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CONTROL, INFORMATICS AND ROBOTICS

Comparison of calculation times of FOPID and PID
controllers along with control quality for Two Rotor

Aerodynamical System
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AGH University of Krakow, Poland

Abstract. Two Rotor Aerodynamical System can be compared to a tethered helicopter. This is one of the systems in which the problem of
cross-coupling occurs, which complicates the implementation of control. Therefore, in the case of TRAS system, four controllers are most often
used. PID and FOPID controllers were used in different configurations in order to compare them. First, coefficients were selected using the Grey
Wolf Optimizer algorithm. Then, based on simulation, a preliminary comparison of the controllers was made. In the next part, measurements
were carried out on the real device. Based on the cost function, it was noticed that FOPID controllers achieve better results. In the case of
FOPIDs, there may be concerns related to the calculation time. This is a valid question related to the possible application of this type of control
for devices requiring control determination in real time. Therefore, the calculation times of the individual controllers were also measured and
compared.
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1. INTRODUCTION
Air transport in terms of control is a rather complex problem
due to the fact that the flight takes place in three-dimensional
space. It is worth mentioning here helicopters, which have the
ability to take off and land vertically. This allows reaching more
places than in the case of airplanes, which need a long, specially
prepared runway. One can read more about helicopter dynamics
in [1]. Reduced versions of helicopters to an unmanned form
are drones. Just like helicopters, they can stay in one specific
place in the air, which makes it easier, among other things, to
take photos [2, 3] and make all kinds of measurements [4, 5].
This paper focuses on the Two Rotor Aerodynamical System
(TRAS), which can be considered a miniaturized version of a
tethered helicopter.

TRAS is a multi-input, multi-output nonlinear dynamic sys-
tem [6–8]. It is a good prototyping device because it is tethered.
This means that in case of large control errors, destruction of the
object can be avoided. The task of this device is to keep up with
the given azimuth and pitch angles. This can only be controlled
by the speed of the rotors, because the angle of attack of the ro-
tors is constant. In addition, the phenomenon of cross-coupling
can be observed in the system. In this case, it means that each
of the rotors affects both angular values.

PID is one of the most popular controllers. Nicolas Minorsky
wrote an article about it in 1922 [9]. Since then, it has been used
more often due to its ease of implementation and robustness.
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PID is also frequently used as a reference when comparing
controllers, e.g. [10–12].

Fractional order calculus is a generalization of integer-order
calculus [13]. The assumption is as follows: the derivative does
not have to be of integer order. Such operations require large
computational powers, therefore the development of this branch
of mathematics began to advance together with improvements
of computers. The book [14] presents a lot of information on
fractional calculus.

In order to find the controller coefficients, it is worth using
heuristic optimization algorithms, such as Grey Wolf Optimizer
(GWO) [15], Whale Optimization Algorithm (WOA) [16] or
Particle Swarm Optimization (PSO) [17]. These types of algo-
rithms can search large spaces and find optimal or suboptimal
solutions quite quickly.

Other articles indicate that GWO can be successfully used
to optimize FOPID controllers. This is evidenced by simulation
comparisons in [18]. GWO was also used in [19] in order to opti-
mize FOPID controllers in grid-tied photovoltaics system. Sim-
ulations indicate very good performance in comparison to other
methods. Therefore, in this article it was decided to use Grey
Wolf Optimizer algorithm to determine FOPID coefficients.
Testing of other methods is planned in subsequent articles.

In this preface, a short introduction to each topic was made. In
the following part, more detailed information of the FOPID con-
troller and the Grey Wolf Optimizer algorithm will be presented.
The next part will focus on the mathematical model of the Two
Rotor Aerodynamical System with the control implementation.
Finally, the simulation responses and tests on a real object will
be presented. In addition, the calculation times of the controllers
will be compared. At the end, conclusions will be presented.
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2. FOPID CONTROLLER

Fractional calculus is a generalization of differential and in-
tegral calculus to the fundamental operator 𝑎𝐷

𝑟
𝑡 of fractional

order, where 𝑎 and 𝑡 are limits of the operation, and 𝑟 ∈ ℜ. The
continuous integral-differential operator is defined as [20]:

𝑎𝐷
𝑟
𝑡 = 3



d𝑟

d𝑡𝑟
when 𝑟 > 0,

1 when 𝑟 = 0,
𝑡∫

𝑎

(d𝜏)−𝑟 when 𝑟 < 0.

(1)

To numerically calculate the fractional derivative, one can
use a very popular method, which is the Oustaloup Recursive
Approximation. This is a recursive filter that very well approxi-
mates the fractional derivative [21]. The method is based on the
approximation of the function of the form:

𝐻 (𝑠) = 𝑠𝑟 (2)

for the selected frequency range 𝜔 ∈ [𝜔𝑏,𝜔ℎ] by a rational
function:

𝐻 (𝑠) = 𝐶0

𝑁∏
𝑘=−𝑁

𝑠+𝜔′
𝑘

𝑠+𝜔𝑘

, (3)

where 𝑟 ∈ ℜ, 𝑟 is in the range [−1,1] and 𝑁 is the order of
approximation. The poles, zeros and gain of the filter can be
determined using the formulas:

𝜔′
𝑘 = 𝜔𝑏

(
𝜔ℎ

𝜔𝑏

) 𝑘+𝑁+0.5(1−𝑟 )
2𝑁+1

,

𝜔𝑘 = 𝜔𝑏

(
𝜔ℎ

𝜔𝑏

) 𝑘+𝑁+0.5(1+𝑟 )
2𝑁+1

,

𝐶0 =

(√
𝜔ℎ𝜔𝑏

𝜔ℎ

)𝑟 𝑁∏
𝑘=−𝑁

𝜔𝑘

𝜔′
𝑘

.

(4)

The generalization of the PID controller to fractional calculus
is FOPID (fractional order PID). It has two additional parame-
ters, which are non-integer orders of integration and differenti-
ation. Therefore, the transfer function of the FOPID controller
takes the following form [22,23]:

𝐺FOPID = 𝐾𝑃 + 𝐾𝐼

𝑠𝜆
+𝐾𝐷𝑠

𝜇, (5)

where 𝐾𝑃 , 𝐾𝐼 , 𝐾𝐷 remain unchanged with respect to PID, while
𝜆 is the order of the integral and 𝜇 is the order of the differenti-
ation.

3. GREY WOLF OPTIMIZER

The Grey Wolf Optimizer algorithm is based on the behavior
of grey wolves [15]. This method pays attention to two features
of the pack. These are the hierarchy of animals and the hunting
strategy. The pack can be divided into the following groups:

• alpha – leader,
• beta – main wolf helpers,
• delta – other activities, e.g., hunting, scouting,
• omega – the weakest units.
It is assumed that the best solution is provided by the alpha

wolf, while the second and third best possibilities are considered
to be beta and delta individuals. The remaining solutions are
omega wolves.

During the hunt, wolves start to surround the prey, which can
be described by the following equations [15]:

𝐷 = |𝐶𝑋𝑝 (𝑡) − 𝑋 (𝑡) |, (6)

𝑋 (𝑡 +1) = 𝑋𝑝 (𝑡) − 𝐴𝐷, (7)

where | | is the absolute value, 𝑡 denotes the current iteration, 𝐴
and 𝐶 are coefficients, 𝑋𝑝 is the position of the prey, 𝑋 is the
position of the wolf. Vectors 𝐴 and 𝐶 are calculated as follows:

𝐴 = 2𝑎𝑟1 − 𝑎, (8)

𝐶 = 2𝑟2, (9)

where 𝑎 is linearly decreased from 2 to 0, 𝑟1 and 𝑟2 describe
random numbers in the range [0,1].

The next step is to circle the victim. It is assumed that the
alpha, beta and delta wolves have the best knowledge about
the location of the victim. Therefore, the remaining omega in-
dividuals update their position based on the most important
individuals. This is described by the following equations:

𝐷𝛼 = |𝐶1𝑋𝛼 − 𝑋 |,
𝐷𝛽 = |𝐶2𝑋𝛽 − 𝑋 |,
𝐷 𝛿 = |𝐶3𝑋𝛿 − 𝑋 |,

(10)

𝑋1 = 𝑋𝛼 − 𝐴1𝐷𝛼 ,

𝑋2 = 𝑋𝛽 − 𝐴2𝐷𝛽 ,

𝑋3 = 𝑋𝛿 − 𝐴3𝐷 𝛿 ,

(11)

𝑋 (𝑡 +1) = 𝑋1 + 𝑋2 + 𝑋3
3

, (12)

where  𝑋1,  𝑋2,  𝑋3  define  the  alpha,  beta  and  delta  location  vec-
tors.
  Approaching  the  prey  in  order  to  attack  it  is  represented  by 
decreasing  the  value  of  𝑎.  In  addition,  𝐴  is  also  dependent  on
𝑎  and  𝑟1  belonging  to  the  interval  [−1,  1].  Finally,  if  |  𝐴|  <  1,  it
means  that  the  wolves  try  to  move  towards  the  prey.

4.  MATHEMATICAL  MODEL

Two Rotor Aerodynamical System consists of two beams. One is 
vertical  and  stationary.  The  other  is  placed  halfway  up  on  top  of 
the  first.  Two  rotors  are  mounted  at  both  ends  of  the  horizontal 
pole,  perpendicular  to  each  other,  as  in  helicopters.  The  angle  of 
attack  of  the  propellers  is  constant,  so  the  aerodynamic  forces 
can  only  be  controlled  by  the  speed  of  the  rotors.  Sensors  are
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also installed to measure the azimuth and pitch angles. It should
be noted that TRAS is a system in which the phenomenon of
cross-coupling occurs. In this particular case, this means that
each of the rotors affects both values of the measured angles.
TRAS is classified as a nonlinear MIMO system. An example
of the laboratory version of the TRAS device is shown in Fig. 1.
More information about the mathematical model can be found
in the manual [6] and many other articles, e.g., [7, 8].

Fig. 1. Two Rotor Aerodynamical System

In order to determine the mathematical model, the following
assumptions were made [6]:
• The dynamics of the propeller subsystem can be described

by first-order differential equations.
• The friction in the system is of the viscous type.
• The propeller-air subsystem can be described in accordance

with the postulates of the flow theory.

The following notations were adopted:
𝐽𝑣 – sum of moments of inertia relative to the horizontal axis
𝐽ℎ – sum of moments of inertia relative to the vertical axis
𝛼𝑣 – pitch angle of the beam
𝛼ℎ – azimuth angle of the beam
Ωℎ – angular velocity of the beam around the vertical axis
Ω𝑣 – angular velocity around the horizontal axis
𝜔𝑣 – angular velocity of the main rotor
𝜔ℎ – angular velocity of the tail rotor

𝐹𝑣 (𝜔𝑚) – dependence of the propulsive force on the angular
velocity of the rotor

𝐹ℎ (𝜔𝑡 ) – dependence of the propulsive force on the angular
velocity of the tail rotor

𝑓𝑣 – friction coefficient in the horizontal axis
𝑓ℎ – friction coefficient in the vertical axis
𝑈ℎ – horizontal DC-motor PWM control input
𝑈𝑣 – vertical DC-motor PWM voltage control input
𝑀ℎ – horizontal turning torque
𝐾ℎ – horizontal angular momentum
𝐾𝑣 – vertical angular momentum
𝑚𝑡 – mass of the tail part of the beam
𝑚𝑡𝑟 – mass of the tail motor with tail rotor
𝑚𝑡𝑠 – mass of the tail shield
𝑚𝑚 – mass of the main part of the beam
𝑚𝑚𝑟 – mass of the main DC-motor with main rotor
𝑚𝑚𝑠 – mass of the main shield
𝑚𝑏 – mass of the counter-weight beam
𝑚𝑐𝑏 – mass of the counter-weight
𝑙𝑡 – length of the tail part of the beam
𝑙𝑚 – length of the main part of the beam
𝑙𝑏 – length of the counter-weight beam
𝑙𝑐𝑏 – distance between the counter-weight and the joint
𝑟𝑚𝑠 – radius of the main shield
𝑟𝑡𝑠 – radius of the tail shield
𝑘ℎ𝑣 – constant
𝑘𝑣ℎ – constant
𝑎1 – constant
𝑎2 – constant
Ultimately, Two Rotor Aerodynamical System can be de-

scribed by the following equations:

𝑑𝜔𝑣

𝑑𝑡
=
𝑙𝑚𝐹𝑣 (𝜔𝑚) −Ω𝑣𝐾𝑣 +𝑔((𝐴−𝐵) cos𝛼𝑣 −𝐶 sin𝛼𝑣)

𝐽𝑣
...

− 1
2Ω

2
ℎ
(𝐴+𝐵+𝐶) sin2𝛼𝑣𝑈ℎ𝑘ℎ𝑣 +𝑈ℎ𝑘ℎ𝑣 − 𝑎1Ω𝑣𝑎𝑏𝑠(𝜔𝑣)

𝐽𝑣
(13)

d𝛼𝑣
d𝑡

= Ω𝑣 , (14)

d𝐾ℎ

d𝑡
=
𝑀ℎ

𝐽ℎ
=
𝑙𝑡𝐹ℎ (𝜔𝑡 ) cos𝛼𝑣 −Ωℎ𝐾ℎ +𝑈𝑣𝑘𝑣ℎ

𝐷 sin2𝛼𝑣 +𝐸 cos2𝛼𝑣 +𝐹
...

−𝑎2Ωℎ𝑎𝑏𝑠(𝜔ℎ)
𝐷 sin2𝛼𝑣 +𝐸 cos2𝛼𝑣 +𝐹

, (15)

d𝛼ℎ
d𝑡

= Ωℎ =
𝐾ℎ

𝐽ℎ𝛼𝑣
, (16)

where
𝐴 =

(𝑚𝑡

2
+𝑚𝑡𝑟 +𝑚𝑡𝑠

)
𝑙𝑡 ,

𝐵 =

(𝑚𝑚

2
+𝑚𝑚𝑟 +𝑚𝑚𝑠

)
𝑙𝑚 ,

𝐶 =

(𝑚𝑏

2
𝑙𝑏 +𝑚𝑐𝑏𝑙𝑐𝑏

)
,
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𝐷 =
𝑚𝑏

3
𝑙2𝑏 +𝑚𝑐𝑏𝑙

2
𝑐𝑏 ,

𝐸 =

(𝑚𝑚

3
+𝑚𝑚𝑟 +𝑚𝑚𝑠

)
𝑙2𝑚 +

(𝑚𝑡

3
+𝑚𝑡𝑟 +𝑚𝑡𝑠

)
𝑙2𝑡 ,

𝐹 = 𝑚𝑚𝑠𝑟
2
𝑚𝑠 +

𝑚𝑡𝑠

2
𝑟2
𝑡𝑠 .

5. IMPLEMENTATION

The control system was prepared in the MATLAB/Simulink
environment, which is shown in Fig. 2. The grey block in the
center symbolizes the TRAS model. It has two inputs, which are
the control for the main rotor and the control for the tail rotor.
In addition, four outputs are distinguished: azimuth angle, pitch
angle, azimuth velocity and pitch velocity. The angular values
are sent through negative feedback loops and compared with the
reference. Then the differences go as input to the controllers,
which are located in the FOPID Controllers block.

Fig. 2. Simulation model of Two Rotor Aerodynamical System

It should be assumed that:
𝑒𝑎 – difference between the set value and the current value of

the azimuth angle,
𝑒𝑝 – difference between the set value and the current value of

the pitch angle.

The following control variants were proposed:
Variant 1 – four PID controllers – Fig. 3.

Fig. 3. First control variant

Variant 2 – two PID controllers and two FOPID controllers –
Fig. 4.

Fig. 4. Second control variant

Variant 3 – four FOPID controllers – Fig. 5.

Fig. 5. Third control variant

It should be noted that in all variants parallel control was
used, differing in the number of PIDs and FOPIDs. The value
𝑒𝑎 is sent to controllers numbered 1 and 3. On the other hand,
𝑒𝑝 is sent to controllers numbered 2 and 4. In the next part, two
values calculated by the controllers are added up. Each of them
had different deviation values (𝑒𝑎 and 𝑒𝑝) given at the input. In
this way, both control values use information about the azimuth
angle and the tilt angle.

It was decided to use the GWO algorithm for optimization.
The process immediately gave satisfactory results. Therefore,
it was decided to continue research using it. For optimization
algorithm the following cost function was defined:

𝐽 =

∞∫
0

(
|𝑒𝑎 (𝑡) | + |𝑒𝑝 (𝑡) |

)
d𝑡. (17)

Additionally, the following inputs (Table 1) and initial range
of individual coefficients were used (18).

Table 1
Input values for the Grey Wolf Optimizer algorithm

Parameter Value

Number of wolves 5

Maximum number of iterations 200
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𝐾𝑃 = [0 : 50],
𝐾𝐼 = [0 : 50],
𝐾𝐷 = [0 : 50],
𝜆 = [0 : 1],
𝜇 = [0 : 1] .

(18)

6. RESULTS

Due to the fact that the entire system is tethered (which is also
visible in Fig. 1), no tests related to the vertical take-off and
landing were performed. The following test scenario was used:
• Sudden changes in the azimuth angle between −0.8 rad and

0.8 rad (and vice versa) every 20 seconds.
• Gradual sinusoidal changes in the pitch angle with an am-

plitude of 0.3 rad and a period of 30 seconds.
The controller coefficients were selected after conducting

many simulations using Grey Wolf Optimizer algorithm with
cost function (17). Their values are presented in Table 2. The
numbering of individual controllers is identical to Figs. 3–5.
In order to use the FOPID controllers, it was decided to use
Oustaloup Recursive Approximation. The order of approxima-
tion was 8. The frequency was in range 𝜔 ∈ [10−3,10]. More
information about research can be found in the author’s doctoral
dissertation [24].

6.1. Simulations

Figure 6 shows the measurement of the azimuth angle with the
set value drawn in blue. The first differences can be observed
when reaching reference plot. In the case of the third variant,
overshoot is visible, while for the first version, a sudden slow-
down and slow approach to the set value were noted. After
changing reference to an angular value of 0.8 rad overshoots are

Table 2
Controllers coefficients

Variant 1 P I 𝜆 D 𝜇

PID 1 50.40 1.40 — 41.73 —
PID 2 2.87 32.20 — 50.37 —
PID 3 0.23 1.66 — 0.25 —
PID 4 26.89 46.76 — 36.60 —

Variant 2 P I 𝜆 D 𝜇

FOPID 1 44.69 537.13 0.011 40.15 0.99
FOPID 2 16.45 4.63 0.066 162.50 0.70

PID 3 8.27 2.20 — 7.58 —
PID 4 55.10 45.54 — 85.54 —

Variant 3 P I 𝜆 D 𝜇

FOPID 1 261.95 17.95 0.026 21.46 0.99
FOPID 2 3.41 99.94 0.40 24.58 0.88
FOPID 3 18.84 4.52 0.0093 5.54 0.98
FOPID 4 0.26 228.22 0.0022 45.47 0.99

visible in the first and second variants, greater in the case of
the second control version. However, in the first variant, visible
oscillations begin to appear in this position.

The behavior of the pitch angle is shown in Fig. 7. It can be
observed that when reaching the first maximum, the first and
second variants are initially above the reference graph and later
(near the maximum) go below. Sudden fluctuations are visible
around the 20th and 40th seconds. This is related to the sudden
change of the azimuth angle setpoint. The largest deviations are
visible for the second variant, the smallest for the first control
version.

Fig. 6. Simulation system output – azimuth angle
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Fig. 7. Simulation system output – pitch angle

Table 3 shows the calculated values of the cost function (17).
The second and third variants achieved very similar and better
results compared to the first control version. The increased value
of the cost function for control with only PIDs was probably
caused by the appearance of oscillations for azimuth angle.

Table 3
Values of cost function (17) – simulation

Value of cost function

Variant 1 303.18

Variant 2 298.76

Variant 3 298.97

6.2. Tests on real object

Figure 8 shows measurements of the azimuth angle from the
experiment. It can be seen that the first control version does
not reach the reference in the initial phase of measurements.
In addition, for a moment it even begins to move away from
it. In the case of the second version, two larger overshoots can
be seen. The third variant works best. In the case of the upper
position for the first control option, overshoot can be observed,
which is leveled for a long time. On the other hand, at some
point for the second and third variants, noticeable oscillations
begin to appear. In the case of the last 20 seconds, all control
versions approach very close to the reference, but fail to reach
it for a longer period of time.

The graph in Fig. 9 shows the values of the pitch angle mea-
sured during the experiment. In the initial phase, very large

overshoots can be observed for the first and second variants. In
both cases, it is repeated in the opposite direction. However, for
the second control option, the attempt to achieve the set value
takes longer. In the case of the third variant, a slightly milder
approach can be observed, thanks to which the reference area
is reached very quickly. After 20 seconds, changes related to
the sudden change in the azimuth angle set value are visible.
This had the greatest impact on the third control option. On the
other hand, the first and second versions behaved in a similar
way. Also in the 40th second there was a sudden change in the
azimuth angle reference. However, this time the deviations are
not as noticeable for all three variants. Additionally, problems
with achieving the last minimum can be noted for the second
and third control versions.

Table 4 lists the cost function values (17) for the above three
experiments. It should be taken into account that the time step
this time was 0.01. The lowest value was noted for the third
variant. It efficiently achieved the set values of the azimuth and
pitch angles. Moreover, in this case, there were fewer overshoots.
The only major problem was reaching the extreme values of the
reference in the case of the pitch angle.

Table 4
Values of cost function (17) – real object

Value of cost function

Variant 1 1140.44

Variant 2 1094.05

Variant 3 1064.51
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Fig. 8. Real system output – azimuth angle

Fig. 9. Real system output – pitch angle

6.3. Calculation times
Figures 10–13 and Table 5 show measurements related to the
time of calculations performed by the controllers in the third
variant (4 FOPIDs). It can be divided into two sets: FOPID 1
together with FOPID 2 and FOPID 3 together with FOPID 4.
In the first case, average times of about 4.6e-07 were recorded,
while in the second – 6.2e-07. It is worth noting that the group-

ing may be related to the calculation for a specific control. For
example, FOPID 1 and FOPID 2 controllers calculated the con-
trol related to the azimuth rotor. This makes it possible to draw a
conclusion that the computer program focused primarily on de-
termining one control in its entirety. The maximum calculation
times were at the level of 10−6 with a time step of the order of
10−2. Therefore, a large computational reserve was maintained.
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Fig. 10. Execution time – third variant FOPID 1

Fig. 11. Execution time – third variant FOPID 2

Fig. 12. Execution time – third variant FOPID 3

Fig. 13. Execution time – third variant FOPID 4

Table 5
Average and maximum calculation times of controllers – third variant

Controller Average time [s] Maximum time [s]

FOPID 1 4.8104e-07 4.5645e-06

FOPID 2 4.5833e-07 3.7158e-06

FOPID 3 6.2919e-07 4.8094e-06

FOPID 4 6.2050e-07 3.9833e-06

7. CONCLUSIONS

Three control versions for Two Rotor Aerodynamical System
were prepared, consisting of FOPID and PID controllers. In
addition, it was possible to conduct a comparison based on
experimental studies. The control in the FOPID version behaved
slightly more gently. This allowed for achieving better results.
Additionally, the time of performing calculations by the FOPID
controllers in the third variant was measured. It turned out that
they are fast enough to be used in systems requiring real-time
control determination.

More information about the research can be found in the
author’s doctoral dissertation [24].

In the next article, the author plans to present a similar com-
parison, but in the case of hybrid control, where in one feedback
loop a parallel arrangement of controllers will be used, in the
other a cascade. An additional future goal is also to examine the
results obtained using other optimization methods.
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