
1. Introduction

Heat transfer has been the focus of many researchers due to its 

wide application. One important material property that controls 

heat transfer efficiency is thermal conductivity, a higher conduc-

tivity allows thermal energy to move through the medium more 

quickly. Magnetohydrodynamics (MHD) describes the behav-

iour of electrically conducting fluids and has crucial applications 

in engineering, astrophysics and fusion energy research. For ex-

ample, axisymmetric MHD Homann flow over a stretching and 

spiralling disk in the stagnation region was analysed by Khan 

et al. [1]. Many studies have found that solid-type nanoparticles 

with high thermal conductivity can raise the fluid thermal con-

ductivity to intensify the heat transfer rate. Nanofluids, consist-

ing of a blend of two distinct nanoparticles dispersed in a base 

liquid, are employed to boost heat transfer efficiency owing to 

their enhanced thermal conductivity compared to the base liq-

uid. These fluids have shown promising results in improving en-

ergy efficiency in various applications, especially industries that 

require thermal management. Choi and Eastman [2] were the 

first to introduce the concept of nanofluids. Later, Eastman et al. 

[3] investigated their thermal conductivity and heat transfer

properties. Since then, numerous researchers have conducted

extensive theoretical studies on the thermal conductivity of

nanofluids. Recently, Sarfraz et al. [4] examined Walter's

B nanofluid heat and mass flow, and dual solutions were ob-

tained. They show that the activation energy parameter enhances

mass distribution in both solutions.
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Nomenclature 

B0 – magnetic field effect, T 

C – number centre points 

Cp – heat capacity, J/(kg·K)  

c – coefficients 

F – number of factors 

k – thermal conductivity, W/(m·K)  

M – dimensionless magnetic parameter 

N – number of independent variables 

Nu – Nusselt number 

Pr – Prandtl number 

QH – dimensionless heat generation parameter (or Q) 

Qh – heat generation effect, W/m3  

qw – local Nusselt number 

Re – Renolds number 

S – dimensionless suction parameter 

Tw – wall temperature, K  

T∞ – farfield temperature, K  

t ‒ time, s  

tref ‒ constant reference time, s 

u, v – component velocity, m/s  

u0 ‒ velocity of the plate, m/s  

ue ‒ free stream velocity, m/s  

υ0 ‒ mass suction/injection, m/s  

υw ‒ velocity of wall mass transfer, m/s  

x, y ‒ Cartesian coordinate, m  

x0 ‒ displacement of the plate, m  

x1 – coded symbol for the magnetic parameter 

x2 – coded symbol for the heat generation parameter 

x3 – coded symbol for the suction parameter 

 

Greek symbols 

 ‒ strength of free stream velocity 

 ‒ unsteadiness parameter 

 – dynamic viscosity, kg/(m·s)  

 – kinematic viscosity, m2/s  

 – density, kg/m3  

 – electrical conductivity, S/m  

 – local skin friction coefficient 

 – nanoparticles volume fraction 

 

Subscripts and Superscripts 

f – base fluid  

hnf – hybrid nanofluid 

nf – mono nanofluid  

 

Abbreviations and Acronyms 

ANOVA – analysis of variance  

DOE – design of experiment  

MHD – magnetohydrodynamics 

RSM – response surface methodology 

USSP – unsteady separated stagnation point (flow) 

 

Ferrofluid is a stable colloidal mixture where ferromagnetic 

particles are suspended in a liquid, using standard base fluids 

such as water, oil and similar liquids. The composition of a fer-

rofluid includes three key components; magnetic nanoparticles, 

a dispersion medium (the carrier liquid) and a dispersant. Hybrid 

ferrofluid is a unique heat transfer fluid because it can be con-

trolled magnetically and is ideal for wide applications. Several 

researchers have investigated the efficiency of hybrid ferrofluid 

as a heat transfer fluid. The stagnation-point flow on exponen-

tially stretching/shrinking surfaces for hybrid ferrofluids with 

magnetic effect was examined by Anuar et al. [5], and signifi-

cant improvement was found in utilizing hybrid ferrofluids. The 

unsteady hybrid ferrofluid flow over a cylinder examined by 

Saranya et al. [6] also considerably benefits from the viscous–

ohmic dissipative effect. To evaluate the impact of the unstead-

iness parameter on the thermal rate, Waini et al. [7] studied the 

unsteady MHD flow of hybrid ferrofluid over a rotating disk. 

Another numerical study on the effects of MHD and heat gener-

ation for the time-dependent separated stagnation-point flow of 

hybrid ferrofluid on a moving plate was carried out by Khashi’ie 

et al. [8]. Many other works reported in this field [9‒11]. 

The influence of heat generation or absorption plays a crucial 

role in altering the temperature distribution in various applica-

tions, particularly those involving dissociating fluids and chem-

ical reactions. The study of unsteady stagnation-point flow in 

hybrid nanofluids has gained significant interest due to its appli-

cations in industries such as cooling systems, chemical pro-

cesses and thermal management technologies. Hybrid nanoflu-

ids, which combine two or more types of nanoparticles in a base 

fluid, exhibit superior thermal and flow properties compared to 

conventional fluids or mono-nanofluids. Unsteady stagnation- 

point flow describes the time-dependent interaction of fluid 

meeting a surface perpendicularly before diverging tangentially. 

The introduction of hybrid nanofluids to this flow system has 

been studied extensively for its ability to enhance heat transfer 

and fluid dynamics. Zainal et al. [12] investigated the thermo-

physical properties of the unsteady separated stagnation-point 

flow past a moving plate by a hybrid nanofluid. Khan et al. [13] 

concluded that the combination of Al2O3 and Cu nanoparticles 

in hybrid nanofluids improves thermal conductivity and in-

creases the heat transfer rate. Their research shows that the heat 

generation parameter further enhances temperature profiles, 

while heat absorption mitigates thermal effects. The unsteadi-

ness parameter, representing time-dependent changes in flow 

behaviour, significantly affects velocity and temperature pro-

files. Mahmood and Khan [14] found that decreasing unsteadi-

ness enhances heat transfer but increases flow resistance. Addi-

tional studies of flow via the boundary layer and heat transfer 

are available in [15‒19]. 

A variety of studies have investigated heat sources or sinks 

that depend on temperature across different geometrical config-

urations. Hybrid nanofluid slip flow over an exponentially 

stretching/shrinking permeable sheet with heat generation was 

analysed by Wahid et al. [20]. Consequently, the thermal bound-

ary layer thickness is observed to expand with heat generation 

and contract with heat absorption. Further analyses on the ef-

fects of heat generation were discussed in [21,22]. Furthermore, 

Yasir and Khan [23] studied the impact of internal heat genera-

tion on thermal transport processes. Heat generation, whether 

due to chemical reactions, exothermic processes or Ohmic heat-

ing, significantly influences the thermal behaviour of fluids in 

engineering applications.  It  alters  the  thermal  boundary  layer,  
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affecting heat transfer rates and overall system efficiency. 

Frequently studied is flowing over the stagnation point, 

which describes the behaviour of the fluid flow near the region 

of a surface situated in a stationary or moving body. Recent stud-

ies on the stagnation-point flow of hybrid nanofluids with MHD 

have highlighted their enhanced thermal performance and fluid 

dynamics, particularly under magnetic field influence and vary-

ing nanoparticle concentrations. Numerical analyses, such as in 

a three-dimensional non-axisymmetric Homann flow of 

Al2O3/H2O nanofluids, demonstrate improved heat transfer and 

skin friction with increased magnetic parameters but a decline 

in performance with higher unsteadiness, alongside stability val-

idation of dual solutions [24]. The study of MHD stagnation-

point flow of hybrid nanofluids, particularly alumina-gra-

phene/water, explores the influence of magnetic and wall per-

meability parameters on buoyancy-driven dual similarity solu-

tions over a permeable plate [25]. Findings highlight that these 

parameters extend the solution range and reduce boundary layer 

thicknesses, with assisting flow yielding higher skin friction and 

Nusselt numbers compared to opposing flow regimes. Khashi’ie 

et al. [26] studied MHD unsteady separated stagnation-point 

flow and revealed that dual solutions occur in decelerating flow, 

with critical parameters like the Hartmann number, and acceler-

ation significantly influences boundary layer behaviour and 

thermal performance. Zainodin et al. [27] investigated the stag-

nation-point flow of hybrid ferrofluids in the presence of MHD, 

incorporating magnetite and cobalt ferrite nanoparticles in wa-

ter, highlighting the effects of magnetic fields, viscous dissipa-

tion, Joule heating and convective boundary conditions. Key 

findings include dual solutions under opposing and assisting 

flows, enhanced skin friction with nanoparticle addition, re-

duced heat transfer rates due to magnetic fields and viscous ef-

fects, and significant thermal rate improvement with higher Biot 

numbers. 

Following the brief literature review, a potential gap was dis-

covered in studying the problem of MHD unsteady separated 

stagnation-point flow and the thermal progress of Fe3O4 ‒ 

CoFe2O4 over a permeable plate subject to heat generation. This 

work is an extension of the research of Khashi’ie at al. [8], and 

in the current study, an optimal solution for different dimension-

less parameters has been predicted using statistical tools, namely 

the response surface methodology (RSM). RSM is a robust sta-

tistical technique that has been used to obtain the optimal heat 

transfer rate [28‒30]. 

2. Mathematical model 

The modelling of heat transfer in ferrofluid over a permeable 

moving plate with heat generation has numerous practical appli-

cations across engineering, energy systems and biomedical 

fields. The integration of ferro-nanofluid, which contains mag-

netic nanoparticles, allows for enhanced control through exter-

nal magnetic fields. This capability enables specialized applica-

tions, including electronic cooling, thermal protection systems, 

aerodynamic heating management and solar thermal energy op-

timization. 

Hence, this paper covers the unsteady two-dimensional 

MHD axisymmetric stagnation-point flow and heat transfer of 

hybrid nanofluid over a permeable moving plate with heat gen-

eration illustrated in Fig. 1. The frame of reference (x, y) is cho-

sen in such a way that the 𝑥-axis is along the direction of the 

plate and the 𝑦-axis is normal to the plate. In this problem, the 

velocity of the plate is defined as u0(t) = ∂x0(t)/∂t, where x0(t) 

and t are the plate displacement and time, respectively. The free 

stream velocity, 𝑢𝑒(𝑡) =
𝛼(𝑥−𝑥0(𝑡))

𝑡𝑟𝑒𝑓−𝛽𝑡
+ 𝑢0(𝑡), where tref is the 

constant reference time, is parallel to the plate. Also, the wall 

mass transfer velocity is denoted as 𝑣𝑤(𝑡) = −𝑣0/√𝑡𝑟𝑒𝑓 − 𝛽𝑡 

(where υ0 < 0 is the mass suction, and υ0 > 0 is the mass injec-

tion). In addition, 𝛼 refers to the strength of free stream velocity 

outside the boundary layer region. For the unsteadiness param-

eter,  > 0 and  < 0 refer to unsteady accelerating and deceler-

ating parameters, respectively, and  = 0 denotes a steady 

boundary layer flow. The permeability of the plate, alongside 

the unsteadiness of the flow, and the external magnetic field in-

troduce asymmetry in the flow properties (velocity, tempera-

ture) across the domain (see [8,31]). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

The water-based (H2O) hybrid nanofluid incorporates two 

distinct types of nanoparticles, magnetic-cobalt ferrite (Fe3O4 ‒ 

CoFe2O4). Table 1 presents the properties of thermophysical for 

each ferroparticle and the based fluid. The mixture of ferropar-

ticles with its based fluid is presumed to be in thermal equilib-

rium. 

 

 

 

 

 

 

 

 

 
 

Using the conservations law, the flow field and energy equa-

tions can be modelled as follows: 

 𝑢𝑥 + 𝑣𝑦 = 0, (1) 

 𝑢𝑡 + 𝑢𝑢𝑥 + 𝑣𝑢𝑦 = (𝑢𝑒)𝑡 + 𝑢𝑒(𝑢𝑒)𝑥 +
𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
𝑢𝑦𝑦 +  

 −
𝜎ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
𝐵0

2(𝑢 − 𝑢𝑒), (2) 

 

Fig. 1. Geometry of the problem. 

Table 1. Thermophysical properties of H2O, Fe3O4 and CoFe2O4 [4]. 

Thermophysical 
properties 

H2O (Bf) Fe3O4 CoFe2O4 

, kg/m3  997.1 5180 4908 

Cp, J/(kg K)  4179 670 700 

k, W/(m K)  0.613 9.8 3.6 

, S/m   5.5×10‒6 0.74 ×106 1.1×107 
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 𝑇𝑡 + 𝑢𝑇𝑥 + 𝑣𝑇𝑦 =
𝑘ℎ𝑛𝑓

(𝜌𝐶𝑝)
ℎ𝑛𝑓

𝑇𝑦𝑦 +
𝑄ℎ

(𝜌𝐶𝑝)
ℎ𝑛𝑓

(𝑇 − 𝑇∞), (3) 

 𝑢 = 𝑢0(𝑡),       𝑣 = 𝑣𝑤 ,      𝑇 = 𝑇𝑤      at   𝑦 = 0,  

(4) 

 𝑢 ⟶ 𝑢𝑒 ,       𝑇 ⟶ 𝑇∞     at  𝑦 ⟶ ∞.  

Following Khashi’ie et al. [4], the transformation for  

Eqs. (1) to (4) is as follows: 

 𝑢 = 𝛼
𝑥−𝑥0(𝑡)

𝑡𝑟𝑒𝑓−𝛽𝑡
𝑓′(𝜂) + 𝑢0(𝑡),      𝑣 = −𝛼√

𝜈𝑓

𝑡𝑟𝑒𝑓−𝛽𝑡
𝑓(𝜂),  

(5) 

 𝜃(𝜂) =
𝑇−𝑇∞

𝑇𝑤−𝑇∞
, 𝜂 =

𝑦

√𝜈𝑓(𝑡𝑟𝑒𝑓−𝛽𝑡)
 .  

By using Eq. (5) and after performing the necessary calcula-

tion, the following dimensionless momentum and energy equa-

tions are attained: 

𝜇ℎ𝑛𝑓/𝜇𝑓

𝜌ℎ𝑛𝑓/𝜌𝑓
𝑓′′′ + 𝛼(𝑓𝑓′′ − 𝑓′2 + 1) − 𝛽 (

1

2
𝜂𝑓′′ + 𝑓′ − 1) +  

 −
𝜎ℎ𝑛𝑓/𝜎𝑓

𝜌ℎ𝑛𝑓/𝜌𝑓
𝑀2(𝑓′ − 1) + 1 = 0, (6) 

 
𝑘ℎ𝑛𝑓/𝑘𝑓

Pr(𝜌𝐶𝑝)
ℎ𝑛𝑓

/(𝜌𝐶𝑝)
𝑓

𝜃′′ + 𝛼𝑓𝜃′ + 

 −
1

2
𝛽𝜂𝜃′ +

𝑄𝐻

(𝜌𝐶𝑝)
ℎ𝑛𝑓

/(𝜌𝐶𝑝)
𝑓

𝜃 = 0, (7) 

with boundary conditions: 

 𝑓(0) = 𝑆,         𝑓′(0) = 0,        𝜃(0) = 1,  

 𝑓′(𝜂) → 1,         𝜃(𝜂) → 0,      as   𝜂 → ∞, (8) 

where M 2 = fB0
2/(v)f is the Hartmann number also known as 

the magnetic field parameter, Pr = (Cp)f/kf is the Prandtl num-

ber, QH=Qh/(Cp)f  is the heat generation and S = −𝑣0/𝛼√𝑣𝑓  is 

the suction parameter. The correlations for the hybrid nanofluid 

properties are shown in Table 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

The local skin friction coefficient and the local Nusselt num-

ber are mathematically defined and computed as [25]: 

 𝜏w = 𝜇ℎ𝑛𝑓(𝑣𝑥 + 𝑢𝑦)
𝑦=0

,  

(9) 

       𝑞𝑤 = −𝑘ℎ𝑛𝑓(𝑇𝑥 + 𝑇𝑦)
𝑦=0

, 

where w and qw denote the shear stress and the heat flux at 

a point on the surface of the sheet, respectively. By substituting 

Eq. (5) into Eq. (9), it yields: 

 
√𝜈𝑓(𝑡𝑟𝑒𝑓−𝛽𝑡)

3

𝛼𝜇𝑓(𝑥−𝑥𝑜(𝑡))
𝜏𝑤 =

𝜇ℎ𝑛𝑓

𝜇𝑓
𝑓′′(0) (10) 

 
√𝜈𝑓(𝑡𝑟𝑒𝑓−𝛽𝑡)

𝑘𝑓(𝑇𝑤−𝑇∞)
𝑞𝑤 = −

𝑘ℎ𝑛𝑓

𝑘𝑓
θ′(0) (11) 

Here, Eqs. (10) and (11) describe the local skin friction and 

local Nusselt number, respectively. 

3. Results and discussion 

The solutions of Eqs. (6) and (7), subject to boundary condi-

tions (8), were numerically obtained using the MATLAB's 

bvp4c solver. Preliminary guesses, optimal boundary layer 

thickness and various parameter values were carefully selected 

and adjusted within MATLAB to ensure the most accurate re-

sults. The suction effect, S, is considered in this current study. 

Non-unique or dual solutions for Eqs. (6) and (7) under the con-

ditions of Eq. (8) were found for specific parameter values. The 

thermal and flow performances of Fe3O4 – CoFe2O4/H2O were 

examined and presented in Figs. 2‒6, illustrating the variations 

with the magnetic parameter M = 0, 0.2, 0.4, heat generation pa-

rameter Q = 0, 0.1, 0.2, and suction parameter S = 0.1, 0.2, 0.3. 

Other physical parameters were kept constant throughout the 

analysis: the Prandtl number Pr = 6.2, volume fractions of the 

nanoparticles 1 = 2 = 0.01, free stream velocity strength  = 1.  

Figures 2 to 4 illustrate the velocity and temperature profiles 

under varying values of magnetic field parameters M and heat 

Table 2. Correlations of hybrid nanofluid. 

Properties Hybrid nanofluid correlation 

Density 𝜌ℎ𝑛𝑓 = ϕ1𝜌1 + ϕ2𝜌2 + (1 − 𝜙ℎ𝑛𝑓)𝜌𝑓 

Dynamic viscosity 𝜇ℎ𝑛𝑓 =
𝜇𝑓

(1−𝜙ℎ𝑛𝑓)
2.5,      where: 𝜙ℎ𝑛𝑓 = 𝜙1 + 𝜙2 

Electrical conductivity 𝜎ℎ𝑛𝑓 =
(𝜎2+2𝜎𝑛𝑓−2𝜙2(𝜎𝑛𝑓−𝜎2))𝑘𝑛𝑓

𝜎2+2𝜎𝑛𝑓+𝜙2(𝜎𝑛𝑓−𝜎2)
,   where: 𝜎𝑛𝑓 =

(𝜎1(2𝜙1+1)+2𝜎𝐵𝑓(1−𝜙1))𝜎𝑓

𝜎𝑓(𝜙1+2)+𝜎1(1−𝜙1)
 

Heat capacity (𝜌𝐶𝑝)
ℎ𝑛𝑓

= (1 − 𝜙ℎ𝑛𝑓)(𝜌𝐶𝑝)
𝑓

+ 𝜙1(𝜌𝐶𝑝)
𝑠1

+ 𝜙2(𝜌𝐶𝑝)
𝑠2

 

Thermal conductivity 𝑘ℎ𝑛𝑓 =
(𝑘2+2𝑘𝑛𝑓−2𝜙2(𝑘𝑛𝑓−𝑘2))𝑘𝑛𝑓

𝑘2+2𝑘𝑛𝑓+𝜙2(𝑘𝑛𝑓−𝑘2)
, where: 𝑘𝑛𝑓 =

(𝑘1+2𝑘𝑓−2𝜙1(𝑘𝑓−𝑘1))𝑘𝑓

𝑘1+2𝑘𝑓+𝜙1(𝑘𝑓−𝑘1)
 

 



Heat transfer optimization on MHD unsteady separated stagnation-point flow of a hybrid ferrofluid… 

 

97 
 

generation parameter Q as the governing parameters. All graph-

ical results satisfy the boundary conditions specified in Eq. (8), 

confirming the validity of the model. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In Fig. 2, the velocity profile increases with higher M, while 

the temperature profile decreases for the first solution. Both 

magnetic field and unsteady separated stagnation-point (USSP) 

flow do not diminish the velocity profile, as the acceleration pa-

rameter stabilizes vorticity and facilitates the motion of Fe3O4 – 

CoFe2O4/H2O. The reduction in the temperature profile seen in 

Fig. 3 results from the active transfer of heat from the particles 

into the surrounding cooler surface. The heat generation param- 

eter Q does not influence the flow dynamics; thus, only the tem-

perature profiles are shown in Fig. 4. Both solutions for the tem-

perature profile expand with increasing Q, indicating a reduction 

in the heat transfer rate. This expansion signifies a higher tem-

perature distribution within the fluid, reducing the surface's tem-

perature gradient. Since the heat transfer rate is directly propor-

tional to the temperature gradient, the overall effect is a decrea-

sed heat transfer efficiency. This means that the temperature 

spreads more uniformly across the fluid, reducing the steepness 

of the temperature gradient near the surface. Since heat transfer 

depends on this gradient, the overall heat transfer rate reduces, 

making the system less efficient at dissipating heat. 

Figs. 5 and 6 illustrate the profiles of velocity and tempera-

ture with varying values of S as the testing factor. Here, the un-

steadiness parameter  is set at a value  = ‒2. All profiles ad-

here to the boundary conditions in Eq. (8) confirming the model 

validity. Increasing the suction parameter S causes the velocity 

profile to increase (approach closer to the boundary) in the first 

solution, but reduce (move further from the boundary) in the 

second solution. However, both temperature profiles asymptot-

ically approach the given boundary conditions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Physically, suction reduces the thickness of the thermal 

boundary layer by drawing cooler fluid toward the surface, 

which steepens the temperature gradient at the wall, and en-

hances the velocity gradient. This process removes the lower-

energy, slower-moving fluid from the boundary layer, thereby 

 
Fig. 3. Temperature profile with varied M.  

 
Fig. 4. Temperature profile with varied Q.  

 
Fig. 5. Velocity profile with varied S.  

 
Fig. 6. Temperature profile with varied S.  

 
Fig. 2. Velocity profile with varied M.  
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thinning it. This leads to improved heat transfer from the surface 

to the fluid, enhancing the overall heat exchange. Previous stud-

ies have highlighted that the heat generation parameter interacts 

differently with suction. A higher velocity gradient translates 

into a greater shear stress at the wall, increasing the local skin 

friction coefficient. 

The influence of the suction parameter S, on the behaviour 

of f ''(0) and ‒θ'(0) with respect to the unsteadiness parameter 

s ≤  ≤ 1 are presented in Fig. 7 and Fig. 8. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In stagnation-point flow with heat generation, such as in 

Fe3O4–CoFe2O4/H2O, suction improves heat removal efficiency, 

leading to enhanced heat transfer from the surface. Stabilizing 

the boundary layer and maintaining higher shear stress near the 

wall, suction helps prevent flow separation. By increasing shear 

stress near the wall, suction enhances momentum transfer, pre-

venting the detachment of the boundary layer and mitigating 

flow separation. This stabilization not only improves aerody-

namic performance but also enhances convective heat transfer 

by maintaining a thinner thermal boundary layer. Consequently, 

suction serves as an effective method for increasing heat transfer 

efficiency by promoting better energy exchange between the 

surface and the fluid. Therefore, previous research on dual solu-

tions suggests that the first set of solutions of Eqs. (6) and (7) 

are stable and physically feasible, while the second set is not. 

Multiple solutions are observed for specific values of the 

governing parameters, extending up to the separation point (crit- 

ical value of s). It is evident that increasing the suction param-

eter S expands s. Specifically, s1 = ‒5.3155, s2 = ‒5.9965 and 

s3 = ‒6.8000 for S = 0.1, 0.2, 0.3, respectively. Moreover, the 

suction parameter increased both f ''(0) and ‒θ'(0) as  → +∞ 

but a reduction in f ''(0) and an upsurge of ‒θ'(0) could be ob-

served for the first solution as  → s. 

4. Response Surface Methodology 

Response Surface Methodology (RSM) is an empirical model 

that employs the use of statistical techniques to relate input var-

iables to the response. RSM is utilized where the response sur-

face of the heat transfer rate is simulated based on numerical 

experiments to enhance and optimize the data to determine the 

optimal values of physical parameters. Some of the widely used 

experimental designs of RSM compared in terms of its charac-

teristics and efficiency are included, which helps to point out the 

importance of the design of experiments (DOE) in optimization 

using RSM. In this study, RSM is applied to determine the opti-

mal conditions and identify which input variables have a signif-

icant impact on the heat transfer performance. 

In this model, RSM, implemented using Minitab, is utilized 

to obtain the optimum heat transfer by calculating the local 

Nusselt number, (response = Rex
‒1/2Nux = (khnf/kf)θ'(0)), influ-

enced by three factors: magnetic effect, heat generation, and suc-

tion. To perform RSM, the uncoded symbols for these factors 

were converted into coded symbols, as shown in Table 1. Each 

parameter is categorized into three levels: low (‒1), medium (0), 

and high (+1), as depicted in Table 3. 

 

 

 

 

 

 

 

 

 

The formula N = 2F + 2F + C is used to determine the num-

ber of runs required, where F represents the number of factors 

and C represents the number of centre points. To ensure suffi-

cient representation of both factorial and centre points, a total of 

N = 20 trials were conducted, with F = 3 and C = 6. Table 4 

presents 20 runs computed using the involved factors and re-

sponses through a face-centred composite design. The following 

general quadratic regression model is used: 

 response = Re𝑥
−1/2

Nu𝑥  =  

 𝑐𝑜 + ∑ 𝑐𝑖
𝑁
𝑖=1 𝑥𝑖 + ∑ 𝑐𝑖𝑖

𝑁
𝑖=1 𝑥𝑖

2 + ∑ ∑ 𝑐𝑖𝑗
𝑁
𝑖=1

𝑁−1
𝑖=1 𝑥𝑖𝑥𝑗 , (12) 

where the response is the dependent parameter or outcome,  

c represents the coefficient, N is the number of independent var-

iables (factors), and x denotes the factor. 

The results are summarized in Table 5 through an analysis 

of variance (ANOVA). A parameter is considered statistically 

significant if its p-value is less than 0.05, indicating a 95% con-

fidence level. It can be observed that all variables demonstrated  

 

 
Fig. 7. f ''(0) for various S.  

 
Fig. 8. ‒θ'(0) for various S. 

Table 3. Varied values of uncoded factors assigned to coded values. 

Uncoded 
symbol 

Coded sym-
bol 

Level 

Low (‒1)  Medium (0)  High (+1)  

M x1 0.25 0.5 0.75 

Q x2 0.1 0.2 0.3 

S x3 0.1 0.2 0.3 
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significance with p-values less than 0.05. As a result, these terms 

are significant in the correlation of Eq. (12). The final response 

correlation is then provided as:  

 Re𝑥
−1/2

Nu𝑥 = 2.15690 + 0.02659 𝑥1 − 1.31010 𝑥2 +  

 +4.04582 𝑥3 + 0.04281 𝑥12 − 0.2160 𝑥22 +  

 +1.1375 𝑥32 + 0.04002 𝑥1𝑥2 +  

 −0.08002𝑥1𝑥3 + 0.75007𝑥2𝑥3. (13) 

It can be observed from the coefficients of x1 and x3 in  

Eq. (13) that these terms positively affect the response, whereas 

x2 has a negative impact. This implies that the local parameters 

M and suction parameter S decrease with an increase in Q. Phys-

ically, this means that removing the slower-moving fluid near 

the surface enhances heat transfer, and when the fluid itself is 

generating heat, there is less need for external heat transfer, re-

ducing the efficiency of convective cooling. This observation is 

consistent with and encapsulates the numerical results presented 

in the preceding section.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 5. Analysis of variance (ANOVA) for Rex
‒1/2Nux. 

Source DF Adj SS Adj MS F-value P-value 

Model 9 2.27993 0.25333 5134957.5 0 

Linear 3 2.27874 0.75958 15396786.77 0 

x1 1 0.00236 0.00236 47770.77 0 

x2 1 0.15042 0.15042 3049066.69 0 

x3 1 2.12596 2.12596 43093522.85 0 

Square 3 0.00071 0.00024 4774.17 0 

x1*x1 1 0.00002 0.00002 399.12 0 

x2*x2 1 0.00001 0.00001 260.04 0 

x3*x3 1 0.00036 0.00036 7212.23 0 

2-Way Interaction 3 0.00049 0.00016 3311.55 0 

x1*x2 1 0.00001 0.00001 162.35 0 

x1*x3 1 0.00003 0.00003 648.96 0 

x2*x3 1 0.00045 0.00045 9123.36 0 

Error 10 0 0   

Lack-of-Fit 5 0 0 * * 

Pure Error 5 0 0   

Total 19 2.27993       

 

Table 4. Experimental design and response values on Rex
‒1/2Nux.  

Runs 
Coded values Real values Response 

x1  x2 x3 M Q S  

1 -1 -1 -1 0.25 0.1 0.1 2.45568 

2 1 -1 -1 0.75 0.1 0.1 2.48798 

3 -1 1 -1 0.25 0.3 0.1 2.19294 

4 1 1 -1 0.75 0.3 0.1 2.23017 

5 -1 -1 1 0.25 0.1 0.3 3.36643 

6 1 -1 1 0.75 0.1 0.3 3.39166 

7 -1 1 1 0.25 0.3 0.3 3.13462 

8 1 1 1 0.75 0.3 0.3 3.16292 

9 -1 0 0 0.25 0.2 0.2 2.77836 

10 1 0 0 0.75 0.2 0.2 2.80882 

11 0 -1 0 0.5 0.1 0.2 2.91144 

12 0 1 0 0.5 0.3 0.2 2.66607 

13 0 0 -1 0.5 0.2 0.1 2.34131 

14 0 0 1 0.5 0.2 0.3 3.26327 

15 0 0 0 0.5 0.2 0.2 2.79091 

16 0 0 0 0.5 0.2 0.2 2.79091 

17 0 0 0 0.5 0.2 0.2 2.79091 

18 0 0 0 0.5 0.2 0.2 2.79091 

19 0 0 0 0.5 0.2 0.2 2.79091 

20 0 0 0 0.5 0.2 0.2 2.79091 
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The Nusselt number increases with higher values of mag-

netic field parameter. Further insights into the interaction effects 

between independent variables on the response can be obtained 

using RSM. These interactions are visualized through contour 

and surface plots, as illustrated in Fig. 9.  

In Fig. 9a, the plot suggests a stronger correlation between 

Nux and x2 compared to x1. As x2 increases, there is a noticeable 

reduction in the response value. While the response value in-

creases with x1, the rate of increase appears to be more gradual. 

Furthermore, there is a more noticeable dependence of the re-

sponse value on x3 than on x1. While x1 does influence the re-

sponse value, it appears to be less pronounced than that of x3, 

the higher the value of x3, the higher the response value 

achieved at any 𝑥1 as shown in Fig. 9b. As presented in Fig. 9c, 

the response value shows a strong positive correlation with  

a high value of x3. The gradient is steep, meaning that increasing 

x3 causes a significant increase in response value. Hence, the 

magnetic field M and suction S have a favourable impact on 

maximizing the heat transfer rate, as the magnetic field interacts 

with moving fluid particles, enhancing mixing and improving 

heat dissipation. In contrast, the heat generation parameter Q re-

duces the local Nusselt number, as an increase in Q leads to  

a flatter temperature profile, decreasing the surface temperature 

gradient and consequently lowering both the local Nusselt num-

ber and heat transfer efficiency.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a)   

b)   

c)   

Fig. 9. Contour and surface plots of response (heat transfer) for different combinations of coded parameters. 
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Finally, the optimization of the local Nusselt number is pre-

sented in Table 6. The objective of this optimization is to max-

imize the local Nusselt number, thereby improving heat transfer 

performance in the current flow scenario. Achieving desirability 

of 99.98%, the local Nusselt number reaches an optimized value 

of 3.39138 when the magnetic effect and suction parameters are 

at their maximum, while the heat generation parameter is mini-

mized. 

 

 

 

 

 

 

 

5. Conclusions 

Thermal progress of unsteady separated stagnation-point flow 

with the presence of magnetic field, heat generation and suction 

in hybrid ferrofluid has been successfully analysed. The current 

investigation used an approach that combined numerical and op-

timization techniques to examine flow and heat transfer. The 

similarity transformation technique reduces partial differential 

equations and boundary conditions into non-linear ordinary dif-

ferential equations. The dual solution was obtained numerically 

by utilizing the bvp4c solver in MATLAB. Further, the optimal 

heat transfer rate was determined by employing the response 

surface methodology. This study specifically examines the nov-

elty, which is the suction effect. The important discoveries are 

listed as follows: 

 A dual solution was obtained with the first one being the 

stable and physically feasible. 

 Increasing M expands the velocity profile. 

 The temperature profile decreases for the first solution, in-

dicating the stabilizing effect of the magnetic field. 

 𝑄 primarily affects the temperature profile, with higher 

values reducing the heat transfer rate. 

 An increase in S broadens the range of f ''(0) and ‒θ'(0), 

reduces boundary layer thickness, stabilizes the flow, pre-

vents flow separation and increases the skin friction coef-

ficient.  

 As the unsteadiness parameter  → s, ‒θ'(0) increases for 

the first solution, demonstrating the effectiveness of suc-

tion in optimizing thermal performance. 

 The combined effect of suction and magnetic field en-

hances the heat transfer efficiency, with the suction playing  

a crucial role in improving heat removal, particularly in 

stagnation-point flow scenarios. 

 The highest heat transfer rates occur at the maximum mag-

netic field and suction values, while the lowest heat gener-

ation results in optimal heat dissipation. 

In conclusion, the findings of this study offer significant con-

tributions to the field of fluid dynamics by providing a deeper 

understanding of fluid flow behaviour and heat transfer mecha-

nisms in hybrid ferrofluids. The research highlights the influ-

ence of key parameters, such as the magnetic field, suction and 

heat generation on thermal performance, which can be benefi-

cial for applications in cooling systems, biomedical engineering 

and advanced thermal management technologies. Since this 

study focuses on the flow of hybrid nanofluids containing spher-

ical-shaped nanoparticles, future research could explore the ef-

fects of different nanoparticle shapes. Incorporating additional 

conditions or effects could further extend the applicability of the 

current flow model to real-world scenarios. As this study is lim-

ited to numerical and statistical investigations of thermal behav-

iour, experimental validation may be considered in future work. 
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