾𝑠)−2𝜙(𝐾𝑓−𝐾𝑠)

(2𝐾𝑓+𝐾𝑠)+𝜙(𝐾𝑓−𝐾𝑠)
. (A.5) 
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