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This paper is devoted to the behavior of an axially compressed two-part beam rest-
ing on elastic foundation. The beam was composed of two parts: rigid homogeneous
part and sandwich three-layered part. The analytical model of the beam on the elastic
foundation has been prepared. Winkler model has been assumed for the foundation
description. Moreover, original function of deflection has been introduced and em-
ployed by the authors. The critical loads as a function of geometric and mechanical
properties of the two-part beam and the parameters of Winkler’s foundation were
calculated. In addition, numerical analysis has been performed. Sample analytical
and numerical calculations have been carried out, demonstrating good compatibility
between the results attained with both models. The numerical analysis included the
critical loads calculations for the beam with and without the elastic foundation. In both
cases, the difference between analytical and numerical values of the critical loads did
not exceed 8%.

1. Introduction

Multi-layered structures appeared in the second half of the 20" century, along
with the problem of their stability. The development of technologies, related to the
production of three-layered structures, facilitated their wide application. Designing
of these elements allowed for the optimization of analytical and numerical methods.
The continued advance of modern composite materials is forcing researchers to
develop ever simpler and more useful tools for designing and manufacturing these
components. Unfortunately, development of methods essential for the accurate

D< Iwona WSTAWSKA, e-mail: iwona.wstawska@put.poznan.pl
'Fukasiewicz Research Network — Poznan Institute of Technology, Poznan, Poland
Poznan University of Technology, Poznan, Poland

@ © 2025. The Author(s). This is an open-access article distributed under the terms of the Creative
@ Commons Attribution (CC-BY 4.0, https://creativecommons.org/licenses/by/4.0/), which permits
[

use, distribution, and reproduction in any medium, provided that the author and source are cited.


https://orcid.org/0000-0003-2251-4697
https://orcid.org/0000-0001-9934-840X
https://orcid.org/0000-0002-0211-3979
mailto:iwona.wstawska@put.poznan.pl
https://creativecommons.org/licenses/by/4.0/

www.czasopisma.pan.pl P N www.journals.pan.pl
N
S
POLSKA AKADEMIA NAUK

250 Krzysztof MAGNUCKI, Piotr KEDZIA, Iwona WSTAWSKA

design of composite structures is not a straightforward task, and this is primarily
related to their properties. The characteristics of composites are heterogeneity and
anisotropic properties.

The characteristics of three-layered beams subjected to disparate loads, as well
as the mechanisms associated with their failure, can be determined after simple
axial compression or bending tests. For the first case of compressive load, sandwich
structures may buckle either globally or locally. Local buckling is one of the most
common problems appearing in sandwich structures due to the fact that the faces
are much thinner that the core and therefore they have to resist the same values
of load as the core itself. Loaded face behaves like a beam, plate or shell on an
elastic foundation (core). It causes that the core is not subjected to significant
local deformations, which leads to high values of shear and normal stresses. This
may contribute to the formation of weak spots in the structure, which essentially
accelerates its failure. Comparable results can be obtained for structures with a
complex shape (e.g., cross-section of a cylindrical shell), even for simple cases of
loads, i.e., constant internal pressure. It is advisable to use the principle of minimum
potential energy for solving the equations related to multi-layered structures that are
complex due to the character of loads, boundary conditions, changes in geometry,
etc. Applying this approach, one can obtain appropriate solutions that can be
verified in several ways.

Research related to buckling of sandwich beams has been conducted by several
authors. Effective design of a simply-supported sandwich beam with a metal foam
core has been analyzed by Magnucka-Blandzi and Magnucki [1]. They assumed
that mechanical properties of the core varied in the depth direction. The stress state
and critical force were considered, taking into account the theorem of minimum
total potential energy. The studies revealed that the improvement of mechanical
properties of the faces, relative to the parameters of the core, entail decreasing
of the effective thicknesses of the faces as well as the effective irregularity of the
core [1]. In addition, an effective design criterion of sandwich beam has been
formulated by the authors. Strength and buckling of a five-layered sandwich beam
subjected to axial compression or bending has been investigated by Magnucki et
al. [2]. The faces of the sandwich beam were made of aluminum sheets and the
core was manufactured from an aluminum foam. Moreover, two thin binding glue
layers were incorporated between the faces and the core. Analytical, numerical,
and experimental analyses were taken into the consideration. Good agreement be-
tween the values of buckling loads obtained from analytical and numerical studies
was observed. Furthermore, good convergence between the values of normal and
shear stresses was observed. Experimental analysis confirmed the correctness of
analytical and numerical models used for an axially compressed beam [2]. Buck-
ling analysis of functionally graded (FG) sandwich beams with various boundary
conditions has been studied by Nguyen et al. [3]. A quasi-3D shear deformation
theory has been introduced and employed by the authors. Two types of beams
were prepared for the numerical analysis: FG faces + ceramic core and FG core
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+ homogeneous faces. The influence of, inter alia, boundary conditions as well
as faces and core thicknesses ratio on the values of critical buckling loads were
examined. It was found that the theory proposed by the authors is applicable for
buckling analysis of functionally graded sandwich beams. In addition, the obtained
results were similar to those found in the literature. Buckling of a simply-supported
unsymmetrical sandwich beam has been described by Magnucki et al. [4]. Analyt-
ical and numerical studies were conducted. The equations of motion were derived
with the use of the Hamilton’s principle. The beam was subjected to uniformly
distributed transverse load or axial compressive force. The face layers varied in
thickness and material properties. The discrepancies in results for two methods
(analytical and numerical) were negligible, which may prove the correctness of the
proposed models. Moreover, it was stated that the values of critical load depend on
the position of the neutral axis [4]. Numerical model for buckling of a functionally
graded sandwich beam has been performed by Liu et al. [5]. The scale boundary
finite element method (SBFEM) has been proposed by the authors. The material
properties of each layer altered in the thickness direction. The authors conceded
that the values of critical buckling loads increase with the increase of face-core-face
ratios thickness. It was also confirmed that boundary conditions play a significant
role in the buckling response of a sandwich beam. The increase of critical buckling
loads was observed with a simultaneous increase of constraints. Buckling analysis
of sandwich composite beams based on higher-order refined zigzag theory has
been carried out by Chen and Chen [6]. Various boundary conditions were taken
into the consideration for numerical analysis. Critical loads as well as buckling
modes were determined by the authors. It was affirmed that the values of buck-
ling loads are associated with modifications of boundary conditions, aspect ratios,
and thickness ratios [6]. Buckling of functionally graded curved sandwich beams
has been presented by Lezgy-Nazargah et al. [7]. Global-local refined shear de-
formation theory has been adopted in this work. Material properties of the beams
varied in the thickness direction. Results attained by the authors were compared
with those from numerical methods and other higher-order beam theories. Detailed
analysis of the problem made it possible to formulate the following conclusions:
the increase of arc-length-to-thickness ratio induces the increase of buckling loads,
the increase of radius of curvature-to-length ratio leads to a decrease of critical
buckling loads [7]. Buckling analysis of sandwich curved structures has also been
performed in [8—13]. Buckling of FG sandwich nanobeams with auxetic honey-
comb core has been discussed by Lieu et al. [14]. Third-order shear deformation
theory has been introduced and employed for the calculations. The influence of
nanobeams geometrical parameters, as well as materials and boundary conditions
on critical buckling loads was considered. It was concluded that the highest value
of buckling load was achieved for an angle a (the angle between two adjacent
walls in a honeycomb cell) approximately equal to 90°. This opinion allows us to
deduce that for certain values of @ the beam can withstand a compressive force
of higher values. Numerical buckling studies of sandwich composite panels have
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been prepared by Cara et al. [15]. Global buckling, as well as short-wavelength
wrinkling of the faces were taken into account by the authors. The proposed model
was assumed to be an accessible tool for multi-layered structures analysis. The
influence of manufacturing parameters on buckling of sandwich composite struc-
tures with a honeycomb core has been formulated by Diniz et al. [16]. Two various
types of the core (aramid and polypropylene materials) and four different types of
faces (carbon, glass, glass/aramid hybrid, and carbon/aramid hybrid) were taken
into account. The lowest values of buckling loads were acquired for two kinds of
sandwich structures: with glass face and aramid core as well as glass face and
polypropylene core. Further part of the research included, inter alia, the influence
of variable boundary conditions on buckling loads. The analysis implemented by
the authors allowed them to select the most optimal sandwich structure with a
corrugated core.

Buckling of sandwich beams has also been presented in other works. Exper-
imental and analytical studies of functionally graded carbon nanotube-reinforced
sandwich beams have been prepared by Madenci et al. [17]. Good convergence be-
tween two adopted methods was observed. The influence of porosity and viscoelas-
tic boundary conditions on buckling of FG sandwich beams in thermal environment
has been analyzed by Patil et al. [18]. It was revealed that the occurrence of porosi-
ties improves buckling response of the structure. A new accurate analytical buckling
model of sandwich panels/beams has been proposed by Cao and Niu [19]. Trans-
verse shear deformation of the face was taken into account in calculations. Flexural
buckling of sandwich beams with non-uniform sectional properties (affected by
non-uniform temperature distribution in the beam cross-section) has been consid-
ered by Chen et al. [20]. The formula for critical buckling load, with and without
the influence of transverse shear deformation, was introduced and employed in this
work. A new multi-scale model for global buckling and local warping of sandwich
beams has been examined by Mhada and Bourihane [21]. The coupling between
local and global instabilities was taken into account in numerical calculations. The
presented 2D model may be useful in the analysis of instability problems related
to 2D sandwich structures subjected to compression. Buckling of a cenosphere re-
inforced epoxy composite core sandwich beam with sisal fabric/epoxy composite
faces has been described by Waddar et al. [22]. The studies aimed to determine
the influence of cenosphere loading and surface modification on critical buckling
load. Sandwich beams with treated cenosphere/epoxy foam core were characterized
by higher values of buckling loads, in contrast to untreated structures. Buckling
analysis of thin-walled functionally graded sandwich box beams, under disparate
boundary conditions, has been carried out by Lanc et al. [23]. Numerical model
presented by the authors made it possible to prepare global buckling characteristics
of functionally graded box beam type constructions. Experimental and numerical
analysis of the influence of interfacial root crack on the lateral buckling of a can-
tilever sandwich composite beam has been performed by Kiral et al. [24]. They
noticed good agreement between two models they applied. It was confirmed that
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the increase of a crack length induces the decrease of lateral buckling loads. Elastic
buckling of isotropic laminated composite and sandwich beams has been studied
by Karamanli and Aydogdu [25]. Shear and normal deformable beam theory was
implemented for numerical analysis. It was stated that the type of an axially variable
in-plane load and boundary conditions affect the values of critical buckling loads.
Buckling analysis of sandwich beams with compliant interfaces has been discussed
by Volokh and Needleman [26]. The authors affirmed that compliant interfaces
lead to a significant decrease of a bifurcation load.

The character of beam-foundation interaction is a substantial feature that also
affects the values of critical buckling loads. The assumption of beams on elastic
foundation was originally presented by Winkler. The beam rests on elastic founda-
tion where, under the applied external loads, the reaction forces of the foundation
are proportional at every point to the deflection of the beam at this point. Buckling
of functionally graded sandwich Timoshenko beams resting on nonlocal elastic
foundation has been considered by Zhang et al. [27]. The beam was made of
functionally graded faces and a homogeneous core. The equations of motion and
boundary conditions were assumed based on Hamilton’s principle. The studies led
to the following conclusions: an increase of nonlocal parameters affects buckling
loads of sandwich beams, and critical buckling loads decrease with the increase of
FG gradient index value (for all boundary conditions and cross-sections). A two-
layered functionally graded sandwich curved beam resting on Winkler-Pasternak
elastic foundation has been analyzed by Nguyen Thi [28]. The simply-supported
beam was composed of two layers connected together with the use of shear con-
nectors. The influence of mechanical and geometrical parameters of curved beams
was taken into the consideration by the authors. It was found that higher values of
mechanical buckling stress appear in the beam with mechanical properties vary-
ing according to the Voigt’s model law, rather than the Mori-Tanaka model [28].
Thermal buckling of a truss core sandwich panel resting on a two-parameter elas-
tic foundation has been investigated by Fu et al. [29]. The Reissner plate theory
and first-order shear deformation theory were adopted to model the response of the
structure. It was concluded that the critical buckling temperature increased with the
increase of a radius and foundation stiffness parameters values, as well as the height
of a truss core. Furthermore, the influence of shear foundation stiffness on critical
buckling temperature was greater than that of Winkler foundation stiffness [29].
Buckling analysis of a three-layered rectangular nanocomposite microplate resting
on Winkler-Pasternak elastic foundation has been carried out by Abbaspour and
Arvin [30]. The plate was subjected to thermo-electro-mechanical load and made
of a laminated nanocomposite core, reinforced with graphene platelets, as well as
two piezoelectric faces. Thermo-electric and electro-mechanical buckling analysis
was performed. The effect of, inter alia, boundary conditions, external applied
voltage, and elastic foundation parameters were taken into the consideration for
calculations. It was revealed that the types of boundary conditions, the graphene
platelet dispersion pattern and weight fraction as well as the applied voltage affect
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the thermal/mechanical buckling load. Introducing an elastic foundation into the
structure changes its behavior. The occurrence of the elastic foundation causes
that the increment percent in the thermal and shear mechanical buckling loads
is not affected by the graphene platelets dispersion pattern [30]. Thermal buck-
ling characteristics of edge-cracked functionally graded multi-layered graphene
nanocomposite beams resting on Pasternak elastic foundation has been presented
by Song et al. [31]. It was revealed, inter alia, that thermal buckling temperature
changes decrease with the increase of the crack length. Furthermore, the increase
of Winkler or shearing layer reduces the sensitivity of thermal buckling response
of beams to the crack [31]. Nonlinear static buckling analysis of magneto-electro-
elastic sandwich plate has been formulated by Quang et al. [32]. The plate was
resting on Pasternak elastic foundation and subjected to mechanical, electrical, and
magnetic loads. The sandwich structure consisted of an auxetic honeycomb core
and two faces made of magneto-electro-elastic material. The influence of, inter alia,
elastic foundation, temperature, and geometrical parameters on buckling response
of the structure was taken into account by the authors. It was found that the in-
crease in temperature, as well as the increase in two elastic foundation coefficients,
increases the values of critical buckling loads [32]. Buckling analysis of a porous
tapered plate composed of functionally graded materials and resting on Pasternak
foundation has been studied by Kumar et al. [33]. It was found that the parameters
of elastic foundation and porosity of the plate affect the stability of the structure.
The occurrence of porosity decreases the values of buckling loads. The main con-
clusions from this work are as follows: the values of buckling loads increase with
the increase of clamped boundary constraints, the increase of taper ratio induces
the increase of buckling loads, the increase of elastic foundation stiffness entails
the increase of buckling loads [33]. Thermal buckling of sandwich panels in super-
sonic airflow with a pyramidal lattice core and resting on elastic foundations has
been examined by Chai et al. [34]. The authors described the effect of geometric
parameters as well as the parameters of elastic foundation on the structure stability.
It was assumed that the change in critical thermal buckling temperature decreases
with the increase of aspect ratio. In addition, thermal buckling bound increases
with the increase of the inclination angle [34]. It was also noticed that the stability
characteristics can be adjusted by changing the values of shearing layer parameters.
Stability of an axially compressed three-layered beam resting on elastic founda-
tion has been described by Wstawska et al. [35]. The influence of variable elastic
foundation parameters as well as geometric and mechanical properties of the sand-
wich beam on buckling loads were discussed. The authors revealed a significant
influence of elastic foundation parameters on critical buckling loads. Moreover,
the thickness of the core also played a meaningful role in buckling response of
the beam. Symmetric thermal buckling of an annular sandwich plate resting on
Pasternak foundation has been proposed by Yang et al. [36]. The plate was com-
posed of two asymmetric piezoelectric faces and a graphene-platelets-reinforced
composite core (GPLRC). The equations used by the authors were based on first-
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order shear deformation theory, whereas the governing equations were prepared
based on Hamilton’s principle and Maxwell’s static electricity equations. Disparate
boundary conditions were introduced and employed. It was attained that the critical
buckling temperature rise decreases with the decrease of graphene-platelets weight
fraction.

Buckling of sandwich beams on elastic foundation has also been presented
in some other works. Thermal buckling and postbuckling of composite beams
reinforced with functionally graded multilayer graphene platelets and resting on
nonlinear elastic foundations has been prepared by Lv et al. [37]. The influence of,
inter alia, axial force, boundary conditions, slenderness ratio, and elastic foundation
parameter on thermal buckling and postbuckling was investigated. Thermal post-
buckling of porous sandwich beams with graphene platelets reinforcements resting
on elastic foundations has been analyzed by Chen et al. [38]. Nonlinear studies
were carried out by the authors. Dynamic buckling analysis of a graphene platelet
reinforced sandwich functionally graded porous plate has been considered by Li
et al. [39]. The plate was resting on Winkler-Pasternak elastic foundation. Main
conclusions from this work are as follows: the initial imperfection of the plate
induces the decrease of buckling load, the increase of environment temperature
entails a certain increase of buckling load, the increase of elastic foundation pa-
rameters causes the increase of buckling load, the values of buckling loads decrease
with the increase of core porosity [39]. Nonlinear snap-buckling of an infinitely
long nanocomposite cylindrical panel resting on nonlinear elastic foundation has
been examined by Babaei [40]. The author revealed that the span-buckling in-
tensity increases with the increase of panel geometrical parameters. In addition,
the boundary conditions also play a substantial role in snap-buckling response of
the structure [40]. Static buckling and post-buckling dynamic analysis of a func-
tionally graded pipeline with geometric imperfections and resting on Pasternak
foundation has been proposed by Chang et al. [41]. Numerical calculations con-
firmed that Pasternak foundation has a meaningful influence on critical buckling
load and post-buckling structure. Buckling of composite conical shells reinforced
with carbon nanotubes and resting on a two-parameter elastic foundation has been
studied by Sofiyev and Kuruoglu [42]. The shells were subjected to a hydrostatic
pressure and axial compression. The analysis allowed one to determine the com-
bined buckling loads. Examination of web buckling in web core panels under a
distributed load has been carried out by Briscoe et al. [43]. First, isotropic buck-
ling model of the plate on Pasternak foundation was implemented in this work.
Subsequently, the developed model was adopted for buckling analysis of web core
sandwich panels. Stability of sandwich functionally graded porous plates rein-
forced with graphene platelets in subsonic flow and resting on Winkler-Pasternak
foundation has been described by Wang and Yao [44]. The structure was com-
posed of a porous core and two metal faces. It was shown that by decreasing
the porosity or increasing the surface thickness ratio and elastic foundation pa-
rameters one can ameliorate the stability response of the plates [44]. Buckling



www.czasopisma.pan.pl P N www.journals.pan.pl
N
S
POLSKA AKADEMIA NAUK

256 Krzysztof MAGNUCKI, Piotr KEDZIA, Iwona WSTAWSKA

of elastically connected parallel-beams subjected to a compressive axial loading
has been discussed by Kozi¢ et al. [45]. The beams were simply supported and
continuously joined by a Kerr-type three-parameter layer. The effect of a compres-
sive axial load ratio on a critical buckling load was analyzed. Three-dimensional
buckling of composite nanoplates with a coated one-dimensional quasicrystal has
been studied by Guo et al. [46]. The structure being examined was embedded in
an elastic medium and subjected to uniaxial and biaxial compression. Pasternak-
type model was introduced for the analysis to describe the interaction between
the nanoplates and the elastic medium. It was concluded that the values of criti-
cal buckling loads were lower for biaxial compression than those obtained for the
uniaxial one [46].

In this work, elastic buckling of an axially compressed two-part beam on
Winkler’s elastic foundation has been examined. The axially compressed beam
consisted of a rigid and a sandwich part (three-layered symmetrical part). The
analytical model, presented in Section 2, allowed us to determine the values of
critical buckling loads as well as buckling modes. The numerical model allowed us
to confirm the correctness of mathematical solution and validate the calculations.

The outline of the following part of the paper is as follows: in Section 2, an
analytical model of a two-part beam on Winkler’s elastic foundation is described
taking into account the variable parameters of elastic foundation; in Section 3,
comparative studies are carried out, and analytical and numerical results are taken
into the consideration; finally, the last Section contains conclusions.

2. Analytical model of the beam

The subject of the paper is a simply supported beam of length L resting on an
elastic foundation (Fig. 1). The width of this beam is b, thicknesses of the faces are
hy, and thickness of the core is h.. The beam considered in this paper is subjected
to a compressive axial load Fy and consists of two parts:

* first part — rigid part of length Lg and depth A,

¢ second part — sandwich part of length L and total depth & = h. +2hy.

Total length of this beam is equal L = Lo + Ls.

rigid sandwich
/—;j? /" part A
¥

Fig. 1. Scheme of the two-part beam
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According to paper [47], two differential equations of equilibrium of the clas-
sical sandwich part are as follows:

d*v d3y cra |2 Fy d%
£y_ +12 S0+ +12—"_"VY_o q
Crvgyd Ty P e |30 W H s 0o M
dv Py )

g g T =0 @

where: 0 < x < Ls, b = Bh, ¢y = 1 = (1 —ec))(g, Cvy =3 - (3—2ec))(§,
4= (3-eo) xe] 2 ce
= - (3 - ,Cy = —.
Coy €c) Xels Cy 1+ve xe

The system has been approximately solved. The function of deflection v(x) is
assumed in the following form (Fig. 2):

v(x) = vocos (g%) + v, sin (nLi) 3)

) )

Ly Ls

Fig. 2. Scheme of the buckling shape of the beam

The above function meets the following boundary conditions: v(0) = vy,
v(Lg) = 0, and the angle

dv Tvy . [mx Va

— =———sin|=—|+m71—cos|{n1—],

dx 2 Ly 2 Ly Ly s @
dv Va Vo
—| =1—=— = vo=nmkovy,
dx|, Ly Ly

where the dimensionless coefficient kg = Lo/ L.
This deflection function in the dimensionless coordinate & = x/Lj is as follows

v(€) = [nko cos (gf) + sin (nf)] Va,

()
V(&) = mkg cos (gf) + sin (7€),
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where the subsequent derivatives of this function are:

j_; _ [—%Zko sin (Z¢) + xcos (7@] v ©)
j_; = | Tkocos (5€) +sin (x6)] v, )
j;; = [Tk sin (5€) - cos (26)| va. ®)
;L;j = 7t [ E ko cos (%) + sin (x6) ] v ©)

Consequently, Egs. (1) and (2) in this dimensionless coordinate have the form

d* d3 A2 ,d?
Covoy = Cogms v 12ﬁ—5 [ rtko +7(€) | va + 12Fo2=— =0, (10)
dg d§3 7 B d¢?
d3v d2y s
Cvy T3 de —Cyy 5 d§2 —L+ Cz///l lﬂ(f)L

(1T)
d%y 1 d3
wad—fz —cy ARy (§) = ch_sd_.fz’

where relative length of the sandwich part is A = Lg/h, Fo = Fo/E¢bh, and
B=b/h.

Equation (11), with consideration of the function (5), after simple transforma-
tion is as follows:

dzlﬁ

& ) — cos (ng)] Va (12)

CC; YRAGE ;': 3[ kosm(

8 2

where the dimensionless coefficient @ = \[cy /cyy.
The general solution of the Eq. (12) is in the following form:

W (&) = ¢y sinh (@ds€) +¢o cosh (wdgé) + [cm sin (%f) - co cos(ﬂf)] Z—a , (13)

where the second derivative is in the following form:

d2
d—éjﬁ = (ad)? [c1 sinh (@d&) + ¢ cosh (@A,€)]
2
+ —COI% sin (gf) + copm? COS(ﬂ'.f)} Z—C: , (14)
4 c 3 c
and co; = — il ™ kor cop = — il ad

2 (72 +4 (ads)?] cuu 72 + (ady)? Cyy
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After substituting the above cg; and ¢, functions, Eq. (13) can be rewritten in
the following form:

Y (&) = cq sinh (@A €) + ¢ cosh (ad &)
3

7T4 va . T T
_ o (T T
+{ 2 [72+4 (@a,)?] Cuw Osm(2§)+n2+(a,1 2 Cyy Cw 5(7@} L.
(15)

Y (&) = ¢y sinh (@A &) + ¢ cosh (ad &)
T Cvzp

N _3 {_ T ko sin (ff) + 2 cos(ﬂ§)} e
2 cyy | m2+4(ady)? ’ 2 72 + (ad,)? Ls

Taking into account the boundary conditions: ¥ (0) = 0, dy/ df!l = 0, one
obtains two integration constants:

3

T Cvz// Va
cr= - Ya, (16)
n? + (a’/ls)z Cyy Ls
c1 = —cytanh (ady), 17)
where
3 Cyy 2 Va _
Y(0)=0 = cr+—
2 cyy 12 + (ady)? L
3
= () =-— dl 2 va v_a s
72+ (@ds)” Cyy Ls
dy .
d_§ = aldscy cosh (@A) + adgcp sinh (@A €)
73 Coy 2 P s 2r Va
ko cos (—f) - ————sin(#wé) p —
2 Cyy 2 [72+4 (oz/ls)z] 2 72+ (ady)? Ly
d
d_lé =0 = ady [c1 cosh (ady) + ¢; sinh (a/ls)] =0 = ¢ = —cptanh(ady).
1

Thus the function (12) is as follows

W(¢) = c2 [~ tanh (a,) sinh (@d,€) + cosh (a4,8)] 7

N

7T3 Cvy

Vg . 2
+ S {_,Tz YPSRT ko sin (Ef) + N cos(ﬂf)} ,
n Cvy {cosh [(1-&)ady]
72+ (@dy)? Cyy cosh (ady)

1 7%+ (ady )2 n Va
—COS(7T§)+5”2TWI€0 (26)} —. (18)

Y(&) =—
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Equation (10) with consideration of the expression (5) in the dimensionless
coordinate is as follows

lko cos (gf) + sin(n.f)] Vg

16
By {( 1) S 101 = ©ady]
72+ (@dy)? Cyy cosh (ady)

4 2 /lg2
+z_:1_t£2;;l_kocos(gg)}va

mteyy [

+ 71 sin(né)

A4 2
+ IZCEL;IFS {ﬂ' 3 *eos (gf) ko + sin(ng)} Va
122220 | T n : _
127242 F [4kocos(2§) +sm(7r§-‘)] v = 0. (19)

This equation is solved using the Galerkin method, thus
1

[ r@neae=o 0)
0
where L(¢) is the left part of the Eq. (19) and

/1 — kg cos ) + sin(;rf)] [nko cos (gf) + sin(nf)] dé
0

1 17
; 3
/ {co(si (S)/l ) sinh [(1 — &)a@ds] + 72 sin(7&)
0
12+ (ady)? by
E—yﬂ 4 (L) ko cos (Ef)} [nko cos (2{;‘) + sm(7r§)] dé
1
_ (@ds )3 T
= / {Jrk m sinh [(1 — &)ads] cos (Ef)
0
4 Vg 7+ (adg)? 5, o7
+ 1" kg sin(né) cos ( f) + Emko cos (55)
3
+ % sinh [(1 — &)ad] sin(n€) + 72 sin® (7€)
72+ (ady)? TN .
+Emko COoS (Eé:) Sln(ﬂ'f)} df, (22)
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1
/ { — +cos g) ko + sm(n§)} [ﬂko cos (gf) + Sin(ﬂf)] d
0
- % [1 +8k0+%(37r+8)k(2)], (23)

1
/ [%"0 cos (5¢) + sin(xé)| [ko cos (3¢) + sin(ré) | de
0

1

10 n?
=5 1+ —ko+ kg]. (24)

3

After integration and complex transformation one obtains the dimensionless
critical force in the form (integration of Eq. (19))

4
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Fo,cr =
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where
2
b
kp=1+—ko+—k3
2
b
ky =1+ —ko+—k>
v + 6 0o+ 16 0°
1.)3 72+ (ady)?]| [1772% + 48(aA,)?
k(/,=7T2+2 (@ds) ztanh(af/ls)+[ ( Y)][ ( v)] 0
72+ (ady) 6 [72 +4(ady)?]

72+ (ady)? 2
16 72 + 4 (aa,)? 0

kra=1+8ko+ %(3n+8)k(2).

Formula (25) presents the concept of critical load which depends on the val-
ues of elastic foundation parameters and geometrical parameters of the two-part
beam. The values of critical loads for the beam with and without the presence of
elastic foundation were taken into the consideration. For the beam without elastic
foundation, k¢ geometrical parameter was adopted for calculations. For the beam
with Winkler’s elastic foundation, ko, ky, and k r4 played an essential role in the
buckling response. The value of critical load appears for various values of these
parameters, not necessarily for the same values.

Further part of this work presents the results of analytical studies. The values of
critical buckling loads were calculated based on the model presented in Section 2.
In addition, these values were compared with the results of numerical studies.
A comparative investigation of the results acquired from those two methods was
conducted.

3. Results and discussion

3.1. Analytical studies

Sample analytical values of critical loads in a function of variable parameters
have been presented for the following data: L = 500 mm, 2 = 20 mm, b = 20 mm,
Ey = 72000 MPa, v, = 0.3, cyq = 0.5MPa, e, = 1/20, y. = 17/20, g = 1,
Lo+ Ls =L, = Ls/hv ko = LO/LS‘

First calculations were performed for the beam without the elastic foundation
(cfa = 0). The following values of ko (and A,) parameter were assumed: 2/3
(15), 3/7 (17.5), 1/4 (20), 1/9 (22.5), and 0 (25). The value O refers to the beam
without the rigid part Lo (a typical three-layered sandwich beam). In addition, in
the special cases when kg = 0, kp =1, k, = 1, ky = 0,and cr4 = 0, Eq. (25) takes
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the following form:

71'2va

1222 °
The second part of research included the beam resting on Winkler’s elas-
tic foundation (c 4 = 0.5 MPa). The same values of ko and Ay parameters were

adopted (Table 1). Moreover, ky and k r4 parameters were calculated and imple-
mented for the analysis. The results of calculations are presented in Fig. 3.

Fo,cr = (26)

Table 1. Results of analytical studies for variable beam parameters

Beam Beamno. 1 | Beam no. 2 | Beam no. 3 | Beam no. 4 | Beam no. 5
A 15.0 17.5 20.0 22.5 25.0
ko 2/3 3/7 1/4 1/9 0
Fo.cr [kN] 20.812 17.891 16.281 15.551 15.396
no foundation
Fo.cr [kN] 31.391 30.996 30.286 28.763 26.411
with foundation

35

N
3]
T

— no elastic foundation

Fﬂ.cr [kNI
- N
o =}

T

—— elastic foundation

ol L L - - L L
0.0 0.1 02 03 0.4 05 0.6

L)

Fig. 3. The values of critical loads for the beam with and without the elastic foundation

The values of critical loads for the beam without the elastic foundation increase
with the increase of kg parameter. In other words, the sensitivity of beam to buckling
decreases with the increase of volume fraction of the sandwich part. The longer
the L, part of the beam, the higher the obtained values of Fy_cgr. For the beam
resting on elastic foundation, the situation is similar. The critical loads increase
with the increase of ko parameter values. With a further increase of k¢ parameter,
the critical load increases smoothly.

The values of critical loads are higher for the two-part beam resting on
Winkler’s elastic foundation. This is in accordance with the results known from
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work [35] and other literature sources. The loss of stability affects the displace-
ment of Winkler’s foundation. One can state that the relation between buckling and
deformation of the elastic foundation is meaningful, and so is the relation between
elastic foundation parameters and critical loads values. Moreover, the geometri-
cal parameters (the values of Lo and L) also play a significant role in buckling
response of the beam.

3.2. Numerical studies

The numerical studies on two-part beam on Winkler’s elastic foundation started
with the study on convergence and validation to check the correctness of solution.
Simply supported two-part beam was taken into the consideration in finite element
analysis. Variable elastic foundation parameters were introduced to the calculations.
Mechanical and geometrical parameters had the same values as those used in
Section 3.1.

A numerical model was prepared. Finite element analysis was performed with
the use of SolidWorks software for the beam with the same boundary conditions
as those used for the analytical studies. The beam was composed of two parts: a
rigid part, and a sandwich three-layered part, in agreement with parameters shown
in Section 3.1. Both parts were modeled as solid bodies with a bonded contact.
On the left end of the beam, there were fixed displacements in y and z directions,
perpendicular to the x beam axis (roller support). On the right end of the beam,
additional axis displacement was fixed (fixed support). The load was applied to the
left end of the beam in the axis direction. Winkler’s foundation was replaced by a
system of discrete elastic supports.

Second-order elements in a form of tetrahedrons (10 nodes) were applied in
the numerical investigations. The entire model was built of 608 938 nodes having
430245 elements, for which mesh convergence was achieved. The maximum size
of elements was set to 1.5 mm. The obtained results for variable sets of parameters
are presented in Table 2.

Table 2. Results of numerical studies for variable beam parameters

Beam Beamno.1 | Beamno. 2 | Beam no. 3 | Beam no. 4 | Beam no. 5
Ay 15.0 17.5 20.0 22.5 25.0
ko 2/3 3/7 1/4 1/9 0
Fo.cr [kN] 20.686 17.821 16.295 15.638 15.465
no foundation
Fo.cr [kN] 33.914 31.008 29.436 28.289 28.214
with foundation

The numerical analysis focused on linear buckling of the beam. The main
objective of the studies presented in this Section was to find the values of critical
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loads as well as the buckling modes. The calculations were applied to a family of
beams (elastic range) with various parameters. The values of critical loads were
obtained and compared with analytical results based on Eq. (25).

The numerical results obtained for the two-part beam on Winkler’s elastic
foundation were compared to the analytical ones. These are presented in Fig. 4.
The values of critical buckling loads in the two-part beam are influenced by the
presence of Winkler’s foundation and depend on geometric (variable values of A
and ko) and mechanical parameters.

»rr+——7T T T T

30F

251

20
= F{fcr [kN]

FU&I’ [kN]

— Foar [kN]

0 1 1 1 1 1 1 1 1 1
0.0 0.1 0.2 03 0.4 05 0.6

ko

Fig. 4. The values of critical loads for two-part beam on elastic foundation with variable properties
obtained with the use of analytical and numerical solution

The numerical values of critical loads for the beam without the elastic founda-
tion increase with the increase of k(y parameter. The same situation can be observed
for the beam with Winkler’s foundation. The increase of sandwich part length
induces the increase of F,cg values.

The numerical analysis confirmed previous assumptions. The critical buckling
loads reach higher values for the beam resting on elastic foundation. The maximum
value of relative difference between analytical and numerical results does not exceed
8% for B-1 beam. The low differences between the results prove the correctness of
the proposed mathematical model presented in Section 2.

Sample solution for B-1 beam with a normalized amplitude is presented in
Fig. 5. This buckling example confirms that neither elastic foundation parameters,
nor geometric parameters of the two-part beam change the buckling shape in a
significant way. The buckling load is the only variable parameter.

Linear buckling of the beam is strictly associated with the parameters of elastic
foundation and the parameters of the two-part beam. Their values (obtained both
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analytically and numerically) increase with the increase of sandwich part length.
The proposed analysis allows one to describe buckling characteristics for complex
structures on elastic foundation.

Fig. 5. Buckling mode for B-1 beam

4. Conclusions

The main objective of the presented work was the buckling analysis of an
axially compressed two-part beam on Winkler’s elastic foundation. The studies
aimed to determine the influence of elastic foundation as well as geometry of the
beam on critical loads values and the buckling shape. The beam consisted of a rigid
homogeneous part and a sandwich three-layered structure. The mathematical model
prepared by the authors demonstrated a good agreement with numerical studies.

Main conclusions from this work are as follows:

¢ In the case of beam without the elastic foundation, the values of critical
loads increase with the increase of ko parameter. The same situation can be
observed for the structure resting on Winkler’s foundation.

* The values of critical loads (from both analytical and numerical solutions)
are higher for the two-part beam resting on Winkler’s elastic foundation.

* The values of critical buckling loads in a two-part beam are associated with
the application of Winkler’s foundation and depend on geometric (variable
values of Ay and ko) and mechanical parameters.

The comparative analysis indicated good agreement between the analytical

results and numerical calculations. The difference between mathematical solutions
and the values obtained with the use of numerical method did not exceed 8%.
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