
BULLETIN OF THE POLISH ACADEMY OF SCIENCES
TECHNICAL SCIENCES, Vol. 73(5), 2025, Article number: e154285
DOI: 10.24425/bpasts.2025.154285

MECHANICAL AND AERONAUTICAL ENGINEERING, THERMODYNAMICS

An innovative pendulum-based absorber exploiting
time-varying mass dynamics for vibration damping

Bogumil CHILINSKI1 , Rafal KWIATKOWSKI2 , Krzysztof TWARDOCH1 , and Anna MACKOJC1 ∗

1 Institute of Machine Design Fundamentals, Warsaw University of Technology, Poland,
2 University of Kalisz, Poland

Abstract. Research concerns an innovative semi-active pendulum absorber utilising a varying mass as a way of controlling mechanical system
dynamics. An objective of the study is to propose the attenuator concept and its mathematical model – an attachable device mounted to a
vibrating system in order to eliminate its pendulum motion. The main advantage of the novel pendulum tuned mass damper (PTMD) is combining
features of widely known vibrational energy absorber (TMD), improving and expanding its capability through allowing for adaptable changes to
the system characteristics and extending its basic operational range through varying its mass realised by transferring the fluid between the main
system and the absorber. The article provides research comparing the results of computer simulations with empirical experiments. The objective
was to investigate the effectiveness of mass transfer in process of vibrations mitigating. Various factors were analysed, including the influence of
changes in a natural frequency of the structure, the activation time of a tuned mass damper (TMD), and the fluid flow rate within the system. The
findings demonstrate that mass transfer is a promising approach to reduce vibrations in both, mechanical systems and civil engineering structures.
Presented approach enhances the performance of conventional TMDs by incorporating variable parameters, leading to more effective vibration
damping compared to traditional fixed-parameter designs.

Keywords: tuned mass damper (TMD); semi-active damper; variable mass; system dynamics control; sweeps frequency response; pendulum
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1. INTRODUCTION
When considering design and operation of machinery, equip-
ment, buildings or other architectural structures, the phe-
nomenon of mechanical vibration is often classified as an un-
desirable motion, which in unfavourable conditions can lead to
a reduction of durability occurring in reduced service life and
malfunctions such as noise or reduced quality of operation, re-
sulting in damage of the structure. The discussed phenomenon
is commonly analysed taking into account the three aspects [1],
which are:
• Impact on machine quality (faster machine wear out);
• Machine failure rate (vibroacoustic diagnostics);
• Quality of work and health of operators (vibroacoustic pro-

tection).
Designers are keen to follow the trend to design engineering

structures with a higher durability simultaneously caring for an
improvement of their users’ comfort. For this purpose, various
types of vibration eliminators are installed on structures or are
formed as their part.

The current research on vibration suppression can be divided
into three main control methods used in dynamic structures:
• Passive control systems – technically simple devices or

structural elements, built such that the system as a whole
is able to dissipate energy provided by the excitation inde-
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pendently to the external energy sources [2,3]. An important
part of passive eliminators are so-called dynamic vibration
absorbers. They modify the natural frequency of a struc-
ture giving contribution to a reduction of effects of dynamic
loads. Moreover, they are characterised by stability of their
parameters, which cannot be intentionally modified during
the operation [4].

• Active control systems – utilise external actuators respon-
sible for introducing additional forces counteracting to the
system dynamic loads. Active vibration eliminators are au-
tomatically adjustable systems mounted on the structure and
their main elements are sensors, a computer and actuators
triggering an appropriate control force [4].

• Semi-active control systems – they combine properties of
both, passive and active, vibration dampers. Similarly to
the active systems, they are built of sensors, computer and
actuators, but they do not require such a high power supply
to reduce vibrations [5–10].

An interesting example of vibration attenuation systems is a
tuned mass damper. A device consists of a comparatively light
mass (in comparison to a whole structure) mounted on springs
and is used in structures to reduce mechanical vibrations. Its
working principle is based on a simple rule – to tune its vibra-
tion frequency near the resonant frequency of the object it is
mounted to. The operational principle of a TMD relies on ad-
justing its natural frequency to coincide with a specific dynamic
response of the host structure – most commonly, its resonant
frequency. This frequency tuning enables the redistribution of
vibrational energy, thereby reducing the peak amplitude of the
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structural response by shifting the effective dominant frequency
away from that of the external excitation. It is important to note
that TMDs are not constrained to resonance mitigation alone;
they can be precisely tuned to target and suppress vibrations
at any prescribed frequency component introduced by external
dynamic loading, thus offering a versatile solution for vibration
attenuation across a wide spectrum of excitation conditions.

An important feature of TMDs is that no additional energy is
required - making the solution passive vibration absorber. TMDs
are most often used in automobiles and buildings [11–15]. Be-
sides being very popular, the most important feature of TMDs
is their lossless operation. The “damping” phenomenon hap-
pens by a pure change of the system characteristics without
energy dissipation. The main disadvantage is a narrow opera-
tional range. In recent years, a new group of damping solutions
have become more popular. The papers [16] and [17] present
an adaptive tuned mass damper (ATMD) with the ability to
adjust its stiffness or damping ratio adaptively to current sit-
uation. This is realised by introducing an active element (an
actuator) into a basic TMD, which based on a control strat-
egy can overcome the shortcomings of passive solutions. How-
ever, these often require high energy supply. A large-scale study
on semi-active TMDs, conducted by Chinese researchers, ex-
plored various approaches to vibration control. Their research
focused on how modifying the physical properties of structures
or integrating AI-based methods can enhance vibration sup-
pression. Various studies have explored advancements in tuned
mass damper (TMD) systems for vibration control. [18] and [19]
introduce PTMD with geometric nonlinear dampers for seis-
mic response control. [20] examined pedestrian-induced vibra-
tions with human-structure interaction, and [21] developed an
adaptive-passive MTMD with automatic mass adjustment for
improved performance. Lastly, [22] and [23] proposed a semi-
active TMD with variable damping and stiffness, outperforming
conventional designs in reducing displacements and base forces.
It should be noted that vibration damping in engineering solu-
tions is mostly based on a use of semi-active control methods.
The method commonly used for vibration control is an applica-
tion of magnetorheological (MR) fluids. Several reviews of MR
fluid applications, in-depth analyses of their models and con-
trol strategies can be encountered in recent years [24–26]. The
higher effectiveness in vibration control might be obtained when
changing parameters of the system during its operation with a
utilisation of adjustable damping. However, such an approach
causes energy loss resulting from its dissipation. It constitutes
a disadvantage of such solutions as the energy is irretrievably
lost and converted into heat. In studies [27,28] and [29] one can
find conclusions regarding modelling, analysis and testing of a
particle impact damper. The device is composed of a container
filled with a granular material and characterised by a passive
damping ability resulting from grain-grain and grain-container
collisions that however might be adjusted based on changes
in the device parameters. Another interesting approach to vi-
bration attenuation based on changes to the system parameters
is presented in [30]. Among solutions of adjustable damping,
special attention should be paid to research presented in [31].
The authors analyse dynamics of a double pendulum system for

a varying mass as a parameter. The study covers three cases
where the mass change occurs in the upper, lower and in both
members of the pendulum system. The investigation contains
the analysis of the influence of this phenomenon on the con-
sidered system behaviour. It was concluded that the system is
sensitive to change of the system mass, which causes it to be-
have in a desired manner. A constant and variable mass system
of a double pendulum is presented in a similar approach in [32].
The mathematical and physical model confirms throughout the
research that the variable mass phenomenon can be used as a
factor enabling suppression of the system vibrations in practical
application. Moreover, the basic articles [33] and [34] present-
ing and explaining the mass exchange phenomenon as a way of
vibration attenuation are previous studies of one of the authors.

2. RESEARCH OBJECTIVES
A few of these analyses allow us to notice shortcomings and
gaps to improve the system operation using common features
of well-known solutions. For this reason, the authors decided to
propose a concept of vibration absorber utilising a variable mass
allowing for its use as a part of the absorber structure design.
Most of the studies regarding potential utilisation of the system
variable mass to damp vibrations encountered in literature were
mostly experimental research. What is more, a negligible num-
ber of such products available on the market is the evidence of
not much success in the discussed field. One can find hardly any
information regarding the implementation of such a device. All
of the aforementioned factors induce a need for a proposal of
a novel device combining features of other solutions. The au-
thors decided to rely on the working principle of a passive TMD
system simultaneously improving and expanding its capabilities
through adding an ability to turn it on or off when it is needed
or desired allowing for adaptable changes to the system charac-
teristics extending its operational range. The systems operating
with changeable parameters perform more effectively contrary
to systems of constant parameters (TMDs). The authors pro-
posed a solution based on a pendulum system in order to absorb
or control the system oscillations. An addition of an extra pen-
dulum member to the main pendulum system corresponds to
the concept of the TMD system, however its operation range is
extended by an influence on its dynamics resulting from a prop-
erty of a variable mass. The mass variability is realised through
the use of fluid overflow within and between the pendulums.
A liquid is used as an absorber and throttling its flow allows a
semi-active control [35–37]. The encountered studies support
the concept of effective fluid utilisation. The additional con-
tributor of the proposed solution, not found in other research,
is use of a coupling principle. This fact gives an opportunity
to propose a novel solution combining a semi-active control
strategy consisting of time variable parameters, as well as very
effective (narrow ranges) mass dampers. The main objective of
the research conducted is to develop a concept of an innova-
tive vibration absorber using the phenomenon of mass change
in the system under consideration. Such system, designed and
tested under experimental conditions could be successfully im-
plemented as an alternative and extremely effective solution for
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limiting undesirable vibrations of engineering structures. These
types of systems could be widely used in the industry, however
their particular application is seen in maritime industry, where
the utilisation of fluids seems to be natural, for example tanks,
oil rigs, etc.

3. PENDULUM ABSORBER DESIGN AND MODELLING

3.1. Pendulum absorber design

Modelling methods and assumptions presented in the paper are
necessary to study the proposed concept in order to provide
basic limitations and requirements for the process of the ab-
sorber design as an initial step for further investigation of the
presented solution. A double pendulum with a varying mass
was adopted as a model of the considered system. The subject
of research is a dynamic system consisting of two connected
elements. These elements are stiff enough to be considered as
rigid bodies. This approach enables to avoid minor problems
with internal vibrations of the structure related to its continuous
properties. Accordingly to the principle of mass conservation,
it is assumed that the mass of the system as a whole is constant.
Additionally, the mass of water flows inside the system from the
upper to the lower part of the pendulum according to the arbi-
trary selected time-history of changes (it can be obtained with
a flow control system in the form of sensor and proportional
valve). Authors decided to utilise the flow rate characteristics,
which fulfils conditions of three operation ranges:
• First range describes the initial state, where the entire amount

of fluid is stored in the main member (absorber off).
• Second stage is a liquid transfer between upper and lower

elements.
• And the last stage, when fluid is contained in the absorber

(lower pendulum).
It allows the entire structure to be treated as a constant-
coefficients model in the first and third stage of operation. It is
worth noting, this manuscript does not focus on control, which
would require a separate device and dedicated study. Instead, the
focus here is on the absorber effect on vibrations in a system with
varying mass. The classification into stages helps to describe the
absorber performance rather than suggesting active regulation
of the system dynamics. A test stand was designed primarily
as a reference to verify the model, rather than to fully validate
the phenomenon across all presented scenarios. The methodol-
ogy follows a structured approach, beginning with preliminary
numerical research to examine the influence of damping and
activation time on system amplitude attenuation in the presence
of transferred liquid for the considered mathematical model. To
validate the developed model, a test stand was constructed, and
experimental tests were performed. Upon obtaining results that
aligned with the numerical model, the authors proceeded with
further research, including numerical simulations on transferred
liquid mass influence in the main system, and PTMD and per-
formed sweep frequency analysis. The aforementioned goals and
assumptions lead to a nontrivial, novel problem, which seems to
be an interesting approach to common engineering problems oc-
curring in fields of slender structures containing fluid, where the

system total mass is dominated by the stored medium. Due to the
surroundings, i.e., the marine environment, the key industry, in
which the application of a semi-active vibration absorber seems
to be natural is the offshore industry. The multitude of problems
regarding the stabilisation of offshore structures caused by en-
vironmental conditions (sea state, wind gusts) abounds in many
possibilities of using the proposed approach for the attenuation
of a system vibration. The application of the device utilising
the phenomenon of mass change as a semi-active side tilt com-
pensator of the ship, floating drilling platforms or floating wind
turbines can contribute to increasing safety, improving opera-
tional efficiency and reduce operating costs by improving their
stability. This makes the technology attractive to the offshore
industry in particular [38–42]. By manipulating the mass distri-
bution on board, it is possible to generate torques to counteract
the vessel swing motion. The use of this technology could allow
the stabilisation system to dynamically adapt to changing sea
conditions, which would increase safety during operations or
navigation. In addition, the control of mass distribution could
lead to the optimisation of fuel operating efficiency by reducing
hydrodynamic drag and reducing energy consumption, which is
important for the economic operation of the vessel. With this ap-
proach, the vessel will be able to maintain better stability even in
difficult weather conditions. By reducing undesired movements
of floating offshore turbines or drilling platforms, such as tilting
or rolling, the quality of operations can be improved, which is
crucial in the case of precision drilling operations. Additionally,
optimising the stabilisation of offshore platforms and turbines
can bring economic benefits through reducing energy and fuel
consumption. Lower load on engines and drive systems can lead
to reduced operating costs and reduced air pollution. The practi-
cal implementation of the double pendulum with a variable mass
is made of two hollow rods connected to each other. Addition-
ally, they are connected by the elastic pipe conveying the liquid
that gravitationally flows from the upper to the lower member.

3.2. Pendulum absorber modelling

In this study, a mathematical double pendulum presented in
Fig. 1 was adopted as a model at the first stage being a simplifi-
cation of the model aimed – the physical double pendulum.

x

y

mα(t) (attenuated object)

lα

mβ(t) (varying mass PTMD)

lβ

T (t)

α

β

g⃗

Fig. 1. Scheme of a mathematical double pendulum – a simplified
model adopted in the analysis

Bull. Pol. Acad. Sci. Tech. Sci., vol. 73, no. 5, p. e154285, 2025 3



B. Chilinski, R. Kwiatkowski, K. Twardoch, and A. Mackojc

The dynamics of a double pendulum is complex and can
exhibit both regular and chaotic behaviour, depending on ini-
tial conditions, system parameters and external excitation. In
the regime of small oscillations, where the angles of displace-
ment are relatively small, the motion of a double pendulum can
be more predictable and will not involve full rotations. Under
these conditions, the system behaviour can be approximated by
linearising the equations of motion, leading to solutions that
resemble those of simple harmonic oscillators. Therefore, while
the mathematical model of a double pendulum can approxi-
mate the behaviour of a physical double pendulum in certain
low-energy, small-angle scenarios, this approximation breaks
down in more energetic or large-angle situations where the full
nonlinear dynamics must be considered. However taking into
account the mentioned purpose of the system, amplitudes of
oscillations are to be limited at some controlled point so the
large-angle displacements will not occur. Therefore, while the
system operates under low-energy conditions, the mathematical
double pendulum closely mimics the physical one, making it
an effective approximation for many practical applications. Au-
thors based their choice of the model on a previously conducted
research [43, 44]. The mathematical description and analysis
was based on classical formalism of Lagrange’s equations of a
second kind, which was used for a system of two degrees of
freedom with smooth, holonomic constraints, using the force of
gravity as a potential force. The change in mass has been mod-
elled by the phenomenon of gravitational outflow of liquid from
a tank with a hole. It was assumed that the movement of the
tank does not disturb the outflow. Lagrange mechanics is used
in order to determine the equations of motion for the considered
system [45–47]. For this purpose, a Lagrange function must be
determined. Lagrangian describes a dynamic state of the system
unequivocally. The Lagrange function 𝐿 is equal to a difference
between the kinetic (𝑇) and potential (𝑉) energy of the system:

𝐿 = 𝑇 −𝑉. (1)

To determine the total energy of the system, the kinetic and po-
tential energies of the individual members are determined. The
sum of the individual components represents the kinetic and
potential properties of the whole structure. In the case under
consideration, the total energy of the system is equal to the sum
of kinetic and potential energy of the upper and the lower pen-
dulum member. The final relationship is obtained by inserting
the energies into the Lagrange function. The resulting equation
forms the basis for further dynamic calculations and allows the
equations of motion to be determined. Finally, the kinetic poten-
tial (the Lagrange function after substitution) has the following
form (2):

𝐿 =

(
𝑙𝛼 sin (𝛼) ¤𝛼+ 𝑙𝛽 sin (𝛽) ¤𝛽

)2
𝑚𝛽

2

+
(
−𝑙𝛼 cos (𝛼) ¤𝛼− 𝑙𝛽 cos (𝛽) ¤𝛽

)2
𝑚𝛽

2
+ 𝑙2𝛼𝑚𝛼 ¤𝛼2

2
−𝑔

(
−𝑙𝛼 cos (𝛼) − 𝑙𝛽 cos (𝛽)

)
𝑚𝛽

−𝑔𝑙𝛼 (1− cos (𝛼))𝑚𝛼 , (2)

where
𝑡 – time;
¤𝛼 – angular (generalised) velocity of the upper pendulum

member;
𝑔 – acceleration of gravity;
𝛼 – angle of the upper pendulum swing;
𝑙𝛼 – length of the upper pendulum;
𝑙𝛽 – length of the lower pendulum;
𝑚𝛼 – initial mass of the upper pendulum member;
𝛽 – angle of the lower pendulum swing;
𝑚𝛽 – initial mass of the lower pendulum member;
¤𝛽 – angular (generalised) velocity of the lower pendulum

member.
The dissipative potential for the considered system is expressed
as follows:

𝐷 =
𝑏 ¤𝛼2

2
+ 𝑏 ¤𝛽2

2
. (3)

The individual components of the equations of motion are de-
termined by calculating the appropriate derivatives. After calcu-
lating the derivatives, the results are inserted into the Lagrange
equations. Finally (after substitution), the following system of
equations of motion is obtained. The governing equations of the
system have a following form (4)–(5):

𝑏 ¤𝛼+ ¤𝑚𝛼 (𝑡)𝑙2𝛼 ¤𝛼+ ¤𝑚𝛽 (𝑡)𝑙2𝛼 ¤𝛼+ 𝑙2𝛼𝑚𝛼 (𝑡) ¥𝛼+ 𝑙2𝛼𝑚𝛽 (𝑡) ¥𝛼
+𝑔𝑙𝛼𝑚𝛼 (𝑡) sin (𝛼) +𝑔𝑙𝛼𝑚𝛽 (𝑡) sin (𝛼)
+ ¤𝑚𝛽 (𝑡)𝑙𝛼𝑙𝛽 cos (𝛼− 𝛽) ¤𝛽+ 𝑙𝛼𝑙𝛽𝑚𝛽 (𝑡) sin (𝛼− 𝛽) ¤𝛽2

+ 𝑙𝛼𝑙𝛽𝑚𝛽 (𝑡) cos (𝛼− 𝛽) ¥𝛽 = 𝑇0 sin (Ω𝑡), (4)

𝑏 ¤𝛽+ ¤𝑚𝛽 (𝑡)𝑙2𝛽 ¤𝛽+ 𝑙2𝛽𝑚𝛽 (𝑡) ¥𝛽+𝑔𝑙𝛽𝑚𝛽 (𝑡) sin (𝛽)
+ ¤𝑚𝛽 (𝑡)𝑙𝛼𝑙𝛽 cos (𝛼− 𝛽) ¤𝛼+ 𝑙𝛼𝑙𝛽𝑚𝛽 (𝑡) cos (𝛼− 𝛽) ¥𝛼
− 𝑙𝛼𝑙𝛽𝑚𝛽 (𝑡) sin (𝛼− 𝛽) ¤𝛼2 = 0, (5)

where
𝑘 – spring stiffness;
Ω – excitation frequency;
¥𝛽 – angular (generalised) acceleration of the lower pendu-

lum member;
𝑢0 – initial difference of spring length and starting spring

length;
¤𝑚𝛼 – mass of the upper pendulum and fl and fluid flow;
¥𝛼 – angular (generalised) acceleration of the upper pendu-

lum member;
𝑏 – damping coefficient value;
¤𝑚𝛽 – mass of the lower pendulum and fluid flow.
The excitation was assumed in the form of an external torque,
which aligns naturally with the rotational dynamics of the sys-
tem. This approach allows the excitation to be introduced di-
rectly and intuitively within the system setup. The positive di-
rection of the applied torque is defined to coincide with the
direction of positive angular displacement. As a result of this
formulation, the system load is obtained in the form of a gener-
alised force:

𝑇 = 𝑇0 sin(Ω𝑡). (6)
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The mass transfer was modelled by the phenomenon of grav-
itational outflow of the liquid from the tank (upper pendulum
member) to the lower member through the conveying elastic
pipe. To simplify the modelling process, a flow function was
arbitrarily adopted that corresponds to the physical conditions
of the process. An atan function was used, which has an almost
constant value outside the surroundings of the 𝑡0 value, while
for the activation time it ensures a smooth transition between the
states. It is assumed that the movement of the pendulum mem-
bers does not affect the phenomenon of the mass flow. Taking
into account the presented assumptions, the mass of the upper
pendulum member can be described by the equation:

𝑚𝛼0 =
𝑚0
2

− 𝑚0 atan (𝜆𝑡 −𝜆𝑡0)
𝜋

, (7)

where
𝑡0 – activation time;
𝜆 – fluid flow rate;
𝑚0 – transferred damping mass.
A series of simulations of the parameter changes were performed
for different values and time ranges with application of the mass
transfer function. The results are summarised in a table and
repesentative values are selected. The activation time and the
𝜆 coefficient are crucial for the studied run. Time-histories of
fluid flow described by the the formula (7) for obtained values
of parameter 𝑡0 and 𝜆 are presented in Figs. 2 and 3.
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Fig. 2. Flow coefficient changes
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The mass of the lower pendulum member was determined
on a similar basis to the first pendulum, assuming the same
conditions. In addition, it was assumed that the mass of the

overflowing fluid is constant. This makes possible to determine
the relationship for the mass of the fluid of the lower pendulum
member (absorber) in the form of the following formula:

𝑚𝛽0 =
𝑚0
2

+ 𝑚0 atan (𝜆𝑡 −𝜆𝑡0)
𝜋

. (8)

A linearised model of the system can be useful as an initial step
of the analysis, as it enables finding a simplified solution in the
neighbourhood of the critical point. It is important to distin-
guish between the process of linearisation and the assumption
of constant coefficients. Linearisation refers to approximating
the system behaviour around an equilibrium point by neglect-
ing higher-order nonlinear terms, while assuming constant mass
simplifies the equations by removing time-dependent variations.

In the simplified calculations, the mass of both members was
assumed to be constant. While this introduces some error, the
linearised solutions still exhibit qualitative compatibility at the
beginning and end of the process (where the fluid mass flow is
almost zero). The simplified Lagrangian formulation, incorpo-
rating the constant mass approximation, is presented in equa-
tion (9):

𝐿 =
𝑙2𝛼𝑚𝛼 (𝑡) ¤𝛼2

2
+
𝑙2𝛼𝑚𝛽 (𝑡) ¤𝛼2

2
+
𝑙2
𝛽
𝑚𝛽 (𝑡) ¤𝛽2

2
+ 𝑙𝛼𝑙𝛽𝑚𝛽 (𝑡) ¤𝛼 ¤𝛽

− 𝑔𝑙𝛼𝑚𝛼 (𝑡)𝛼2

2
−
𝑔𝑙𝛼𝑚𝛽 (𝑡)𝛼2

2
−
𝑔𝑙𝛽𝑚𝛽 (𝑡)𝛽2

2
+𝑔𝑙𝛼𝑚𝛽 (𝑡)

+𝑔𝑙𝛽𝑚𝛽 (𝑡). (9)

The linearlised equations of motion were derived for the non-
linear model – Lagrangian derivatives were calculated and then
substituted into the Lagrange equations. The simplified equa-
tions of motion are given the equations (10)–(11):

𝑏 ¤𝛼+ 𝑙2𝛼
(
¤𝑚𝛼 (𝑡) + ¤𝑚𝛽 (𝑡)

)
¤𝛼+ 𝑙2𝛼

(
𝑚𝛼 (𝑡) +𝑚𝛽 (𝑡)

)
¥𝛼

− 𝑙𝛼
(
−𝑔𝑚𝛼 (𝑡) −𝑔𝑚𝛽 (𝑡)

)
𝛼+ ¤𝑚𝛽 (𝑡)𝑙𝛼𝑙𝛽 ¤𝛽+ 𝑙𝛼𝑙𝛽𝑚𝛽 (𝑡) ¥𝛽

= 𝑇0 sin(Ω𝑡), (10)

𝑏 ¤𝛽+ ¤𝑚𝛽 (𝑡)𝑙2𝛽 ¤𝛽+ 𝑙2𝛽𝑚𝛽 (𝑡) ¥𝛽+ ¤𝑚𝛽 (𝑡)𝑙𝛼𝑙𝛽 ¤𝛼+𝑔𝑙𝛽𝑚𝛽 (𝑡)𝛽
+ 𝑙𝛼𝑙𝛽𝑚𝛽 (𝑡) ¥𝛼 = 0. (11)

Based on the obtained equations of motion, the inertia and stiff-
ness matrices were calculated. The system mass matrix provides
a complete description of the behaviour of the system compo-
nents under the action of accelerations on the individual degrees
of freedom. It describes the influence of inertia of the system
elements. The mass matrix is given in the following form (12):

M =

[
𝑙2𝛼

(
𝑚𝛼 +𝑚𝛽

)
𝑙𝛼𝑙𝛽𝑚𝛽

𝑙𝛼𝑙𝛽𝑚𝛽 𝑙2
𝛽
𝑚𝛽

]
. (12)

The stiffness matrix describes the global response of the sys-
tem to external forces. The individual components of the matrix
result from the elastic and geometrical properties of the overall
structure. The stiffness matrix makes it possible to determine
the equilibrium positions of the system and, together with the
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inertia matrix, to determine its natural frequencies. The stiffness
matrix of the system is described as follows:

K =

[
𝑙𝛼

(
𝑔𝑚𝛼 +𝑔𝑚𝛽

)
0

0 𝑔𝑙𝛽𝑚𝛽

]
. (13)

The damping matrix represents the total dissipative properties
of the system. The individual elements (components) of the
matrix result from the damping and geometric properties of the
overall structure. The dissipation matrix does not significantly
affect the frequency structure of the system (only small shifts of
the eigenfrequencies are observed). On the other hand, it has a
strong influence on the values of amplitudes. The 𝐶 matrix is
given as follows:

C =

[
𝑏 + 𝑙2𝛼

(
¤𝑚𝛼 + ¤𝑚𝛽

)
𝑙𝛼𝑙𝛽 ¤𝑚𝛽

𝑙𝛼𝑙𝛽 ¤𝑚𝛽 𝑏 + 𝑙2
𝛽
¤𝑚𝛽

]
. (14)

A response of the system to an external harmonic force was
derived also in analytical form. The amplitude of the attenuated
object can be obtained directly from the particular solution. It
consists of a numerator that depends mainly on the absorber
parameters and a denominator that is equal in value to the deter-
minant of the fundamental matrix. The condition for the tuning
of the eliminator can be determined from the fundamental ma-
trix. The analysis of the obtained steady-state solutions makes
possible to identify critical points at which the system ampli-
tudes reach unsafe values.

In order to describe the basic properties of the system, its iner-
tia and stiffness matrices will serve to determine an influence of
the system parameters on its natural vibration frequencies. The
system inertia matrix provides a complete description of the sys-
tem component behaviour under the action of accelerations on
individual degrees of freedom. It describes an influence of iner-
tia of the system elements while the stiffness matrix describes
the global response of the system to external forces. The individ-
ual components of the matrix result from elastic and geometrical
properties of the whole structure. By calculating a determinant
of the fundamental matrix, the system natural frequencies can
be determined (15), (16):

𝜔𝑛1 =
1

2𝑙𝛽
(
𝑙𝛼 + 𝑙𝛽

) √√√
1−

√︄
−

4𝑙𝛼𝑙𝛽𝑚𝛽(
𝑙𝛼 + 𝑙𝛽

)2 (
𝑚𝛼 +𝑚𝛽

) +1, (15)

𝜔𝑛2 =
1

2𝑙𝛽
(
𝑙𝛼 + 𝑙𝛽

) √√√√︄
−

4𝑙𝛼𝑙𝛽𝑚𝛽(
𝑙𝛼 + 𝑙𝛽

)2 (
𝑚𝛼 +𝑚𝛽

) +1+1. (16)

Analysing the natural frequency components, some depen-
dencies can be noticed. An expression of “a base frequency”
(𝜔2

𝑛) can be separated. Its value is being changed by some Δ𝜔2

value. It can be presented as follows:

𝜔2
𝑛1 = 𝜔̄2

𝑛 ±Δ𝜔2. (17)

This allows for a more transparent notation of the system
natural frequencies. Therefore an easier physical analysis and

tuning the system TMD parameters can be done in a more com-
prehensive and controllable manner.

4. PRELIMINARY EXPERIMANTAL RESEARCH

4.1. Test stand

One of the most effective forms of a verification of theoretical
study is to conduct experimental research. Following this princi-
ple, the authors decided to build a test stand validating dynamic
parameters of the system. In order to validate the correctness of
the results, experimental tests were carried out for one exem-
plary mass configuration and some different values of excitation
frequencies. The tests were performed for two frequencies of
excitation and the angular acceleration of the main pendulum
member ¥𝛼(𝑡) was validated against the results of numerically
simulated model. In order to give a satisfactory confirmation
of numerical simulation results, the authors decided to design
a physical double pendulum model. In parallel with theoret-
ical investigations utilising advanced numerical methods, the
decision was made to create a tangible system for experimental
verification of vibration damping. The built experimental stand
is depicted in Fig. 4. The structure depicted consists of two alu-
minum profiles, each 500 mm in length, connected to each other
by a joint.

Z

Y

Lower Accelerometer
(position highlighted)

Upper Accelerometer
(opposite site)

Z

Y

Lower Accelerometer
(position highlighted)

Upper Accelerometer
(opposite site)

Fig. 4. Test stand
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The system is connected to a fixed profile by an articulated
joint, allowing precise movements. Liquid tanks are attached to
both pendulum members and are connected to each other by a
flexible pipe enabling the flow of mass under gravity, from the
upper to the lower member of the pendulum. The experimental
procedure involved carefully measured the angular acceleration
of the pendulum using high-precision sensors. These sensors
were calibrated before the tests to ensure the accuracy of the
recorded data. For each test, the excitation frequency was con-
trolled by an electric motor, which was coupled to the system
allowing precise variation of the frequency and amplitude. Data
acquisition was conducted using a digital acquisition system,
which recorded the angular acceleration in real-time. The an-
gular acceleration measurements were then compared with the
theoretical values derived from the numerical simulations to as-
sess the consistency of the results. This comparison provided a
direct validation of the model predictive capabilities. The exper-
imental apparatus was constructed using lightweight materials –
plastic, cylindrical containers and flexible connectors (Table 1),
which were carefully selected to ensure the accurate simulation
of the intended system dynamics. The authors intention when
selecting the materials was to provide instrumentation that does
not change or affect the dynamics of the system being tested. The
experimentally designed system serves as a representation of the
theoretical model and numerical investigations presented within
this article. The primary objective of the experimental research
is not only to validate theoretical assumptions but, above all, to
confirm the practical feasibility of implementing the proposed
solution in engineering applications.

Table 1
Aluminium profile property

Property Value

Length 500 mm
Cross-section 40×40 mm
Mass 0.87 kg

4.2. Results of experimental and numerical studies

In order to validate the correctness of the test stand operation,
experimental tests were carried out for one exemplary mass
configuration and some different values of excitation frequen-
cies. The tests were performed for the frequency of the ex-
citation equals 2.27 Hz and 2.47 Hz. The values were chosen
as being above the system natural frequency they allowed for
a nonresonant and controllable conditions of the experiment.
These frequencies ensured stable system behaviour and enabled
a meaningful comparison between experimental and simulation
results. The analysed time span is approximately 10 seconds,
and the sampling frequency is 128.2 Hz.

The measuring scheme comprises an excitation source, the
investigated system is equipped with the PTMD and a data
acquisition system for monitoring the dynamic response. The
primary objective is to analyse the propagation of vibrations

Excitation Main Member Upper Accelerometer

Vibration Absorber (PTMD) Lower Accelerometer

DAQ System

Fig. 5. Scheme of the measuring system used during
the experimental tests

through the system and evaluate the effectiveness of the PTMD
in attenuating structural oscillations.

The system is subjected to controlled dynamic excitation,
and its response is recorded at critical locations to assess the
interaction between the main structural member and the PTMD.
Given the importance of this interaction, two accelerometers are
strategically positioned:
• Upper accelerometer – mounted on the main structural

member near the excitation source, capturing the structural
response before energy is transferred to the PTMD,

• Lower accelerometer – positioned adjacent to the PTMD,
measuring the localised vibrational response and quantify-
ing the absorber efficiency in vibration attenuation.

Both accelerometers send their measured signals to a data
acquisition (DAQ) system. The DAQ system is connected to
a computer, where the collected data is processed using spe-
cialised software for signal processing and analysis, frequency
response evaluation, and performance assessment of the vibra-
tion absorber.

Figure 6 presents two waveforms of the main pendulum mem-
ber acceleration in time domain. Further one can observe a fre-
quency domain representation of the signals enabling a clearer
results interpretation. Figures show the results of the numerical
simulations for experimental test conditions. Similarly as for the
experimental part, the results of numerical simulation are pre-
sented in time domain in Fig. 7 for corresponding frequencies
as a comparative case.
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Experimental data, f = 2.27 Hz
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Experimental data, f = 2.47 Hz

Fig. 6. Experimental data for acceleration of pendulation of the main
member of double pendulum

To improve clarity and facilitate interpretation, one has
grouped the results by identical excitation frequency values 𝑓

and combined the corresponding figures to display both asso-
ciated waveforms. This restructuring enhances the overall read-
ability of the results and enables a more direct comparison of
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Numerical analysis, f = 2.27 Hz
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Numerical analysis, f = 2.47 Hz

Fig. 7. Validation analysis for acceleration of pendulation of the main
member of double pendulum

the system response under the same excitation conditions. As a
result, the analysis becomes more comparative in nature, allow-
ing for easier identification of patterns and more straightforward
formulation of conclusions.

Table 2
PET container parameters

Container parameter

Diameter 94.4 mm
Height 317 mm
Neck fish 28 mm PCO 1810
Volume 1.5 l

The comparison of numerical simulations presented in Figs. 8
and 9 with experimental data at excitation frequencies of 2.27 Hz
and 2.47 Hz reveals clear insights into the dynamic behaviour of
the system. At 2.27 Hz, the system exhibits a gradual build-up
of oscillations, with a noticeable transient response in the initial
seconds before settling into a steady-state regime. The ampli-
tude of angular acceleration remains relatively modest, reaching
approximately ±3.5 rad/s2. In contrast, the response at 2.47 Hz
is characterised by significantly higher amplitudes, exceeding
±4.5 rad/s2, and a more rapid transition into steady-state oscil-
lations. This behaviour indicates that 2.47 Hz is closer to the
system natural frequency, resulting in a more efficient energy
transfer from the excitation input – consistent with resonance
phenomena. Despite the presence of noise in the experimental
measurements, the underlying periodicity of the system mo-
tion is well-preserved and shows strong agreement with the nu-

0 1 2 3 4 5 6 7 8 9 10

−4

−3

−2

−1

0

1

2

3

4

t (s)

α̈
(

ra
d s2
)

Numerical analysis, f = 2.27 Hz Experimental data, f = 2.27 Hz

Fig. 8. Comparative results for acceleration of pendulation of the main
member of double pendulum for excitation frequency 2.27 Hz
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Numerical analysis, f = 2.47 Hz Experimental data, f = 2.47 Hz

Fig. 9. Comparative results for acceleration of pendulation of the main
member of double pendulum for excitation frequency 2.47 Hz

merical predictions, particularly in the steady-state regime. The
model captures both the phase and amplitude evolution with no-
table accuracy across both cases. The close alignment between
the experimental and simulated results validates the predictive
capability of the proposed mathematical model and confirms
its suitability for analysing the system response under varying
excitation conditions.

For further confirmation that the amplitude values are not
greater for the PTMD member, the corresponding results have
been analysed and presented in both, the time (Fig. 10) and
frequency domain (Fig. 11).
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Experimental data f = 2.27 Hz Experimental data f = 2.47 Hz

Fig. 10. Experimental data for acceleration of pendulation of the PTMD
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Fig. 11. Spectra for experimental data for acceleration of pendulation
of the PTMD

4.3. Comparative study on experimental and numerical
results

It should be noted that Fig. 12 presents only the response spectra
of the main pendulum member (the attenuated system), whereas
Fig. 11 shows the spectra corresponding to the second pendulum
member.
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Fig. 12. Comparative spectral analysis for the numerical and
experimental model

The spectral analysis presented in figure 12 depicts two sys-
tem response bands of different frequencies that indicate differ-
ent values of vibration amplitudes (vibration acceleration peaks)
for the two different excitation frequencies. The vibrations of a
lower frequency are characterised by a lower amplitude, while
vibrations of a higher frequency are characterised by a higher
amplitude value. The comparative analysis of the spectral char-
acteristics prepared based on the results of experimental re-
search and the results of numerical simulations allows to state
their qualitative consistency. The individual spectral fringes cor-
respond to similar values of the vibration frequencies of the ex-
perimental tests, where the lower is 2.27 Hz and higher 2.47 Hz.
The values of the excitations are shifted between each other by
0.2 Hz in the frequency domain. In case of numerical simula-
tions, it can be noticed that the lower frequencies of excitations
are characterised by the higher values of system vibration am-
plitudes than in case of experimental tests. Respectively, for the
simulation the amplitude value equals to 2.5 rad/s2 and for the
experimental results 1.83 rad/s2. However, as the frequency of
vibrations increases, their amplitudes reach the same value in the
simulation and experiment and is equal to 2.99 rad/s2. A clear
similarity of the waveforms obtained confirms the consistency
of the numerical model and the model for experimental study.

5. NUMERICAL STUDY – RESEARCH RESULT

5.1. Influence of a damping coefficient value

It is important to note that all results presented within this sec-
tion are based solely on numerical simulations provided by the
proposed mathematical model. The simulation results were ob-
tained for a total duration of 300 seconds. However, the sim-
ulations demonstrate that the system exhibits stable behaviour
within the initial 100 seconds. For clarity, the presented results
have been shortened, as they follow the same trend of limiting
amplitude values, which is already evident in the initial phase.
Therefore, only the initial stage of vibrations is presented to
concisely illustrate the key effects. It is also noteworthy that
the time interval of 100 seconds corresponds to approximately
15 cycles of external excitation (300 seconds – approximately
45 cycles). To facilitate interpretation and highlight the evolu-
tion of the system behaviour with respect to the periodic input,

the simulation results are presented as a function of the number
of excitation cycles rather than physical time.

The influence of a drag coefficient value on the system
dynamic response under harmonic excitation is presented in
Fig. 13. The analysis takes into account several values of damp-
ing ratios from 0 to 20 N s/rad. Such an analysis allows us to
determine the value of system resistance, which provides sta-
ble dynamics corresponding to the real values of amplitudes for
both of the pendulum arms.
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Fig. 13. Pendulation of the main member of the double pendulum under
the influence of various damping coefficient values – direct comparison

A significant impact of the investigated parameter was ob-
served based on the carried out simulations. It can be stated that
exists some threshold value, where the system response reaches
asymptotical stability (lack of the amplitude overloading). For
the assumed parameters it is about 10 N s/rad, which was se-
lected for further analyses. The extreme amplitude values are
considered in range of −1.06 rad to 1.06 rad. Due to the nature
of the phenomenon, the process requires to identify an appropri-
ate level of damping, therefore the choice of the drag coefficient
value needs to be highlighted as it is fundamental to obtain a
reliable system response.

5.2. Influence of an activation time

An analysis of the absorber activation time was conducted based
on the results of previous simulations. For the investigation
purposes, the same parameters of the system were decided to
be used. The solutions are presented in Fig. 14. The activation
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PTMD off during simulation PTMD on in t0 = 52.5 s

Fig. 14. Amplitude of pendulation (angular displacement) of the main
pendulum member 𝛼(𝑡) under the influence of varying activation time
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times used in the analysis were set to 52.5 s. The authors planned
to show the system dynamic behaviour in dependence on time,
when the PTMD was disabled and turned on and the main focus
was put on values of the amplitudes during the mass transfer.

It is worth noting that activation time conditions will in-
evitably vary across different systems, depending on their spe-
cific design parameters, operating environments, and perfor-
mance requirements of the absorber. Therefore, having a spec-
ified implementation of the absorber defining these conditions
is crucial to ensure that the activation is precisely aligned with
each system unique constraints and functional objectives (al-
lowable level of vibrations amplitude or signal energy), in order
to ensure the system functions effectively. In Fig. 14, the acti-
vation time was set for demonstration purposes, allowing for an
immediate limitation of amplitude values. This simplification
serves to illustrate the fundamental concept but does not nec-
essarily represent the conditions required for a fully optimised
system.

The obtained numerical simulations enable to evaluate the
role of impact of the activation time 𝑡0 on the overall amplitude
level of vibrations. It can be concluded that an earlier activation
of the device prevents from further evolution of resonant vibra-
tions. In Fig. 14 one can observe the effect of stabilisation of
amplitudes in some time after transfer of the fluid. The obser-
vations allow us to propose a simplified design method, which
is based on the operation of the main system (before the activa-
tion) and the coupled system that consists of the damper-filled
and main member. It can be concluded that the operation of the
attenuator not only controls the amplitude vibrations (quantita-
tive changes) but also significantly changes the dynamics in its
qualitative aspect. It is obvious that a later damping activation
causes higher level of vibrations, which when uncontrolled can
affect the system negatively.

5.3. Influence of a transferred fluid amount

It is worth noting that there may also be additional phenomena
worth investigating in connection with liquid transfer dynamics,
such as flow-induced instabilities. From a scientific and engi-
neering standpoint, it is indeed worth investigating the influence
of liquid transfer speed on vibration damping. Such analysis can
uncover optimal operational parameters, including flow rates
that lead to minimise vibration amplitudes, thereby improving
system performance, durability, and safety. That said, the im-
pact of flow speed is highly dependent on the specific system to
which the absorber is applied. Based on current simulations and
experimental setup, one suspects that for systems of a similar
scale to the one examined, the liquid transfer speeds will remain
relatively low, and therefore are unlikely to introduce significant
dynamic effects such as sloshing or strong fluid-structure cou-
pling. However, this influence may become more pronounced
especially when the scale of application increases, and should
therefore be carefully evaluated in the context of larger or more
complex systems.

At this stage, the analysis of the amount of a transferred
water mass was performed. The solutions in time domain are
presented in Fig. 15. The investigated parameter was limited
within the range of 0.0 kg to 5 kg. The carried out investigation

was prepared for 7 simulations. The main objective was to study
the influence of the transferred mass on the absorber efficiency,
especially the values of amplitudes during the mass transfer and
steady vibrations were carefully followed.
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Fig. 15. Pendulation of the main member of the double pendulum
in dependence on various masses of the transferred liquid – direct

comparison

The performed simulations show the impact of transferred
mass 𝑚0 on the overall amplitude level of vibrations. Based on
the presented results, it can be stated that some specified amount
of the transferred fluid can prevent the system pendulation from
evolution of resonant vibration. It is worth mentioning that the
mass of fluid needed to decrease probability of resonance oc-
currence can be found as reasonable related to the mass of the
considered system. In Fig. 15 one can observe an immediate
response of the system to the start of the water mass transfer.
It needs to be highlighted that additional mass of the damping
medium causes higher dynamics of the initial system response.
Therefore, the mass of the fluid to be transferred to control or
damp the vibrations should be carefully calculated having in
mind a relation to the total mass of the system and an increase
in the initial amplitude of the response when the system in-
cludes the absorber. However, based on the results obtained,
the proposed solution seems to fulfil the assumptions regard-
ing the vibrations control. It can be observed that there exists
some threshold value of the mass to be transferred, which when
exceeded does not cause any significant changes regarding the
quantitative results. A meaningful difference in change of 𝑚0
value is visible between the first (blue) and second (orange)
spectrum, where their mutual relation of the maximum values
of the amplitudes is almost twice.

5.4. Absorber dynamics under influence of a liquid mass
transferred

It is also worth analysing the influence of the transferred water
mass on dynamics of the pendulum second member found in this
system as a vibration attenuator. The analyses performed in time
domain are depicted in Fig. 16. Studying the obtained results it
should be noticed that the additional mass (the water inside the
pendulum members) introduced to the system being utilised as
vibration controller causes the increase of energy in the system,
which is manifested in higher amplitudes of vibrations of the
second pendulatory member before the activation. However, the
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Fig. 16. Pendulation of the second member of the double pendulum
in dependence on various masses of the transferred liquid – direct

comparison

greater the mass of the transferred water, the lower the overall
level of vibrations in the system.

Regardless of the initial increase of the amplitude values of
the pendulum second member, when the water mass starts to
be transferred, the pendulation amplitudes reach and oscillate at
the very similar values as the ones of the main pendulum not
exceeding the maximum value of 0.32 rad.

6. ASSESSMENT OF THE EFFECTIVENESS
OF THE ABSORBER OPERATION

6.1. Summary of the absorber effectiveness

An evaluation of the effectiveness of the proposed absorber was
carried out to prove the presented approach (technical solution)
is interesting from the point of view of vibration control. The
effectiveness of the absorber is evaluated as a percentage by
comparing the maximum vibration response in each scenario (10
simulation cases considered, beginning with the scenario where
the absorber is active and ending with the scenario where the
absorber is disabled) to the highest recorded vibration amplitude
– absorber disabled. The effectiveness is calculated by taking
the ratio of each scenario’s peak response to the maximum,
subtracting it from one to express the reduction in vibration.
A value close to 100% indicates that the absorber significantly
mitigates vibrations, effectively reducing the response to nearly
0. Conversely, a value near 0% suggests that the absorber has
little to no influence on vibration suppression, while negative
values, if present, would indicate an increase in vibrations rather
than a reduction. Overall, this assessment can be expressed as:

Δ = 100 ·
(
1−

𝐴maxcase

𝐴max

)
[%] . (18)

It was decided to investigate different activation times of the
absorber, where the parameter span is from −30 to 300 s. The
numerical analyses were performed for 10 simulation cases.
The extreme values of parameters represent the best and the
worst operational efficiency of the absorber. The most efficient
operation corresponds to activation time of −30 s before the
resonant zone occurs, while the worst absorber operation reflects

the device activation when the simulation is already finished.
The results are shown in Fig. 17.
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Fig. 17. Absorber effectiveness assessment in dependence on
activation time

The performed simulations revealed high effectiveness of the
proposed concept for shorter activation times. The best result
may be achieved while the absorber activation is set before the
system start-up time (before the system operation or predicted
resonant vibration). Nevertheless, it is not possible to eliminate
the amplitude related to the existence of a residual value due
to viscous damping, which is needed for the proper working
of the proposed concept. The simulation tests show that if the
activation time is under 60 seconds, it can be stated that the
absorber operates under its optimal conditions. The differences
between the best result and the cases for which the activation
times are lower than 60 seconds are almost the same. This proves
the usefulness of the presented concept.

In order to ensure sufficiently rapid mass variation, it is indeed
necessary to implement a control system that enforces a specific
flow rate profile – such as those illustrated in Figs. 2 and 3
– with appropriate parameters. As such, these flow curves are
not arbitrary but must be actively imposed through a dedicated
controller. It is worth noting that the shape and parameters of
the flow profile play a critical role, and future work will focus on
analysing various control strategies, parameter variations, and
flow curve shapes to further optimise the system performance.

7. SWEEP FREQUENCY ANALYSIS

7.1. Transferred mass impact

In order to confirm the effectiveness of the proposed concept,
this section presents comparative studies between a traditional,
passive-tuned mass damper (TMD) against the proposed idea of
a semi-active PTMD. To confirm its performance the following
presents the system dynamics under various operating condi-
tions. Since all previously presented simulations are based on
comparisons done for discrete frequencies, the authors prepared
analyses based on a continuous change of frequency during the
operation for a transferred mass and activation time impact on
the system lasting over 16 minutes. The conducted frequency
sweeps were performed to ensure a sufficiently fine resolution
in order to draw strong conclusions regarding whether resonance
might be controlled by the liquid overflow.

Bull. Pol. Acad. Sci. Tech. Sci., vol. 73, no. 5, p. e154285, 2025 11



B. Chilinski, R. Kwiatkowski, K. Twardoch, and A. Mackojc

The performance of the system was compared against a tuned
mass damper where no varying mass was included. The sys-
tem presented in Fig. 1 represents the reference system being
studied but the masses of the system 𝑚𝛼 and 𝑚𝛽 remain con-
stant. The system linearised governing equations are presented
in (19), (20).

𝑏 ¤𝛼+ 𝑙2𝛼
(
¤𝑚𝛼 + ¤𝑚𝛽

)
¤𝛼+ 𝑙2𝛼

(
𝑚𝛼 +𝑚𝛽

)
¥𝛼− 𝑙𝛼

(
−𝑔𝑚𝛼 −𝑔𝑚𝛽

)
𝛼

+ 𝑙𝛼𝑙𝛽 ¤𝛽 ¤𝑚𝛽 + 𝑙𝛼𝑙𝛽𝑚𝛽
¥𝛽 = 𝑇0 sin(Ω𝑡), (19)

𝑏 ¤𝛽+ 𝑙2𝛽 ¤𝛽 ¤𝑚𝛽 + 𝑙2𝛽𝑚𝛽
¥𝛽+𝑔𝑙𝛽𝛽𝑚𝛽 + 𝑙𝛼𝑙𝛽 ¤𝛼 ¤𝑚𝛽

+ 𝑙𝛼𝑙𝛽𝑚𝛽 ¥𝛼 = 0, (20)

where 𝑔 is the acceleration of gravity, 𝛼 is the angle of the upper
pendulum swing, 𝛽 is the angle of the lower pendulum swing,
¤𝛼 is the generalised velocity of the upper pendulum member,
¤𝛽 is the generalised velocity of the lower pendulum member,
𝑙𝛼 is the length of the upper pendulum, 𝑙𝛽 is the length of the
lower pendulum, 𝑚𝛼 is a constant mass of the upper pendulum
and 𝑚𝛽 is a constant mass of the lower pendulum. Due to the
fact that a traditional PTMD does not use the phenomenon of
fluid flow, the masses of the system remain constant and, conse-
quently, the equations describing the motion of the system take a
different form – they are much simpler because they do not take
into account the derivatives of the time-varying mass. The cou-
pling between the equations of motion in the referenced system
is realised by its accelerations ( ¥𝛼(𝑡), ¥𝛽(𝑡)). A clear difference
between the system proposed and the traditional PTMD can be
seen in the system damping matrices. Comparing the equation
(14) and (23) it is obvious that the phenomenon of varying mass
introduces additional components into the damping matrix to
cause changes in the system dynamics towards smaller, damped
values of velocity and then displacement amplitudes.

M =

[
𝑙2𝛼

(
𝑚𝛼 +𝑚𝛽

)
𝑙𝛼𝑙𝛽𝑚𝛽

𝑙𝛼𝑙𝛽𝑚𝛽 𝑙2
𝛽
𝑚𝛽

]
, (21)

K =

[
𝑙𝛼

(
𝑔𝑚𝛼 +𝑔𝑚𝛽

)
0

0 𝑔𝑙𝛽𝑚𝛽

]
, (22)

C =

[
𝑏 0
0 𝑏

]
. (23)

Root of numerator of this formula provides tuning condition
for initial parameters of the investigated concept. The adaptive
PTMD is tuned on excitation frequency if entire fluid is pumped
to the absorber. Mass ratio was initially selected as 0.2 for further
numerical investigation of the proposed concept. At this stage
of the investigation (that can be termed as proofing of concept)
it was no need to look for optimal parameters of resonance
mitigation so this problem was not considered. However, a wide
spectrum of numerical investigation allows for a raw selection
of damping in the analysed concept. Performed simulations and
empirical verification proof correctness of the presented idea
so it allows to state that further investigation (also in a field

of optimal selection of absorber parameters) is intentional and
reasonable.

Numerical simulations are performed based on the same pa-
rameters for both of the analysed systems. The numerical data
are presented in Table 3. The rate of change of frequency was
set to 0.001 rad/s.

Table 3
Numerical data

Parameter Value

𝛾
1
2
− arctan

(
𝜆(𝑡 − 𝑡0)

𝜋

)
𝑙𝛼, 𝑙𝛽 9±2 · (1−𝛾) m
𝑚𝛼, 𝑚𝛽 (pipe) ∓𝑚0𝛾 kg
𝑔 9.81 m/s2

𝑚𝛼 (attenuated object) 10 kg
𝑚𝛽 (PTMD) 0.1 kg
𝑇0 18 Nm
𝜆 100
𝑚0 2 kg

A comparison of effectiveness and performance assessment
of the systems are presented in the following numerical simula-
tions.

The analyses are prepared for two scenarios – two different
masses of the liquid overflow for two types of devices – tra-
ditional TMD and PTMD with the transferred mass. Figure 18
presents pendulation amplitude of the main member over 1000 s
for instantaneously changed frequency (up to 1 rad/s. Based on
the results in time domain, it is already observable that despite
the initial slight increase in the amplitude for the system with
the absorber, the liquid overflow causes a significant reduction
in the amplitude values especially in range of the second reso-
nance frequency slightly shifting the limited resonance towards
lower frequency values. The mass transferred in the case was
𝑚0 = 2 kg and the absorber was activated at 550 s.
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Fig. 18. Sweep frequency analysis – angular displacement 𝛼(𝑡) ampli-
tude values for the system with and without PTMD

The frequency spectrum presented in Fig. 19 confirms the
observations made in time domain signals. The amplitude values
are fairly limited for a wide range of the system operation and
the second resonance frequency was shifted.
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Fig. 19. Sweep frequency analysis in spectral domain – angular dis-
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PTMD

7.2. Activation time impact

The next case study presents a scenario when the transferred
mass was changed up to 5 kg (Fig. 20). That naturally caused
the resonance zone to occur at a different time interval and
amplitude range comparing to the previously considered case.
The absorber was activated in 700 s of the pendulum motion and
as can be observed it completely damped the zone of resonant
vibrations, causing a linear decrease in the value of the pendulum
vibration amplitudes.
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Fig. 20. Sweep frequency analysis – angular displacement 𝛼(𝑡) ampli-
tude values – impact of absorber activation in 700 s

The frequency spectrum presented in Fig. 21 confirms the
observations made in time domain signals. The second resonant
frequency was damped completely whilst the first harmonic got
a little bit higher amplitude value. However the value is of an
insigniificant change and can be ommitted in considerations.
Examining the structure it is crucial to assess how the attenua-
tor works during the most dangerous states – around/in resonant
zones, as the device was created to mitigate or eliminate the
formation of such vibrations completely if possible. Based on
the varying speed during the analysis, frequency sweep was
additionally conducted at discrete frequencies and a frequency
response function (FRF) of the system was generated and pre-
sented in Fig. 22.

Figures 23 and 24 represent the envelopes of the amplitude re-
sponses of vibrations shown in Figs. 18 and 20 for the model in-
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Fig. 21. Sweep frequency analysis in spectral domain – angular dis-
placement 𝛼(𝑡) amplitude values – impact of absorber activation

in 700 s

Fig. 22. PTMD frequency response function
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Fig. 23. Amplitude of vibration of 𝛼(𝑡) while sweeping the excitation
frequency
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Fig. 24. Amplitude of vibration of 𝛼(𝑡) while sweeping the excitation
frequency and PTMD device attached to the system
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corporating PTMD. Thus, the envelopes in Figs. 23 and 24 cap-
ture the transition from the transient oscillatory region through
resonant vibrations to the steady-state harmonic motion, empha-
sising the dual dynamic behaviour of the system. The role of the
PTMD is to mitigate the transient amplitude peaks and reduce
vibration at the resonant frequencies, ultimately facilitating the
system stabilisation into steady-state motion.

Two resonance zones can be observed in the amplitude enve-
lope curves that can be used to create a control algorithm that
in the future will allow us to avoid high-amplitude vibrations
ensuring dynamics in the desired conditions.

8. CONCLUSIONS

Concluding the paper, it is assumed that the presented con-
cept utilising the varying mass distribution can be applied as a
semi-active damping vibration system and hence that it allows
for effective control of dynamics of the considered object with
utilisation of actuators, whose energy of activation is relatively
small. This approach, as proven within this article allowed us
to demonstrate the impact on system dynamic response and the
object reaction (time histories and spectra) and its sensitivity to
amount of the transferred liquid.

In the paper the authors proposed a mathematical model of the
structure and the absorber attached. Numerous complex analyti-
cal and numerical computations, including a sensitivity analysis,
were performed in order to fully investigate the proposed phe-
nomenon and confirm that the mass exchange in the system can
be successfully implemented as an effective method of vibration
attenuation. This statement was verified, proven and confirmed
on the basis of numerical and experimental studies.

It can be stated that activation time plays a crucial role in the
process based on the carried out simulations. In-depth analysis
of the obtained result allows us to state that the shorter acti-
vation time, the lower maximum amplitude reached in given
period. The detuner effectiveness assessment shows the best
performance for low activation times as presented in Fig. 17.
It implies that the proper selection of starting of transfer time
ensures the desired value of maximal vibration amplitude. The
obtained results allow us to design new strategies of vibration
absorption.

Based on the performed activities, the following conclusions
can be stated and should be underlined:
• The proposed solution is a semi-active vibration control sys-

tem that does not require a high amount of energy to achieve
a regulation error likely acceptable for systems of compara-
ble scale and dynamic characteristics; however, the precise
tolerance for regulation error should be determined based
on the specific performance requirements of the intended
application.

• Analysis of the damping values applied shows that below
7 N s rad−1 the system response does not depend signifi-
cantly on the damping value.

• The results of the analytical investigation enable us to con-
clude that the examined ratios of the transferred to total mass
give an applicable effect of the proposed solution – for all
of the investigated cases the value was between 10–15%.

• 15% of the transferred mass of the entire system ensures the
lowest dynamic response of the main member.

• The presented model of a double mathematical pendulum
provides a reasonable approximation for analysing the sys-
tem dynamics, with a good agreement to experimental re-
sults, the values before and after the change were consistent
with the proposed simplified model, only transient zone re-
vealed inconsistency.

• Experimental tests carried out confirmed the effectiveness
of the presented modelling procedure.

• The comparative study between numerical and experimental
investigation reveals some discrepancies in vibrational spec-
tra, the extra frequency peak comes from natural oscillation
of the system, which was not ensured in the test setup.

• The overall efficiency of the proposed solution depends on
the specific case and the appropriate selection of parameters;
based on the conducted simulations, it can be estimated that
for the largest mass considered, the reduction in amplitude
values reaches up to 15–20%.

• The minimal value of the viscous drag ensures stable system
behaviour and provides fast enough decay time (both eigen-
values have negative real parts due to drag. The presence of
an imaginary component in the eigenvalues (corresponding
to the natural frequencies discussed in Section 3.2) indicates
that the system’s free vibration decays to zero).

• The spectral analysis in the field of numerical simulations of
the system dynamic behaviour performed when the PTMD
is activated showed the spectra containing harmonical com-
ponents of the excitation and natural frequencies, which con-
firms correctness of the proposed approach.

The advantage of the proposed solution is seen in the utilisa-
tion of a simple physical model, the operational range of which
was extended based on the principle of operation of TMD de-
vices, using the variability of the system parameters. Addition-
ally, the method (absorber) of vibration damping can be suc-
cessfully used wider than popular magnethoreological fluids,
the application of which, depending on operational conditions,
is not always possible.

The demonstrated detuner works as a tuned mass damper but
the proposed concept is able to change its parameters during
the operation. The performed simulations confirm the system
is sensitive to changes of TMD parameters. It facilitates new
control strategies for systems containing fluids as a part of the
entire structure, e.g., water towers, oil rigs or pipelines. For these
structures there is a possibility of the utilisation of the structure
features to damp vibrations by a change of mass distribution
with application of the proposed device (method).

The presented innovative vibration damping method has the
potential for effective application across various industrial sec-
tors. In industrial machinery, it can be employed to eliminate
mechanical vibrations by dynamically adjusting the pendulum
mass. In buildings, it will serve to reduce vibrations, while in
vehicles, it aims to enhance travel comfort. In the construction of
bridges or wind towers, these systems will effectively minimise
the impact of vibrations on the structure, adapting to variable
environmental conditions. This approach represents a signifi-
cant stride towards the practical implementation of advanced
vibration control methods in real engineering scenarios.
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