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In this paper, the dynamics of an acoustic bubble with a constant charge in compressible liquid are in-
vestigated numerically, which is based on the Gilmore-NASG model to estimate the radial oscillations. The
cavitation effects are enhanced due to the presence of the charge on the bubble surface. The obtained results
from the present model are compared with that calculated by the previous model within a wide range of pa-
rameters (e.g., charge, acoustic pressure amplitude, ultrasound frequency, and liquid temperature). The similar
influences of these parameters on bubble collapse intensity can be observed from both models. Since the present
model fully considers the compressibility of gas and liquid, it can be applied to a wider parameter range and
leads to the larger predicted values. The research in this paper can provide important insights about the effects
of charge on bubble dynamics and the acoustic cavitation applications (e.g., sonochemistry, water treatment,
and food industry).
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1. Introduction

Cavitation bubbles exist widely in nature, e.g., the
snapping shrimp uses cavitation bubbles formed by
the rapid closure of its claws to stun its prey; in a fast
flowing system, cavitation bubbles are prone to oc-
cur if the channel suddenly narrows and then widens.
The phenomenon of cavitation in the liquid is con-
cerned because of its damage to hydraulic machinery
and ship propellers (Sezen et al., 2021; Wang et al.,
2022). Due to unique physical and chemical phenom-
ena (Cleve et al. 2019; Dehane et al., 2022; Ker-
boua et al., 2021; Lv et al., 2019; Lv, Liu, 2023; Tian
et al., 2023) (e.g., liquid jet, free radicals formation, ra-
diation pressure, and acoustic microstreaming) caused
by the bubble oscillations, cavitation has been con-
tributed to various applications such as water treat-
ment (Ferkou et al., 2015), petroleum hydrocarbons

degradation (Lei et al., 2020), nanoparticle synthesis
(Pokhrel et al., 2016), and so on.

The charges carried on the bubble surface have
been reported by many research groups. The zeta po-
tential of the bubble measured experimentally by using
the microelectrophoresis technique indicated that the
effect of the PH solution on the variation of the bub-
ble zeta potential depended not only on the type of
the metal ions but also on the electrolyte concentra-
tion (Yang et al., 2001). They also found the charge
polarity varied at different solutions (e.g., the bubble
was the negative charge in NaCl solutions, while its
charge polarity reversed in multivalent metal ions solu-
tions). Takahashi (2005) found that the bubbles were
negatively charged under a wide range of the PH condi-
tion and positively charged under strongly acidic con-
ditions. In (Lee, Choi, 2020), the stable light emission
of a single bubble sonoluminescence (SBSL bubble)
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with charge in water was investigated for the first time.
The results revealed that the SBSL bubble was pos-
itively charged and suggested that it was necessary
for analyses of the SBSL bubble to take the electrical
properties into consideration. The behaviour of laser-
generated bubbles in an electric field was studied by
Phukan et al. (2023). They found the maximum bub-
ble radius increased with the increase of the electric
field intensity. This effect was more pronounced in the
presence of an acetone medium and decreased succes-
sively in ethanol and water media owing to their vary-
ing magnitudes of electrical conductivity. In addition
to experimental researches of the bubbles in an electric
field, theoretical studies have also made great progress.
The volume mode and shape model dynamics were ex-
amined in a weakly viscous dielectric fluid under the
uniform and the axisymmetric straining electric field
(Oh et al., 2001). A model was built describing the vi-
olent collapse of the bubble in the homogeneous, irro-
tational, solenoidal, and unsteady electric field (Spelt,
Matar, 2006). The research group optimized the bub-
ble model in the electric field, and further analyzed the
bubble dynamics of violent collapse, translation and
shape deformations (Shaw et al., 2009).

Nevertheless, there are few studies on the charged
bubbles that undergo acoustic cavitation, which has
been applied in many fields (e.g., ultrasonic cleaning,
drug delivery, and inactivate viruses). Based on the
study of the stability of a charged bubble in the dielec-
tric liquid in (Grigor’ev, Zharov, 2000), the model
of a charged bubble excited by ultrasound wave has
been deduced by Hongray et al. (2014; 2015). The
study results proved that the effective surface was re-
duced due to the presence of charge. Compared with
the uncharged bubble oscillations under acoustic ex-
citation, the bubble expanded to a larger radius and
compressed to a smaller size, which in turn caused the
bubble collapse to be stronger. The bifurcation dia-
grams have also been studied to some extent, with the
presence of charge leading to advance bifurcations.

The theoretical and experimental researches have
been proved a lot on the charge bubbles in liquid.
The theoretical study of bubble dynamics in the acous-
tic field is mainly based on uncharged bubbles, which
will lead a bias in calculation results. The model of
charged bubbles was derived from the Keller-Miksis
equation (Hongray et al., 2014; 2015). When the ef-
fect of charge is taken into account, the bubble collapse
will be enhanced resulting in the significant increase
of the speed of a bubble wall, and the Mach number
can easily reach 1, which is the critical value that the
Keller-Miksis equation is safely adopted (Zilonova
et al., 2018). Therefore, it is necessary to establish
a model that can be used in large parameter intervals,
especially the high pressure amplitude and low fre-
quency excitation. In this paper, based on the Gilmore-
NASG model (Denner et al., 2021), a more applica-

ble dynamic model of charged bubbles is established
and compared with the model (Hongray et al., 2014;
2015) in detail within a wide range of parameters. Sub-
sequently, the sections of present paper are organized
as follows. In Sec. 2, the model of a charged bubble
and the numerical method are introduced. In Sec. 3,
the calculation results of the present model are quan-
titatively compared with those of the previous model.
In Sec. 4, the main findings of the present paper are
summarized.

2. Mathematical model and simulation method

For simplicity, the following assumptions are used
in physical models: (1) the bubble is spherically
symmetric; (2) the fluid is Newtonian and compres-
sible; (3) the buoyancy force and gravity are neglected;
(4) the bubble-bubble interaction is neglected; (5) the
thermal conductivity, phase change and mass trans-
port across the bubble-liquid interface are neglected.
The radial dynamics of the bubble is governed by the
Gilmore equation (Denner, 2021):

(1 −
Ṙ

cl
)RR̈ +

3
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where R is the instantaneous radius of the bubble, the
overdot denotes the time derivative, cl is the speed of
sound in the liquid at the bubble wall, H is the differ-
ence between the enthalpy of the liquid at the bubble
wall and at infinity. The state of gas and vapor in-
side the bubble, and the liquid outside the bubble are
described by the NASG equation of state, and the ex-
pression is (Denner, 2021):

p(v, T ) =
(Γ − 1)CV T

v − b
−B, (2)

where p is the pressure, v is the specific volume,
T is the temperature, Γ is the polytropic exponent,
Cv is the heat capacity at a constant volume, b is the
co-volume that represents the volume occupied by
the individual molecules, B is a pressure constant that
models molecular attraction.

H and cl are defined as Eqs. (3) and (4), respec-
tively:
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where Γl is the liquid polytropic exponent, pl is the
pressure in the liquid at the bubble wall,Bl is the liquid
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pressure constant, p∞ is the liquid pressure at infinity,
ρl and ρ∞ are the densities of liquid at the bubble wall
and at infinity, respectively. The expressions of pl, p∞,
ρl, and ρ∞ are given as Eqs. (5)–(8):
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− 4µ

Ṙ

R
+
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8πεR4
, (5)
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where σ is the surface tension coefficient of the liq-
uid, µ is the viscosity of the liquid, Q is the charge at
a bubble surface, ε (i.e., ε = 85ε0, ε0 is the vacuum per-
mittivity) is the liquid permittivity, Pl,0 is an ambient
pressure in the liquid, Pa is the acoustic pressure, f is
the ultrasonic frequency, Kl and pg are the constants
representing the liquid reference state and gas pressure
inside the bubble, respectively, and expressions are de-
fined as Eqs. (9) and (10):

Kl =
ρl,0

(ρl,0 +Bl)
1
Γl (1 − blρl,0)

, (9)

pg = (Pg,0 +Bg)

⎡
⎢
⎢
⎢
⎢
⎢
⎣

ρg,0 (
R0

R
)
3
(1 − bgρg,0)

ρg,0 (1 − bgρg,0 (
R0

R
)
3
)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

Γg

−Bg, (10)

where ρl,0 is the predefined reference liquid density,
Pg,0 is the predefined reference gas pressure, ρg,0 is
the predefined reference gas density, R0 is the initial
bubble radius, Γg is the gas polytropic exponent, Bg is
the gas pressure constant.

The temperature of the gas and the liquid at the
bubble wall can be calculated by Eq. (11):

T = T0 (
p +B

P0 +B
)

Γ−1
Γ

, (11)

where T0 and P0 are the reference temperature and
pressure, respectively.

Equations (1)–(11) constitute the model of present
study, which is called G-M-N-C model. The bubble
radial dynamics, sound velocity, liquid density at the
bubble wall, gas pressure, gas temperature and liquid
temperature are obtained from Eqs. (1), (4), (7), (10),
(11), respectively. The fourth term on the right side of
Eq. (5) is introduced by considering the charge on the
bubble surface. If this term is ignored, the G-M-N-C
model is reduced to the model in (Denner, 2021),
which is called the G-M-N model in this paper.

To check the validation of the simulation results,
the bubble dynamics obtained by the G-M-N-C model

is compared with previous models. A single gas bub-
ble with an initial radius of 3.5 µm oscillating in the
water is considered. If not specified, the parameters in
present studies are used in Table 1. The models are
solved using the method of the Runge-Kutta 4–5 or-
der formula with a variable step length. To obtain the
results satisfying the precision requirement, both of
the absolute error and relative error are 1× 10−12.

Table 1. Parameters keep constant during simulations
(Denner, 2021; Hongray et al., 2014; 2015).

Name Notations Value Unit
Gas reference density ρg,0 1.2 kg/m3

Liquid reference density ρl,0 998 kg/m3

Gas ambient pressure Pg,0 1 atm
Liquid ambient pressure Pl,0 1 atm
Gas ambient temperature Tg,0 300 K
Liquid ambient temperature Tl,0 300 K
Gas molecule co-volume bg 0 –
Liquid molecule co-volume bl 6.7212× 10−4 m3/kg
Gas pressure constant Bg 0 –
Liquid pressure constant Bl 6.2178× 108 Pa
Gas polytropic exponent Γg 1.67 –
Liquid polytropic exponent Γl 1.19 –
Vacuum permittivity ε0 8.85× 10−12 F/m
Surface tension σ 7.2× 10−2 N/m
Liquid viscosity µ 1× 10−3 Pa ⋅ s
Charge on the bubble Q 0.3 pC

3. Results and discussion

Before showing the dynamics obtained with the
G-M-N-C model under various conditions, the other
models (i.e., G-M-N in (Denner, 2021); K-M-C in
(Hongray et al. 2014; 2015)) are adopted to calcu-
late the bubble dynamics under a high amplitude driv-
ing acoustic wave in order to conduct the comparative
analysis.

Figure 1 shows the predictions obtained by three
models, i.e., G-M-N-C, K-M-C, and G-M-N. Most of
the variables associated with the bubble are periodic
oscillations, except that the sound velocity, the density
and temperature of liquid at the bubble wall remain
constant calculated by the model of K-M-C. From
Fig. 1a, the bubble grows slowly in the initial stage and
then rapidly expands to its maximum radius (Rmax).
Correspondingly, the gas temperature and pressure in-
side the bubble reach the minimum values (Figs. 1c
and 1d). At this time, the bubble begins to collapse
due to the difference between the inside and outside of
the bubble having a maximum value. When the bub-
ble collapse to the minimum radius (Rmin), according
to Figs. 1b–1g, the variable values (i.e., bubble wall
velocity, gas temperature and pressure, the tempera-
ture, density and sound velocity of liquid on the bubble
wall) reach the maximum. After the first collapse, the
bubble oscillates slightly several times.
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Fig. 1. Time developments of the bubble radius (a), the bubble wall velocity (b), the gas temperature (c) and pressure (d)
inside the bubble, the liquid temperature (e), density (f) and sound velocity (g) at the bubble wall, and the Mach number
of the bubble wall (h) as retrieved by G-M-N-C model (solid line), K-M-C model (dash line) and G-M-N model (dash dot

line). The bubble driven by an ultrasound wave with frequency of 30 kHz and amplitude of 1.35 atm.

Comparing to the predictions obtained by the
model of G-M-N, the maximum variable values (i.e.,
the gas temperature and pressure, bubble wall velocity,
liquid temperature, density and sound speed) calcu-
lated by the model of G-M-N-C are larger. This owes to
the larger absolute value of the maximum pressure dif-
ference at the bubble wall in the model of G-M-N-C
with the consideration of the charge on the bubble sur-
face. The bubble can absorb more energy during its ex-
pansion, reaching a larger size, and a smaller size will
be acquired as the bubble collapses.

The dynamics of the charged bubble are commonly
predicted by the K-M-C model, which is compared in
detail with the G-M-N-C model. As reported in Fig. 1a,

the lower Rmin is achieved from the G-M-N-C model
(0.42 µm, compared to 0.44 µm for the K-M-C model).
Since NASG equation of state is used in G-M-N-C
model to describe dynamic features of the gas in the
bubble and the liquid at the bubble wall, and the com-
pressibility of the gas in the bubble is fully consid-
ered. It is believed that the covolumes of gas molecules
should be different with temperature and pressure. The
high temperature and pressure environment caused by
the bubble collapse results in a smaller covolume of gas
molecule, meaning that there is more space for the
gas to compress. Therefore, the bubble collapse depth
is deeper, and the minimum bubble radius is smaller.
Consequently, the bubble can be compressed more,
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yielding a much higher gas temperature and pressure
inside the bubble, as indicated in Figs. 1c and 1d. This
result matches the finding in (Nazari-Mahroo et al.,
2018; 2020).

The G-M-N-C model gives the maximum liquid
temperature and density at the bubble wall reaching
414.67 K and 1.37× 103 kg/m3, respectively, whereas
these two variables keep constant in the K-M-C model
from Figs. 1e and 1f. The calculations of the Mach
number (Ma) for two models are shown in Fig. 1h.
It can be seen that the peak Ma calculated by the
G-M-N-C model is significantly lower than that pre-
dicted by the K-M-C model. The liquid velocity of
sound at the bubble wall varies with time in the
G-M-N-C model (Fig. 1g), at the instant of the first
bubble collapse, the bubble wall velocity and the
liquid velocity of sound at the wall are both large
(Figs. 1b and 1g), reducing Ma (e.g., Ma = 0.55 from
Fig. 1h), and the reliability of the model can be guar-
anteed. While the liquid velocity of sound at the bub-
ble wall remains constant in the K-M-C model leading
to a larger Ma during the first bubble collapse (e.g.,
Ma = 0.73 from Fig. 1h).

The K-M-C model evolves from the Keller-Miksis
equation taking the liquid compressibility into account,
which is accurate at Ma < 1 (Zilonova et al., 2018).
The G-M-N-C model is derived from the Gilmore equa-
tion, which is obtained basing on the variation of liq-
uid sound velocity and integrating the liquid enthalpy
directly instead of the liquid pressure. Hence, the bub-
ble dynamics with charge estimated by the G-M-N-C
model is accurate for Ma ≤ 2.2 (Zilonova et al., 2018).
Figure 2 summarizes the maximum absolute value of
Ma in Pa (1.2–3 atm) – f(20–400 kHz) plane for two
models. Within the parameters studied, the Ma calcu-
lated by the K-M-C model range from 0.02 to 10.60,
while the values obtained by the G-M-N-C model are
0.02–4.76. Under a certain parameter, Ma calculated
by the latter model is smaller than that from the for-
mer model. The example can be seen in Fig. 1h. The
positions of the blue curves are Ma = 1 in Fig. 2a and
2.2 in Fig. 2b, respectively, which are the critical values
of Ma for the K-M-C model and the G-M-N-C model
applied in numerical studies. Under the excitation pa-
rameters on the upper left of the curves, the applica-
tion of the model is safe, while the lower right is not.
It can be seen that the G-M-N-C model has a wider
application range than the K-M-C model.

In application researches, evaluating the cavitation
intensity by calculating the gas temperature or the
emitted sound pressure, which is a difficult task, be-
cause of the need to obtain the bubble wall velocity, or
the acceleration. To this end, it is necessary to mea-
sure the cavitation intensity from the radial dynamics
of the bubble. There exist several approaches in the
literatures, e.g., the compression ratio (Rmax/Rmin)
(Hongray et al., 2014; Kalmár et al., 2020; Nazari-

a)

f  
[k

H
z]

Pₐ [atm]
b)

f [
kH

z]
Pₐ [atm]

Fig. 2. Maximum absolute value of Mach number of
the bubble wall calculated by K-M-C model (a) and
G-M-N-C model (b). The numerical results are ob-
tained from more than 200 combinations of ultra-
sound frequency (20–400 kHz) and acoustic ampli-

tude (1.2–3.0 atm).

Mahroo et al., 2018), the expansion-compression ra-
tio ((Rmax−R0)/(R0−Rmin)) (Hongray et al., 2015),
and the quantity of R

3
max

tc
(Kalmár et al., 2020), where

tc is the bubble collapse time. In the present study, the
compression ratio is used to describe the cavitation in-
tensity and is represented by Cs.

The effect of charge Q on the compression ratio Cs
is shown in Fig. 3. As can be seen, Cs increases linearly
with increasing Q from 0 to 0.6 pC for both models. At
the coordinate value of (0.49, 77.36), the two predic-
tion curves intersect. At this time, the minimum bub-
ble radii calculated by two models are similar, and the

[pC]

Fig. 3. Compression ratio Cs vs. charge on the bubble, cal-
culated by G-M-N-C model (solid line) and K-M-C model
(dash line) for ultrasound frequency of 30 kHz and ampli-

tude of 1.35 atm.
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values are about 0.41 µm, which is near the hard-core
radius for the bubble with an initial radius of 3.5 µm.
Therefore, the variation curves of Cs predicted by two
models can only intersect at this point. Also, this re-
sult proves the accuracy of the present model. When Q
value is away from 0.49 pC, the difference of Cs calcu-
lated by two models is increasing. At Q < 0.49 pC, the
Cs obtained by the G-M-N-C model is larger than that
predicted by the K-M-C model. It is worth noting that
in the K-M-C model, when Q is greater than 0.53 pC,
bubble collapse intensity increases, resulting in Ma > 1
(e.g., at Q = 0.55 pC, Ma = 1.03), so that the accuracy
of the model is lost. Nevertheless, the range of Q is
0–0.6 pC, and the value of Ma is 0.49–0.61 lying in the
application range of the G-M-N-C model.

In order to seek the correlation between the com-
pression ratio Cs and the pressure amplitude Pa, nu-
merical studies have been performed for various Pa
(1.2–3.0 atm). The observed results are presented in
Fig. 4. With the increase of Pa, Cs calculated by two
models increases monotonically. The predicted Cs of
the G-M-N-C model is always higher than that of the
K-M-C model. The difference of Cs calculated by two
models is about 10.02% at Pa from 1.2 to 2.2 atm.
When Pa is between 2.2–3.0 atm, the difference in-
creases significantly, and the difference value reaches
the maximum at Pa = 2.4 atm, which is 51.51%.

Pₐ [atm]

Fig. 4. Compression ratio Cs vs. acoustic amplitude, cal-
culated by G-M-N-C model (solid line) and K-M-C model
(dash line) for ultrasound frequency of 30 kHz and charge

of 0.3 pC on the bubble.

The effect of ultrasound frequency f on the com-
pression ratio Cs is explored as presented in Fig. 5. It is
observed that Cs decreases by increasing f . It is a well-
known trend of cavitation bubble dynamics. With the
increase of f , there has no enough time to grow for
the bubble, resulting in the decrease of Cs. The cavi-
tation intensity is weakened, and the bubble tempera-
ture and pressure are reduced. For the two considered
models, Cs in the G-M-N-C model is larger than that
in the K-M-C model. The difference of Cs calculated
by two models reaches the maximum value of 140.51%
at the frequency of around 700 kHz.

Other reports in the literatures supported the vari-
ation trends of the compression ratio Cs with the pres-

f [kHz]

Fig. 5. Compression ratio Cs vs. ultrasound frequency, cal-
culated by G-M-N-C model (solid line) and K-M-C model
(dash line) for ultrasound amplitude of 1.35 atm and charge

of 0.3 pC on the bubble.

sure amplitude Pa and ultrasound frequency f . Fer-
kou et al. (2015) examined the effect of ultrasound fre-
quency and acoustic intensity on the sonolytic degra-
dation of naphthol blue black in water operating acous-
tic intensity in the range of 0.44–5.22 W/cm2 with
the frequency in the range of 585–1140 kHz. The ob-
served results indicated that the sonochemical degra-
dation rate increased with increasing acoustic inten-
sity and decreasing the frequency. The similar results
were obtained for efficiency of sonochemical degrada-
tion Bisphenol A (Torres et al., 2008), the hydrogen
production from a collapsing Ar bubble in water (Ker-
boua et al., 2021; Dehane et al., 2021a) and a collaps-
ing Ar-O2 bubble in methanol (Dehane et al., 2022).

Figure 6 shows the variation of the compression ra-
tio Cs as a function of liquid temperature T∞. The
cavitation intensity can be enhanced by the increase
of T∞. As can be seen from the figure, the difference
(around 10%) between predicted values by two models
is not strongly affected by T∞ from 283 to 333 K. The
similar results obtained by Merouani and co-workers
(Chadi et al., 2018; Dehane et al., 2021b; Merouani
et al., 2014). They found that cavitation intensity and
the production ratio of ⋅OH generated by a single bub-

[K]

Fig. 6. Compression ratio Cs vs. liquid temperature, cal-
culated by G-M-N-C model (solid line) and K-M-C model
(dash line) for ultrasound frequency of 30 kHz, acoustic
amplitude of 1.35 atm and charge of 0.3 pC on the bubble.
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ble collapse was enhanced with the increase of liquid
temperature (Chadi et al., 2018). But the overall pro-
duction ratio and sonochemical degradation of non-
volatile organic pollutants in aqueous media reached
their maximum values at T∞ = 50○. The cavitation ef-
fect is mainly affected by the single bubble collapse
intensity and the number of bubbles, and the latter
decreased with the increase in liquid temperature. De-
hane et al. (2021b) found the production of RCS, ⋅OH,
⋅H, HCl and HOCl increased proportionately with the
increase of liquid temperature (from 10○ to 50○) on car-
bon tetrachloride sono-conversion under acoustic exci-
tation with the intensity of 0.7 W/cm2 and the ultra-
sonic frequency of 355 kHz.

Based on the Gilmore-NASG model, the acoustic
bubble dynamic model is established in this paper con-
sidering the effect of the charge on the bubble surface.
The paper analyze the bubble dynamics and cavitation
intensity, along with the accuracy of the present model
by comparing with the results in the literature. The pa-
per proves the model has a wider range of application
parameters. In the future work, present model can be
optimized. For example, the effects of bubble-bubble
interaction (Zhang et al., 2016) should be taken into
account to investigate the secondary Bjerknes force be-
tween two gas bubbles, that coupled with a viscous
drag force to analyze the translational motions of the
bubbles. The detail results are refered to the works
in (Wang et al., 2023). In addition, heat exchange,
mass transport and chemical reactions on the dynam-
ics of the bubble with a constant charge are also worth
considering (Dehane et al., 2021a; 2021b; 2022; Ker-
bouaet al., 2021; Lv, Liu, 2023).

4. Conclusion

In the present work, the model for a charged bubble
under acoustic excitation is proposed. Compared with
the previous model, the proposed model can be applied
to a wider parameter range, especially high acoustic
amplitudes and low ultrasound frequencies excitation.
The bubble collapse intensity calculated by two mod-
els is enhanced with increasing charge on the bubble
surface, acoustic amplitude and liquid temperature,
and the decrease of ultrasound frequency. Except for
the charge on the bubble surface, the bubble collapse
intensity by the present model is larger under the stud-
ied parameter range, mainly because the effect of liq-
uid and gas compressibility is fully considered. When
the charge is 0.49 pC, the minimum bubble radius cal-
culated by two models is near the hard-core radius,
and the bubble collapse intensity is equal. The differ-
ences between predicted values by two models reaches
the maximum at Pa = 2.4 atm or f = 700 kHz, and the
liquid temperature has little effect on the difference
(around 10%).
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