
 

1. Introduction 

A method of weighted residuals (MWR) is an approximate ana-

lytical method widely used to solve boundary and initial-bound-

ary problems in thermal engineering. The popularity of the 

MWR stems from the simplicity and high accuracy of the ana-

lytical solutions obtained using this method, as well as the mod-

erate effort required to calculate temperature values [1]. 

The MWR and its application to calculating temperature 

fields in boiler components are presented in [2]. Two-dimen-

sional steady-state temperature and stress distributions in the 

tubes of the membrane walls of large steam boilers were deter-

mined. Using the MWR, transient temperature and stress distri-

butions in pipelines, boiler drums and steam superheaters’ head-

ers were calculated [2]. In most cases, the solutions obtained not 

only illustrate the application of MWR but are also of great im-

portance for industrial practice.  

The MWR is an effective tool for solving nonlinear ordinary 

and partial differential equations, thanks to its simplicity and 

high accuracy.  Hatami [3]  demonstrated  that  MWRs,  such  as  
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Abstract 

An alternative formulation of the method of weighted residuals for Fourier's law of heat conduction is presented. In one-
dimensional heat conduction, when the weighting factor equals unity and the heat-penetration-depth concept is used, the 
method reduces to the heat flux integral method. The paper also presents a comparison of the proposed heat flux integral 
method with the classic heat balance integral method developed by T.R. Goodman. In the heat balance integral method, the 
transient heat conduction equation is integrated with respect to the spatial coordinate, whereas in the heat flux integral method, 
Fourier's law is integrated over the spatial coordinate. The advantage of the heat flux integral method over the heat balance 
integral method is the greater accuracy, especially in bodies whose thermal conductivity depends on temperature or position. 
The greater accuracy of the proposed method is illustrated by the determination of the transient temperature distribution in 
a plate with temperature-dependent thermal conductivity. Additionally, for a straight fin with temperature-dependent thermal 
conductivity, the heat flux integral method provides greater accuracy in determining temperature and fin efficiency than the 
heat balance integral method. The temperature distribution in the plate and fin, as well as the fin efficiency, were also deter-
mined using the finite volume method to assess the accuracy of the heat flux integral method and heat balance integral method. 

Keywords: Heat balance integral method; Heat flux integral method; Nonlinear heat conduction; Fin with variable ther-

mal conductivity; Transient nonlinear heat conduction in a plate 
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Nomenclature 

A – area, m2 

a, b, c – constants 

a1,…,an  – unknown coefficients in the function approximating 

     the temperature distribution 

c – specific heat capacity, J/(kg∙K) 

C – constant 

C1,…, C7 – constants 

eθ,i – temperature difference eθ,i = θi,num − θi,app, i = 1, … , 𝑛 between 

    temperature values θi,num calculated by the numerical method 

    and temperature θi,app calculated by HFIM or HBIM, K 

eθ,max – maximum temperature difference between the temperature  

    values θi,num calculated numerically by the method of lines, and  

    the temperature θi,app calculated by the approximate analytical  

    method HFIM or HBIM, K 

𝑒̅𝜃 – mean-square temperature difference, K 

Fo – Fourier number, Fo = α0‧t/L2  

Fo1 – Fourier number at the end of the first heat penetration phase, 

    Fo1 = α0‧t1/L2  

g, f, e – coefficients 

H – heat transfer coefficient (HTC), W/(m2∙K) 

k – thermal conductivity, W/(m∙K) 

K – dimensionless thermal conductivity, 

L – plate thickness or fin height, m 

m – power exponent in the heat conduction equation; m = 1  

    for cylindrical wall and m = 2 for spherical wall 

n – number of nodes in the FVM grid 

N – fin parameter, 𝑁2 = 2ℎ𝐿2/[𝑘(𝑇𝑓)𝑤] 

𝑞̇ – heat flux, W/m2 

𝑞̇𝑖𝑛 – heat flux at the inner surface, W/m2 

𝑞̇𝑣 – heat transfer rate per unit volume, W/m3 

q  – heat flux vector, W/m2 

𝑞̃̇ – approximate solution for heat flux, W/m2 

rin – inner radius, m 

rout – outer radius, m 

R – radius, m 

t – time, s 

t1 – the time after which the first phase of heat penetration ends, s 

T – temperature, °C 

Tb – fin base temperature, °C 

Tf – fluid temperature, °C 

Ts – slab surface temperature, °C 

T0 – initial temperature, °C 

W – fin thickness, m 

Wi – weighting factor 

Wi – vector weighting factor 

x, y, z – Cartesian coordinates, m 

𝑋  – dimensionless x coordinate, X = x/L 

 

Greek symbols 

α – thermal diffusivity, m2/s 
αC, βC, γC, , ,c c c   – coefficients in a quadratic algebraic equation 

          for determining the constant C 

β, βk – coefficients in functions determining the dependence of thermal 

    conductivity on temperature 

ΔX – dimensionless spatial step in FVM 

 – gradient operator (nabla) 

δ – heat penetration depth, m 

δ* – dimensionless heat penetration depth, δ*= δ/L  

Г – boundary of the domain Ω 

ε – constant in the function describing changes in the thermal  

    conductivity as a function of temperature 

η – fin efficiency 

θ – dimensionless fin temperature, θ = (T – Tf)/(Tb – Tf)  

θ – dimensionless plate temperature, θ = (T – T0)/(Ts – T0)  
ρ – density, kg/m3 

Ω – domain with the boundary Г 
 

Subscripts and Superscripts 

 – mean 

 – approximate 

 – dimensionless 

b – fin base 

f – fluid temperature 

i – node number or the weighting factor 

in – inner surface 

s – surface 

out – outer surface 

v – volume heat source 

0 – at the initial state 

I – the first phase of heat penetration 

II – the second phase of heat penetration 

 

Abbreviations and Acronyms 

FVM – finite volume method 

HBIM – heat balance integral method 

HFIM – heat flux integral method  

HTC – heat transfer coefficient 

MWR – method of weighted residuals 

collocation, Galerkin, Rayleigh–Ritz and least-squares methods, 

yield satisfactory results when solving numerous linear and non-

linear problems in heat transfer, nanotechnology and medicine. 

MRWs constitute a large group of methods, alongside other ap-

proximate analytical methods and analytical-numerical methods 

for solving ordinary and partial differential equations [4]. Ganji 

et al. [5] applied approximate analytical methods for direct non-

linear problems encountered in heat transfer. The homotopy per-

turbation, variational iteration and Adomian decomposition 

methods were used to solve nonlinear conduction-convection 

heat transfer problems, such as the cooling of a lumped system 

with a variable specific heat or heat transfer coefficient, and to 

determine the temperature distribution in a straight fin with  

a temperature-dependent conductivity. One of the most popular 

MWRs is the Galerkin method, which is now also used in the 

finite element method (FEM) [6]. Another widely used proce-

dure is the method of moments, applied to approximate the dis-

tribution of substance concentration [7] or temperature in heat 

and mass transfer problems, as well as in electromagnetics [8]. 

A special case of MWR is the heat balance integral method 

(HBIM) proposed by Goodman [9]. An important and original 

feature of HBIM proposed by Goodman is the application of the 

boundary-layer thickness concept to transient heat conduction in 

solids. A counterpart of the thermal boundary layer thickness in 

convective heat transfer is the heat penetration depth in HBIM. 

The concept of boundary-layer thickness was originally pro-
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posed by Pohlhausen [10] and von Kármán [11] to determine the 

distributions of velocity and temperature in a fluid near the chan-

nel surface. Due to the large velocity and temperature gradients 

normal to the channel surface, it is challenging to determine the 

correct distributions of fluid velocity and temperature near the 

channel wall, even with modern computational fluid dynamics 

(CFD) methods. A major advantage of HBIM, on the other hand, 

is the ability to determine the temperature of a solid near its sur-

face for a very short heating or cooling time. Determining the 

temperature distribution in a solid at the beginning of a transient 

process using exact analytical methods can be subject to large 

errors due to the slow convergence of infinite series. Addition-

ally, for numerical methods, it is necessary to integrate the heat 

conduction equation using very small time steps to achieve sat-

isfactory accuracy in determining the temperature field near 

t = 0. The use of HBIM enables the determination of optimum 

fluid temperature changes at the beginning of heating pressur-

ised structural elements over very small time intervals [12].  

The HBIM method can also be used to solve problems of 

great practical importance, for example, to determine the opti-

mal temperature changes in a fluid during the heating of a thick-

walled pressure element with holes, accounting for the time-de-

pendent pressure inside the component [13]. HBIM can also be 

used to approximate two-dimensional steady-state temperature 

distributions. The two-dimensional temperature distribution in 

tubes and flat bars (fins) connecting tubes in the tight waterwalls 

of the boiler combustion chamber was determined using HBIM 

in [14]. The temperature distribution in the boiler waterwall tube 

was also investigated in [15]. Examples of the application of 

HBIM to calculate transient temperature distributions in a half-

space and a flat plate for various boundary conditions are pre-

sented in books [15,16]. HBIM is widely used for calculating 

temperature and thermal-stress fields in solids, as well as for 

thermal analysis of melting and solidification processes, and is 

continually being refined. Volkov and Li-Orlov [17] employed 

double integration of the heat conduction equation along the  

x-coordinate, as opposed to the single integration used in classi-

cal HBIM. Thanks to double integration, the accuracy of deter-

mining the transient temperature distribution in bodies with 

a temperature-dependent thermal conductivity has been in-

creased. It should be emphasised that greater accuracy in the ap-

proximate solution for temperature-dependent thermal conduc-

tivity can also be achieved by using the Galerkin or moment 

method, with the concept of heat penetration depth used in 

HBIM. However, this requires slightly more mathematical 

transformations to determine the temperature distribution. The 

accuracy of HBIM, like all MWRs, depends on the accuracy of 

the solution obtained from the appropriate selection of the form 

of the function approximating the exact solution. Sitison and Ed-

wards [18] applied the heat balance integral method to deter-

mine two-dimensional temperature distribution in cylindrical 

extruders. The problem was solved using a quasi-steady approx-

imation in the crystal and HBIM in the melt. 

Kumar and Rajeev [19] solved a time-fractional Stefan prob-

lem with a third-kind boundary condition and temperature-de-

pendent thermal conductivity using HBIM. The conventional 

HBIM approach, utilising quadratic and exponential tempera-

ture profiles, was employed to determine an approximate tem-

perature distribution. 

A new approximation function for the temperature distribu-

tion using the Legendre wavelet was used by Chaurasiya 

et al. [20] in HBIM to solve a two-dimensional moving-bound-

ary problem involving a moving phase-change material. They 

compared numerical results with the exact solution by trans-

forming the analysed problem into a one-dimensional melting 

problem and found good agreement.  

A review of the literature shows that the method of weighted 

residuals, in particular HBIM, is widely used in practice, both 

globally, where a single function approximates the temperature 

distribution across the entire analysed area, and in numerical 

methods such as FEM or hybrid FVM-FEM, in which MWR is 

applied locally, separately for each element. The abbreviation 

FVM stands for finite volume method, in which the energy con-

servation equation is satisfied for each finite volume with a node 

located inside it. In the case of heat conduction, MWR is formu-

lated for the transient heat conduction equation, i.e. the energy 

conservation equation, which accounts for Fourier's law. 

This paper presents a new formulation of MWR for solving 

heat conduction problems. MWR has been applied to Fourier's 

law, and not as in the classical MWR for the transient heat con-

duction equation, i.e. for the energy conservation equation.  

The advantage of the new MWR formulation is its greater 

accuracy compared to the traditional MWR formulation, partic-

ularly when the weighting factor equals one. Both methods were 

compared using two examples: determining the transient tem-

perature field in a plate with temperature-dependent thermal 

conductivity and determining the temperature and efficiency of 

a fin with temperature-dependent thermal conductivity. The new 

MWR formulation, with a weighting factor of 1, referred to as 

the heat flux integral method (HFIM), yields higher-accuracy 

solutions than the traditional MWR formulation (HBIM) in both 

cases.  

The paper presents the following issues in sequence: charac-

teristics of the classical MWR, a new formulation of MWR in 

heat conduction problems, determining the transient tempera-

ture of a flat wall with linearly dependent thermal conductivity 

using HBIM and HFIM, determining the temperature and effi-

ciency of a fin with linearly dependent thermal conductivity us-

ing HBIM and HFIM, conclusions, future work, and, in the Ap-

pendix, two different approaches for determining one-dimen-

sional steady-state temperature distributions. 

The next section will provide a brief discussion of classical 

MWR, focusing on the integral heat balance method. 

2. Classic MWRs in heat conduction problems 

MWRs are widely used for approximate solutions to boundary 

and initial-boundary problems of heat conduction. The govern-

ing heat conduction equation is: 

 𝑐(𝑇)𝜌(𝑇)
𝜕𝑇

𝜕𝑡
= ∇ ⋅ [𝑘(𝑇)∇𝑇] + 𝑞̇𝑣. (1) 

The boundary conditions and initial conditions are known. 

The initial condition is as follows: 
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 𝑇|𝑡=0 = 𝑇0(𝑥, 𝑦, 𝑧). (2) 

The approximate solution T of Eq. (1) satisfying the bound-

ary conditions is sought in the form: 

 𝑇̃ = 𝑇̃[𝑥, 𝑦, 𝑧, 𝑎1(𝑡), . . . , 𝑎𝑛(𝑡), 𝑡]. (3) 

The parameters a1(t), …, an(t) are determined using the 

WRM method from the following system of equations: 

 ∫ {𝑐(𝑇̃)(𝑇̃)
𝜕𝑇̃

𝜕𝑡
− ∇ ⋅ [𝑘(𝑇̃)∇𝑇̃] − 𝑞̇𝑣} 𝑊𝑖𝑑𝑉 = 0

Ω
,  

 𝑖 = 1, . . . , 𝑛. (4) 

The initial values of parameters a1(0),…, an(0) are deter-

mined from the solution of the following system of algebraic 

equations: 

 ∫ {𝑇̃[𝑥, 𝑦, 𝑧, 𝑎1(0), . . . , 𝑎𝑛(0)] − 𝑇0(𝑥, 𝑦, 𝑧)}
Ω

 𝑊𝑖𝑑𝑉 = 0,  

 𝑖 = 1, . . . , 𝑛. (5) 

A system of ordinary differential equations or algebraic 

equations from which the unknown coefficients ai are deter-

mined consists of n equations. In practical applications, the un-

known parameters a1,…, an are independent of time. 

Depending on the weighting factor Wi, several MWRs [1] 

can be distinguished, such as the heat balance method, when  

W1 = 1 and Wi  = 0 for i = 2, …, n; the moment method, when 

for one-dimensional problems Wi = xi, i = 0, …, n; the Galerkin 

method when Wi = 𝜕𝑇̃ 𝜕𝑎𝑖⁄ , i = 1, …, n; the least squares 

method, the collocation method, and the subdomain method. 

The weighting factors should be simple, and their number small, 

as the work involved in deriving the analytical form of the func-

tion for calculating the temperature field is usually considerable. 

The simplest MRW is the heat balance method, in which the 

equation of transient heat conduction is integrated over volume, 

as the weighting factor is equal to unity: 

 ∫ [𝑐(𝑇̃)(𝑇̃)
𝜕𝑇̃

𝜕𝑡
= ∇ ⋅ [𝑘(𝑇̃)∇𝑇̃] + 𝑞̇𝑣] 𝑑𝑉 = 0

Ω
. (6) 

Green's theorem [21,22] was used to transform Eq. (6): 

 ∫ ∇ ⋅ [𝑘(𝑇̃)∇𝑇̃]
Ω

𝑑𝑉 = ∫ 𝑘(𝑇̃)
𝜕𝑇̃

𝜕𝑛
 𝑑𝐴

Г
, (7) 

where Γ denotes the boundary of the domain Ω, and 𝜕𝑇̃ 𝜕𝑛⁄  is 

the derivative in the direction normal to the surface of the ana-

lysed domain. 

Substituting Eq.(7) into Eq.(6) gives:  

 ∫ 𝑐(𝑇̃)
Ω

𝜌(𝑇̃)
𝜕𝑇̃

𝜕𝑡
𝑑𝑉 = ∫ 𝑘(𝑇̃)

𝜕𝑇̃

𝜕𝑛
𝑑𝐴 +

Γ
∫ 𝑞̇𝑣Ω

𝑑𝑉. (8) 

Analysis of Eq. (8) shows that in the case of temperature-

dependent thermal conductivity, the accuracy of determining the 

temperature field is low, as thermal conductivity is calculated 

only at the temperature of the boundary of the analysed area. 

If the temperature field is determined in a small cell, such as 

in FEM or the hybrid FVM-FEM method [23], Eq. (8) provides 

good accuracy, as the temperature difference inside the element 

is small. The FVM-FEM method is used in commercial pro-

grammes STAR-CCM+CFD [24] and ANSYS-FLUENT [25] 

for modelling heat transfer processes. When determining the 

temperature field in bodies with temperature- or position-de-

pendent thermal conductivity and large dimensions without dis-

cretisation, it is better to use the Galerkin or moment method. 

This can be demonstrated by transforming Eq. (4), in which the 

weight factor differs from one. The following equality was used 

to transform Eq. (4): 

 𝑊𝑖∇ ⋅ [𝑘(𝑇̃)∇𝑇̃] = ∇ ⋅ [𝑊𝑖𝑘(𝑇̃)∇𝑇̃] − ∇𝑊𝑖 ⋅ [𝑘(𝑇̃)∇𝑇̃]. (9) 

Considering Eq. (9) in Eq. (4) results in: 

 ∫ {𝑐(𝑇̃)𝜌(𝑇̃)
𝜕𝑇̃

𝜕𝑡
𝑊𝑖 − ∇ ⋅ [𝑊𝑖𝑘(𝑇̃)∇𝑇̃] +

Ω
  

 +∇𝑊𝑖 ⋅ [𝑘(𝑇̃)∇𝑇̃] − 𝑞̇𝑣𝑊𝑖}𝑑𝑉 = 0, (10) 

 𝑖 = 1, … , 𝑛.  

The second term in Eq. (10) was transformed using Green's 

theorem: 

 ∫ ∇ ⋅ [𝑊𝑖𝑘(𝑇̃)∇𝑇̃]
Ω

𝑑𝑉 = ∫ 𝑊𝑖𝑘(𝑇̃)∇𝑇̃ ⋅ 𝒏
Γ

𝑑𝐴. (11) 

Considering that: 

 ∇𝑇̃ ⋅ 𝒏 =
𝜕𝑇̃

𝜕𝑛
, (12) 

Eq. (10) can be written as: 

 ∫ {𝑐(𝑇̃)𝜌(𝑇̃)
𝜕𝑇̃

𝜕𝑡
𝑊𝑖+∇𝑊𝑖 ⋅ [𝑘(𝑇̃)∇𝑇̃] − 𝑞̇𝑣𝑊𝑖}𝑑𝑉 =

Ω
  

 =∫ 𝑊𝑖𝑘(𝑇̃)
𝜕𝑇̃

𝜕𝑛
𝑑𝐴

Γ
, (13) 

 𝑖 = 1, … , 𝑛.  

Comparing Eq. (13) with Eq. (8), it can be seen that Eq. (13) 

is derived with the weight factor Wi = Wi(x, y, z). There is a term: 

 ∫ ∇𝑊𝑖 ⋅ [𝑘(𝑇̃)∇𝑇̃]𝑑𝑉
Ω

, (14) 

taking into account the temperature-dependent thermal conduc-

tivity throughout the analysed domain Ω, and not only at the 

edge Г of the domain Ω. This can also be seen in the example of 

MRW used to determine the one-dimensional heat conduction 

equation while utilising the concept of heat penetration depth 

δ(t), for which Eq. (13) takes the following form: 

 ∫ [𝑐(𝑇̃)𝜌(𝑇̃)
𝜕𝑇̃

𝜕𝑡
𝑊𝑖 + 𝑘(𝑇̃)

𝜕𝑊𝑖

𝜕𝑥

𝜕𝑇̃

𝜕𝑥
− 𝑞̇𝑣𝑊𝑖]

𝛿

0
𝑑𝑥 =  

 = 𝑊𝑖 𝑘(𝑇̃)
𝜕𝑇̃

𝜕𝑥
|

𝑥=𝛿
− 𝑊𝑖 𝑘(𝑇̃)

𝜕𝑇̃

𝜕𝑥
|

𝑥=0
, (15) 

 𝑖 = 1, … , 𝑛,  

where Wi = Wi(x). 

It should be noted that in Eq. (15), the temperature distribu-

tion is approximated by the function 𝑇̃ = 𝑇̃[x, δ(t), a2, …, an], 

since a1 = δ(t). Analysis of Eq. (15) reveals that the second term 

in the integral accounts for changes in thermal conductivity 

throughout the entire analysed domain, rather than just at the 

boundary, as is the case in classical HBIM [9], where there is 

only one weighting coefficient W1 = 1. 
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For this reason, the method of moments or Galerkin's method 

gives better results for temperature or space-dependent thermal 

conductivity than HBIM given by Eq. (8). However, the method 

of moments and Galerkin's method involve more work in deter-

mining the coefficients a1, …, an. 

3. Alternative formulation of MWRs 

in heat conduction problems 

It was shown in Appendix that the steady-state temperature dis-

tribution in a solid can be determined using the equation of en-

ergy conservation or Fourier's law. Following the same line of 

thought, an alternative formulation of MWR for solving heat 

conduction problems based on Fourier's law has been proposed: 

 ∫ [𝒒̃̇ + 𝑘(𝑇̃)𝛻𝑇̃] ⋅ 𝐖𝐢𝑑𝑉 = 0,
Ω

  𝑖 = 1, … , 𝑛, (16) 

where: 𝐪̇ = (𝑞̇𝑥 , 𝑞̇𝑦 , 𝑞̇𝑧)  heat flux vector, T = (𝜕𝑇/𝜕𝑥,

𝜕𝑇/𝜕𝑦, 𝜕𝑇/𝜕𝑧)  gradient of T, and Wi = (Wx,i, Wy,i, Wz,i)  
weighting factor. 

The heat flux vector 𝐪̃̇ is determined from the energy con-

servation equation: 

 𝑐(𝑇̃)𝜌(𝑇̃)
𝜕𝑇̃

𝜕𝑡
= −∇ ⋅ 𝐪̃̇ + 𝑞̇𝑣. (17) 

Equations (16) and (17) take the following form in the Car-

tesian coordinate system: 

 ∫ {[𝑞̃̇𝑥 + 𝑘(𝑇̃)
𝜕𝑇̃

𝜕𝑥
] 𝑊𝑥,𝑖 + [𝑞̃̇𝑦 + 𝑘(𝑇̃)

𝜕𝑇̃

𝜕𝑦
] 𝑊𝑦,𝑖 +

Ω
  

 + [𝑞̃̇𝑧 + 𝑘(𝑇̃)
𝜕𝑇̃

𝜕𝑧
] 𝑊𝑧,𝑖}  𝑑𝑥𝑑𝑦𝑑𝑧 = 0, (18) 

 𝑖 = 1, … , 𝑛,  

 𝑐(𝑇̃)𝜌(𝑇̃)
𝜕𝑇̃

𝜕𝑡
= −

𝜕𝑞̃̇𝑥

𝜕𝑥
−

𝜕𝑞̃̇𝑦

𝜕𝑦
−

𝜕𝑞̃̇𝑧

𝜕𝑧
+ 𝑞̇𝑣. (19) 

The components 𝑞̃̇𝑥, 𝑞̃̇𝑦, 𝑞̃̇𝑧 of heat flux are determined re-

spectively from the energy conservation equation written in the 

following forms: 

 𝑐(𝑇̃)𝜌(𝑇̃)
𝜕𝑇̃

𝜕𝑡
= −

𝜕𝑞̃̇𝑥

𝜕𝑥
+

𝜕

𝜕𝑦
[𝑘(𝑇̃)

𝜕𝑇̃

𝜕𝑦
] +

𝜕

𝜕𝑧
[𝑘(𝑇̃)

𝜕𝑇̃

𝜕𝑧
] + 𝑞̇𝑣,  

(20) 

 𝑐(𝑇̃)𝜌(𝑇̃)
𝜕𝑇̃

𝜕𝑡
=

𝜕

𝜕𝑥
[𝑘(𝑇̃)

𝜕𝑇̃

𝜕𝑥
] −

𝜕𝑞̃̇𝑦

𝜕𝑦
+

𝜕

𝜕𝑧
[𝑘(𝑇̃)

𝜕𝑇̃

𝜕𝑧
] + 𝑞̇𝑣,  

(21) 

 𝑐(𝑇̃)𝜌(𝑇̃)
𝜕𝑇̃

𝜕𝑡
=

𝜕

𝜕𝑥
[𝑘(𝑇̃)

𝜕𝑇̃

𝜕𝑥
] +

𝜕

𝜕𝑦
[𝑘(𝑇̃)

𝜕𝑇̃

𝜕𝑦
] −

𝜕𝑞̃̇𝑧

𝜕𝑧
+ 𝑞̇𝑣.  

(22) 

After determining the derivative 𝜕𝑞̃̇𝑥/𝜕𝑥 from Eq. (20) and 

then integrating it with respect to x, the following expression for 

calculation 𝑞̃̇𝑥 is obtained: 

 𝑞̃̇𝑥 = ∫ {−𝑐(𝑇̃)𝜌(𝑇̃)
𝜕𝑇̃

𝜕𝑡
+

𝜕

𝜕𝑦
[𝑘(𝑇̃)

𝜕𝑇̃

𝜕𝑦
] +  

 +
𝜕

𝜕𝑧
[𝑘(𝑇̃)

𝜕𝑇̃

𝜕𝑧
] + 𝑞̇𝑣}dx+𝐶𝑥. (23) 

The components 𝑞̃̇𝑦 and 𝑞̃̇𝑧 were determined in a similar 

manner: 

 𝑞̃̇𝑦 = ∫ {−𝑐(𝑇̃)𝜌(𝑇̃)
𝜕𝑇̃

𝜕𝑡
+

𝜕

𝜕𝑥
[𝑘(𝑇̃)

𝜕𝑇̃

𝜕𝑥
] +  

 +
𝜕

𝜕𝑧
[𝑘(𝑇̃)

𝜕𝑇̃

𝜕𝑧
] + 𝑞̇𝑣}dy+𝐶𝑦, (24) 

 𝑞̃̇𝑧 = ∫ {−𝑐(𝑇̃)𝜌(𝑇̃)
𝜕𝑇̃

𝜕𝑡
+

𝜕

𝜕𝑥
[𝑘(𝑇̃)

𝜕𝑇̃

𝜕𝑥
] +  

 +
𝜕

𝜕𝑦
[𝑘(𝑇̃)

𝜕𝑇̃

𝜕𝑦
] + 𝑞̇𝑣}dz+𝐶𝑧. (25) 

The constants Cx, Cy, and  Cz in Eqs. (23)−(25) are determined 

from boundary conditions. After substituting the heat flux com-

ponents 𝑞̃̇𝑥, 𝑞̃̇𝑦 and 𝑞̃̇𝑧, defined by Eqs. (23)−(25) into Eq. (18), 

a system of n first-order ordinary equations for transient prob-

lems, from which the desired parameters appearing in the ap-

proximate solution 𝑇̃(𝑥, 𝑦, 𝑧, 𝑡) are determined. If a steady-state 

problem is considered, Eq. (18) yields a system of n algebraic 

equations, from which the unknown parameters appearing in the 

approximate solution are determined. 

When determining a one-dimensional transient temperature 

field in the 1D-region [𝑥1, 𝑥2], the system of Eq. (16) takes the 

following form: 

 ∫ [𝑞̃̇ + 𝑘(𝑇̃)
𝜕𝑇̃

𝜕𝑥
]

𝑥2

𝑥1
𝑊𝑖𝑑𝑥 = 0,      𝑖 = 1, … , 𝑛. (26) 

The heat flux 𝑞̃̇ in Eq.(26) is determined from Eq.(23), which 

in this case takes the following form: 

 𝑞̃̇ = ∫ [−𝑐(𝑇̃)𝜌(𝑇̃)
𝜕𝑇̃

𝜕𝑡
+ 𝑞̇𝑣] 𝑑𝑥 + 𝐶𝑥, (27) 

where 𝑞̃̇ = 𝑞̃̇𝑥 is the x-component of the vector 𝐪̃̇. 

If the concept of heat penetration depth 𝑎1 = 𝛿(𝑡) with  

𝑎2 = 0, . . . , 𝑎𝑛 = 0, and adopting W1 = 1 and Wi = 0 for  

I = 2, …, n in order to approximate the temperature distribution 

in a half-space whose surface x = 0 is heated or cooled, then the 

system of Eq. (26) is reduced to a single equation: 

 ∫ [𝑞̃̇ + 𝑘(𝑇̃)
𝜕𝑇̃

𝜕𝑥
]

𝛿(𝑡)

0
𝑑𝑥 = 0. (28) 

Equation (28) is a counterpart to the classic HBIM method 

proposed by Goodman [9]. It should be expected that the ap-

proximate temperature profile determined using Eq. (28) will be 

more accurate for temperature-dependent conductivity than the 

temperature profile determined using the classical HBIM. In the 

classical HBIM, given by Eq. (8), in the heat balance equation 

for the analysed area, thermal conductivity is calculated only at 

the boundary temperature of the area, while in Eq. (28) the var-

iability k(T) is taken into account throughout the entire area. It 

should be noted that the classical HBIM method is obtained 

from Eq.(15) by assuming W1 = 1, W2 = W3 =, …, = Wn = 0. 

The proposed method, as given by Eqs. (28) and (27), is re-

ferred to as the heat flux integral method (HFIM). The advantage 

of HFIM over HBIM is its greater accuracy in solving heat con-

duction problems, especially for bodies with position- or tem-

perature-dependent thermal conductivity. HFIM applied to one-

dimensional heat conduction problems is characterised by a high 

degree of transparency in the derivation of formulas for calcu-
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lating transient temperature distributions and requires little more 

work than HBIM given by Eq. (8), which is formulated for the 

heat conduction equation. 

Section 4 presents the application of the HFIM, HBIM and 

FVM methods to determine the transient temperature field in 

a plate and in a straight fin of constant thickness, taking into ac-

count the linear dependence of the thermal conductivity on tem-

perature. The fin efficiency was also determined using the three 

methods mentioned above: HBIM, HFIM and FVM. 

4. Examples of application of HFIM and HBIM 

for determining the temperature distributions 

in a plate and fin with temperature-dependent 

thermal conductivity 

First, the transient temperature distribution in a plate with tem-

perature-dependent thermal conductivity will be determined us-

ing three different methods, HBIM, HIFM and FEM.  

 

4.1. Transient temperature distribution in a plate with 

temperature-dependent thermal conductivity 

The thermal conductivity of the plate k(T) is linearly dependent 

on temperature, and the density   and specific heat c are con-

stant. The initial temperature of the plate is constant and equals 

0T . The front surface of the plate with coordinate x = 0 for time 

t > 0 is constant and equals Ts > T0, i.e., the change in the tem-

perature of the plate surface is described by the Heaviside step 

function. The rear surface of the plate is thermally insulated. The 

transient temperature distribution in the plate is determined us-

ing the non-linear heat conduction equation: 

 
𝜕𝜃

𝜕Fo
=

𝜕

𝜕𝑋
[𝐾(𝜃)

𝜕𝜃

𝜕𝑋
],  

 0 < Fo, (29) 

 0 ≤ 𝑋 ≤ 1.  

The dimensionless thermal conductivity is: 

 𝐾(𝜃) = 1 + 𝛽𝜃. (30) 

Equation (29) is subject to the following boundary condi-

tions: 

 𝜃|𝑋=0 = 1, (31) 

 
𝜕𝜃

𝜕𝑋
|

𝑋=1
= 0, (32) 

and the initial condition: 

 𝜃|Fo=0 = 0. (33) 

In Eqs. (29)−(33), the following symbols are used: 𝜃 =
𝑇−𝑇0

𝑇𝑠−𝑇0
, 

Fo =
𝛼0𝑡

𝐿2 , 𝑋 =
𝑥

𝐿
, 𝐾 =

𝑘

𝑘0
= 1 + 𝛽𝜃, 𝑘0 = 𝑘(𝑇0), 𝛼0 =

𝑘0

𝑐𝜌
, and  

𝛽 is a constant. 

The unsteady temperature distribution in the slab was deter-

mined using HFIM, HBIM and FVM in conjunction with the 

method of lines [26]. 

4.1.1. Determination of the unsteady temperature 

distribution in the plate using the HFIM method 

If the concept of heat penetration depth is used, the plate heating 

process is divided into two phases (Fig. 1). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The depth of heat penetration in the first phase is less than 

the thickness of the plate, and from the beginning of the second 

phase, the temperature of the rear surface of the plate increases 

(Fig. 1). In the first phase of heat penetration, when the depth of 

heat penetration δ(t) is less than or equal to the wall thickness L, 

the temperature distribution is approximated by a quadratic pol-

ynomial with respect to X: 

 𝜃̃𝐼 = 𝑎𝑋2 + 𝑏𝑋 + 𝑐,              0 ≤ 𝑋 ≤ 𝛿∗, (34) 

where δ* = δ/L. 

The constants a, b and c are determined from the boundary 

condition (31) and from the conditions of zero temperature and 

heat flux at the point X = δ*: 

 𝜃̃𝐼|
𝑋=𝛿∗ = 0, (35) 

 
𝜕𝜃̃𝐼

𝜕𝑋
|

𝑋=𝛿∗
= 0. (36) 

After determining the constants in Eq. (34) from boundary 

conditions (31), (35) and (36), and substituting them back into 

Eq. (34), the following temperature distribution is obtained: 

 𝜃̃𝐼 = (1 −
𝑋

𝛿∗)
2

,       0 ≤ 𝑋 ≤ 𝛿∗, (37) 

 𝜃̃𝐼 = 0,           𝛿∗ ≤ 𝑋 ≤ 1. (38) 

The dimensionless heat flux is determined using Eq. (27) 

written in dimensionless form with 𝑞̇𝑣 = 0: 

 𝑞̃̇∗
𝐼

= − ∫
𝜕𝜃̃𝐼

𝜕Fo
𝑑𝑋 + 𝐶. (39) 

Considering that: 

 
𝜕𝜃̃𝐼

𝜕Fo
= 2 (1 −

𝑋

𝛿∗)
𝑋

(𝛿∗)2

𝑑𝛿∗

𝑑Fo
, (40) 

 

Fig. 1. Temperature distribution in the first and second phases  

of heat penetration. 
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and determining a constant C in Eq. (39) from the condition: 

 𝑞̃̇∗|
𝑋=𝛿∗ = 0, (41) 

the following is obtained from Eq. (39): 

 𝑞̃̇∗
𝐼

= [(1 −
𝑋

𝛿∗)
2

−
2

3
(1 −

𝑋

𝛿∗)
3

]
𝑑𝛿∗

𝑑Fo
=  

 =   [
1

3
− (

𝑋

𝛿∗)
2

+
2

3
(

𝑋

𝛿∗)
3

]
𝑑𝛿∗

𝑑Fo
. (42) 

According to HFIM, the dimensionless heat penetration 

depth δ* = δ/L is determined from Eq. (28) written in dimension-

less form, which in this case is: 

 ∫ [𝑞̃̇∗
𝐼

+ 𝐾(𝜃̃𝐼)
𝜕𝜃̃𝐼

𝜕𝑋
]

𝛿∗

0
𝑑𝑋 = 0. (43) 

After substituting Eqs. (37), (38), and Eq. (42) into Eq. (43) 

and taking into account that 𝐾(𝜃̃𝐼) = 1 + 𝛽𝜃̃𝐼, the following 

equation is obtained for determination of δ*: 

 
𝑑𝛿∗

𝑑Fo
=

3(2+𝛽)

𝛿∗ . (44) 

The solution of Eq. (44) with initial condition: 

 𝛿∗|Fo=0 = 0 (45) 

has the following form: 

 𝛿∗ = √6(2 + 𝛽)Fo. (46) 

The first phase of heat penetration ends when δ* = 1. The 

value of the Fourier number Fo1 at which the first phase of heat 

penetration ends and the second phase begins is determined 

from Eq. (46) after substitution δ* = 1: 

 Fo1 =
1

6(2+𝛽)
. (47) 

Next, the temperature distribution in the plate during the sec-

ond phase of heat penetration was determined. 

During the second phase of heat penetration (Fig. 1), the tem-

perature distribution 𝜃̃𝐼𝐼(𝑋, 𝐹𝑜)in the plate was approximated by 

a second-degree polynomial of X: 

 𝜃̃𝐼𝐼 = 𝑔𝑋2 + 𝑓𝑋 + 𝑒,        0 ≤ 𝑋 ≤ 1,         Fo1 ≤ Fo, (48) 

where the symbols e, f, and g denote coefficients. After deter-

mining the coefficients f and e from boundary conditions, given 

by Eq. (35) and Eq. (36), and substituting them back into  

Eq. (48), one gets: 

 𝜃̃𝐼𝐼 = 𝑔𝑋2 − 2𝑔𝑋 + 1,        0 ≤ 𝑋 ≤ 1,        Fo1 ≤ Fo. (49) 

The constant g in Eq. (49) was determined using HFIM. 

To determine the function g(Fo) in the assumed temperature 

profile, HFIM is used, which in the second phase of heat pene-

tration has the following form: 

 ∫ [𝑞̃̇∗
𝐼𝐼

+ 𝐾(𝜃̃𝐼𝐼)
𝜕𝜃̃𝐼𝐼

𝜕𝑋
]

1

0
𝑑𝑋 = 0. (50) 

The dimensionless heat flux is determined by using Eq. (27) 

written in dimensionless form with 𝑞̇𝑣 = 0: 

 𝑞̃̇∗
𝐼𝐼

= − ∫
𝜕𝜃̃𝐼𝐼

𝜕Fo
𝑑𝑋 + 𝐶. (51) 

Considering that: 

 
𝜕𝜃̃𝐼𝐼

𝜕Fo
= (𝑋2 − 2𝑋)

𝑑𝑔

𝑑Fo
, (52) 

and determining a constant C in Eq. (51) from the condition: 

 𝑞̃̇∗|
𝑋=1

= 0 (53) 

the following is obtained from Eq. (51): 

 𝑞̃̇∗
𝐼𝐼

= − (
1

3
𝑋3 − 𝑋2 +

2

3
)

𝑑𝑔

𝑑Fo
. (54) 

Considering the temperature profile 𝜃̃𝐼𝐼 given by Eq. (49), 

the second term in Eq. (50) can be derived: 

 𝐾(𝜃̃𝐼𝐼)
𝜕𝜃̃𝐼𝐼

𝜕𝑋
= 2𝑔[1 + 𝛽(𝑔𝑋2 − 2𝑔𝑋 + 1)](𝑋 − 1) =  

 = 2𝑔(𝑋 − 1) + 2𝑔𝛽(𝑋 − 1)(𝑔𝑋2 − 2𝑔𝑋 + 1). (55) 

Substituting Eq. (54) and Eq. (55) into Eq. (50) and perform-

ing integration gives the following differential equation: 

 
5

𝑔[6𝛽𝑔−12(1+𝛽)]

𝑑𝑔

𝑑Fo
= 1. (56) 

Equation (56) is subject to the following initial condition at 

the beginning of the second phase of heat penetration: 

 𝑔(Fo)|Fo=Fo1
= 1. (57) 

The solution to Eq. (56) with the initial condition (57) is: 

 𝑙𝑛
(𝛽+2)𝑔

−𝛽𝑔+2𝛽+2
= −𝜇2(𝐹𝑜 − Fo1),        Fo ≥ Fo1, (58) 

where 

 𝜇2 =
12(1+𝛽)

5
. (59) 

Solving the algebraic Eq. (58) for g yields: 

 𝑔(Fo) =
2(1+𝛽) 𝑒𝑥𝑝[−𝜇2(Fo−Fo1)]

2+𝛽+𝛽 𝑒𝑥𝑝[−𝜇2(Fo−Fo1)]
 ,         Fo ≥ Fo1. (60) 

Analysis of Eq. (49) shows that the function g(Fo) has a phy-

sical interpretation, since the temperature of the rear surface of 

the plate is: 

 𝜃|𝑋=1 = 1 − 𝑔,             Fo ≥ Fo1. (61) 

4.1.2. Determination of the transient temperature 

distribution in the plate using the HBIM method 

In HBIM, the heat conduction Eq. (29) is integrated. In the first 

phase of heat penetration, the depth of heat penetration δ*(Fo) is 

determined from the equation: 

 ∫
𝜕𝜃̃𝐼

𝜕Fo
𝑑𝑋 = ∫

𝛿∗

0

𝜕

𝜕𝑋
[𝐾(𝜃̃𝐼)

𝜕𝜃̃𝐼

𝜕𝑋
]

𝛿∗

0
𝑑𝑋,       0 ≤ 𝑋 ≤ 1. (62) 

Using the Leibniz integral rule [22] for differentiation of 

a definite integral at the left side of Eq.(62) and integrating the 

right side of Eq. (62) gives: 

https://mathworld.wolfram.com/DefiniteIntegral.html
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𝑑

𝑑Fo
∫ 𝜃̃𝐼𝑑𝑋 = 𝐾(𝜃̃𝐼)

𝜕𝜃̃𝐼

𝜕𝑋
|𝑋 = 𝛿∗ − 𝐾(𝜃̃𝐼)

𝜕𝜃̃𝐼

𝜕𝑋
|𝑋 = 0

𝛿∗

0
. (63) 

Due to condition (36), the first term on the right-hand side of 

Eq. (63) is equal to zero, and Eq. (63) simplifies to the form: 

 
𝑑

𝑑Fo
∫ 𝜃̃𝐼𝑑𝑋 = −𝐾(𝜃̃𝐼)

𝜕𝜃̃𝐼

𝜕𝑋
|𝑋 = 0

𝛿∗

0
. (64) 

After considering Eqs. (37) and (38) in the heat balance 

equation (64), one obtains: 

 
𝑑

𝑑Fo
∫ (1 −

𝑋

𝛿∗)
2

𝑑𝑋 = −(1 + 𝛽) (
−2

𝛿∗ )
𝛿∗

0
. (65) 

After determining the integral in Eq. (65), a differential 

equation is obtained, which, after integration with the initial 

condition (45), gives the following result: 

 𝛿∗ = √12(1 + 𝛽)Fo. (66) 

The first phase of heat penetration ends when the depth of 

heat penetration δ equals the wall thickness L. The Fourier num-

ber Fo1 at which the first phase of heat penetration ends and the 

second phase begins is obtained by assuming δ* = 1 in Eq. (66). 

Substituting δ* = 1 into Eq. (66) gives: 

 Fo1 =
1

12(1+𝛽)
. (67) 

Next, the temperature distribution in the second phase of 

heat penetration was determined. The temperature distribution 

in the second phase is given by the function (49). The unknown 

parameter g(t) was determined by HBIM using the following 

equation: 

 ∫ {
𝜕𝜃̃𝐼𝐼

𝜕Fo
−

𝜕

𝜕𝑋
[𝐾(𝜃̃𝐼𝐼)

𝜕𝜃̃𝐼𝐼

𝜕𝑋
]} 𝑑𝑋 =

1

0
0,       0 ≤ 𝑋 ≤ 1. (68) 

The following heat balance equation is obtained from the in-

tegral (68), taking into account Eq. (32): 

 
𝑑

𝑑Fo
∫ 𝜃̃𝐼𝐼𝑑𝑋 = −𝐾(𝜃̃𝐼𝐼)

𝜕𝜃̃𝐼𝐼

𝜕𝑋
|𝑥 = 0,         

1

0
 0 ≤ 𝑋 ≤ 1. (69) 

After substituting Eq. (49) into Eq. (69) and performing the 

calculations, the following differential equation is obtained for 

g(Fo): 

 
𝑑𝑔

𝑑𝐹𝑜
= −3(1 + 𝛽). (70) 

Integrating Eq. (70) with initial condition (57) gives: 

 𝑔(Fo) = 𝑒𝑥𝑝[−𝜇1
2(Fo − Fo1)] ,           Fo1 ≤ Fo, (71) 

where: 

 𝜇1
2 = 3(1 + 𝛽),         Fo1 =

1

12(1+𝛽)
. (72) 

To assess the accuracy of temperature distributions deter-

mined using the HFIM and HBIM methods, the transient tem-

perature distribution in the plate was calculated using the 

method of lines, where the partial heat conduction equation is 

replaced by a system of first-order ordinary differential equa-

tions. 

4.1.3. Determination of the unsteady temperature distribu-

tion in the plate using FVM in conjunction with the method 

of lines 

The method of lines [26] involves replacing a partial differential 

equation with a system of ordinary differential equations, which 

can then be solved using one of the many numerical methods 

available in the literature. The finite volume method (FVM) 

[15,23] was used to replace the transient heat conduction equa-

tion (29) with a system of ordinary differential equations. The 

division of the wall into (n1) finite volumes is shown in Fig. 2. 

The symbol n denotes the number of nodes at which the wall 

temperatures are determined. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

The coordinates of the nodes (Fig. 2) are defined as follows:  

 𝑋𝑖 = 𝑖Δ𝑋,       𝑖 = 0, … , 𝑛, (73) 

where the thickness of a single finite volume is: 

 Δ𝑋 =
1

𝑛−1
. (74) 

Integrating Eq. (29) over the thickness of one control volume 

within the range from (Xi – ΔX/2) to (Xi + ΔX/2) gives:  

 Δ𝑋
𝑑𝜃𝑖

𝑑Fo
=

𝐾(𝜃𝑖+1)+𝐾(𝜃𝑖)

2

𝜃𝑖+1−𝜃𝑖

Δ𝑋
+  

 +
𝐾(𝜃𝑖−1)+𝐾(𝜃𝑖)

2

𝜃𝑖−1−𝜃𝑖

Δ𝑋
, (75) 

 𝑖 = 2, … , 𝑛.  

Considering that: 

 
𝐾(𝜃𝑖+1)+𝐾(𝜃𝑖)

2
= 1 + 𝛽

𝜃𝑖+𝜃𝑖+1

2
, (76) 

and 

 
𝐾(𝜃𝑖−1)+𝐾(𝜃𝑖)

2
= 1 + 𝛽

𝜃𝑖+𝜃𝑖−1

2
. (77) 

Equation (75) can be written as: 

 
𝑑𝜃𝑖

𝑑Fo
= (1 + 𝛽

𝜃𝑖+𝜃𝑖+1

2
)

𝜃𝑖+1−𝜃𝑖

(Δ𝑋)2 +  

 + (1 + 𝛽
𝜃𝑖+𝜃𝑖−1

2
)

𝜃𝑖−1−𝜃𝑖

(Δ𝑋)2 , (78) 

 𝑖 = 2, … , 𝑛.  

 

Fig. 2. Division of the wall into n finite volumes. 
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The boundary condition (31) implies that at node i = 0, the 

temperature is known: 

 𝜃0 = 1. (79) 

For nodes i = 2, …, n − 1, the system of differential equations 

is defined by Eq. (78). The differential equation for node i = n 

contains the temperature θn+1 at the apparent node i = n + 1. It 

can be eliminated using the boundary condition (32). Approxi-

mating the derivative in Eq. (32) by the central difference quo-

tient gives: 

 
𝜃𝑛+1−𝜃𝑛−1

2Δ𝑋
= 0. (80) 

Equation (80) yields: 

 𝜃𝑛+1 = 𝜃𝑛−1. (81) 

Equation (78) has the following form after taking into ac-

count Eq. (81) for i = n: 

 
𝑑𝜃𝑛

𝑑Fo
= 2 (1 + 𝛽

𝜃𝑛−1+𝜃𝑛

2
)

𝜃𝑛−1−𝜃𝑛

(Δ𝑋)2 . (82) 

The system of differential equations consisting of Eqs. (78) 

for i = 1, …, n − 1 and Eq. (82) with consideration of Eq. (79) 

was solved using the fourth-order Runge-Kutta method with the 

following initial condition: 

 𝜃𝑖|𝑡=0 = 0,              𝑖 = 0, … , 𝑛. (83) 

The calculations were performed using n = 51 and a dimen-

sionless time step ΔFo = 0.00005. The transient temperature dis-

tribution in the plate was determined in the dimensionless time 

interval 0 ≤ Fo ≤ 1.0. 

Next, in Subsection 4.2, the temperature distribution and ef-

ficiency of a straight fin with a constant thickness and tempera-

ture-dependent thermal conductivity will be determined. 

4.2. Temperature distribution and efficiency 

of a straight fin with a constant thickness and 

temperature-dependent thermal conductivity 

The steady-state temperature distribution in the fin and its effi-

ciency were determined using HFIM, HBIM and FVM, which 

allowed the accuracy of the solutions obtained using HFIM and 

HBIM to be assessed. The fin shown in Fig. 3, with a thermal 

conductivity that is linearly dependent on temperature, was an-

alysed. 

 

 

 

 

 

 

 

 

 

 

 

 

The symbols in Fig. 3 denote: h – HTC, L – fin height, Tb – 

fin base temperature, Tf – fluid temperature, w – fin thickness, 

x – Cartesian coordinate. 

The governing heat conduction equation in a fin is: 

 
𝑑

𝑑𝑥
[𝑘(𝑇)

𝑑𝑇

𝑑𝑥
] −

2ℎ

𝑤
(𝑇 − 𝑇𝑓) = 0. (84) 

The thermal conductivity of the fin material k(T) is a linear 

function of the fin temperature and is given by the function: 

 𝑘(𝑇) = 𝑘(𝑇𝑓)[1 + 𝛽𝑘(𝑇 − 𝑇𝑓)], (85) 

where the symbol βk denotes a constant. 

Equation (84) is subject to the following boundary condi-

tions: 

 𝑇|𝑥=𝐿 = 𝑇𝑏, (86) 

 
𝜕𝑇

𝜕𝑥
|

𝑥=0
= 0. (87) 

Introducing dimensionless variables: 

 𝜃 =
𝑇−𝑇𝑓

𝑇𝑏−𝑇𝑓
,           𝑋 =

𝑥

𝐿
,          𝑁2 =

2ℎ𝐿2

𝑘(𝑇𝑓)𝑤
  

 𝜀 =
𝑘(𝑇𝑏)−𝑘(𝑇𝑓)

𝑘(𝑇𝑓)
= 𝛽𝑘(𝑇𝑏 − 𝑇𝑓), (88) 

Eqs. (84), (86) and (87) can be written in the following form: 

 
𝑑

𝑑𝑋
[(1 + 𝜀𝜃)

𝑑𝜃

𝑑𝑋
] − 𝑁2𝜃 = 0, (89) 

 𝜃|𝑋=1 = 1, (90) 

 
𝑑𝜃

𝑑𝑋
|

𝑋=0
= 0. (91) 

4.2.1. Determination of temperature distribution 

in a fin using the HBIM method 

 

The temperature distribution is approximated by the function 

[27]: 

 𝜃̃ =
𝑐𝑜𝑠ℎ 𝑁𝑋

𝑐𝑜𝑠ℎ 𝑁
+ 𝐶 (

𝑐𝑜𝑠ℎ2𝑁𝑋

𝑐𝑜𝑠ℎ  2𝑁
−

𝑐𝑜𝑠ℎ 𝑁𝑋

𝑐𝑜𝑠ℎ 𝑁
), (92) 

where C is a constant. 

The constant C was determined using HFIM, i.e., from the 

following equation: 

 ∫ [𝑞̃̇ + (1 + 𝜀𝜃̃)
𝑑𝜃̃

𝑑𝑋
]

1

0
𝑑𝑋 = 0. (93) 

To determine the heat flux, Eq. (89) was written in the form: 

 
𝑑𝑞̃̇

𝑑𝑋
+ 𝑁2𝜃̃ = 0. (94) 

Equation (94) is subject to the following boundary condition 

at the fin tip: 

 𝑞̃̇|
𝑋=0

= 0. (95) 

After substituting the temperature distribution given by  

Eq. (92) into Eq. (94) and integrating this equation, considering 

 

Fig. 3. Straight fin of constant thickness with insulated tip. 
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the boundary condition given by Eq.(95), an expression for the 

heat flux is obtained: 

 𝑞̃̇ = −𝑁 [
𝑠𝑖𝑛ℎ 𝑁𝑋

𝑐𝑜𝑠ℎ 𝑁
+ 𝐶 (

𝑠𝑖𝑛ℎ2𝑁𝑋

2𝑐𝑜𝑠ℎ2𝑁
−

𝑠𝑖𝑛ℎ 𝑁𝑋

𝑐𝑜𝑠ℎ 𝑁
)]. (96) 

The second term under the integral in Eq. (93) is: 

 (1 + 𝜀𝜃̃)
𝑑𝜃̃

𝑑𝑋
= (1 + 𝜀

𝑐𝑜𝑠ℎ 𝑁𝑋

𝑐𝑜𝑠ℎ 𝑁
+ 𝐶𝜀

𝑐𝑜𝑠ℎ 2𝑁𝑋

𝑐𝑜𝑠ℎ 2𝑁
− 𝐶𝜀

𝑐𝑜𝑠ℎ 𝑁𝑋

𝑐𝑜𝑠ℎ 𝑁
) × 

 × (
𝑁 𝑠𝑖𝑛ℎ 𝑁𝑋

𝑐𝑜𝑠ℎ 𝑁
+ 𝐶

2𝑁𝑠𝑖𝑛ℎ2𝑁𝑋

𝑐𝑜𝑠ℎ 2𝑁
− 𝐶

𝑁 𝑠𝑖𝑛ℎ 𝑁𝑋

𝑐𝑜𝑠ℎ 𝑁
). (97) 

After substituting Eq. (96) and Eq. (97) into Eq. (93), the 

following second-degree algebraic equation is obtained to deter-

mine the constant C 

 𝛼𝑐𝐶2 + 𝛽𝑐𝐶 + 𝛾𝑐 = 0. (98) 

The constants , , andc c c   are given by the following ex-

pressions: 

 𝛼𝑐 =
𝜀 𝑠𝑖𝑛ℎ

2 2𝑁

2 𝑐𝑜𝑠ℎ
2 2𝑁

−
𝜀(𝑐𝑜𝑠ℎ 𝑁−1)

𝑐𝑜𝑠ℎ 𝑁 𝑐𝑜𝑠ℎ 2𝑁
−

2𝜀 𝑠𝑖𝑛ℎ
2 𝑁

𝑐𝑜𝑠ℎ 2𝑁
+

𝜀 𝑠𝑖𝑛ℎ
2 𝑁

2 𝑐𝑜𝑠ℎ
2 𝑁

, (99) 

 𝛽𝑐 =
3 𝑠𝑖𝑛ℎ

2 𝑁

2 𝑐𝑜𝑠ℎ 2𝑁
+

𝜀(𝑐𝑜𝑠ℎ 𝑁−1)

𝑐𝑜𝑠ℎ 𝑁 𝑐𝑜𝑠ℎ 2𝑁
+

2𝜀 𝑠𝑖𝑛ℎ
2 𝑁

𝑐𝑜𝑠ℎ 2𝑁
−

𝜀 𝑠𝑖𝑛ℎ
2 𝑁

𝑐𝑜𝑠ℎ
2 𝑁

, (100) 

 𝛾𝑐 =
𝜀 𝑠𝑖𝑛ℎ

2 𝑁

2 𝑐𝑜𝑠ℎ
2 𝑁

. (101) 

A solution to Eq. (98) that makes physical sense is: 

 𝐶 =
−𝛽𝑐+√𝛽𝑐

2−4𝛼𝑐𝛾𝑐

2𝛼𝑐
. (102) 

The fin efficiency η, defined as the ratio of the heat flow rate 

dissipated by the actual fin to the maximum heat flow rate dis-

sipated by an isothermal fin at temperature Tb, is calculated us-

ing the following formula: 

 𝜂 = ∫ 𝜃̃(𝑋)
1

0
𝑑𝑋 =

𝑡𝑎𝑛ℎ 𝑁

𝑁
(1 − 𝐶

𝑡𝑎𝑛ℎ
2 𝑁

1+𝑡𝑎𝑛ℎ
2 𝑁

). (103) 

Next, the temperature distribution in the fin and its efficiency 

will be determined using HBIM. 

4.2.2. Determination of temperature distribution 

in a fin using the HBIM method 

In the case of HBIM, the constant C in Eq. (103) is determined 

using the following equation: 

 ∫ {
𝑑

𝑑𝑋
[(1 + 𝜀𝜃̃)

𝑑𝜃̃

𝑑𝑋
] − 𝑁2𝜃̃}

1

0
𝑑𝑋 = 0. (104) 

After substituting the function 𝜃̃, given by Eq. (92), approx-

imating the temperature distribution in the fin, into Eq. (104), 

and performing the operations, the following formula for calcu-

lating the constant C is obtained: 

 𝐶 =
𝜀 𝑡𝑎𝑛ℎ 𝑁

𝜀 𝑡𝑎𝑛ℎ 𝑁−2(1+𝜀) 𝑡𝑎𝑛ℎ 2𝑁+
1

2
𝑡𝑎𝑛ℎ 2𝑁

. (105) 

4.2.3. Determination of temperature distribution 

in a fin using the FVM method 

The FVM was used to determine the temperature distribution in 

the fin analysed. Examples of application of FVM for calculat-

ing the temperature field in straight and circular fins with con-

stant thermal conductivity are presented in [28]. The division of 

the analysed fin into finite volumes is illustrated in Fig. 4. 

 

 

 

 

 

 

 

 

 

 

 

 

The coordinates of the nodes are defined as follows: 

 𝑋𝑖 = (𝑖 − 1)𝛥𝑋,    𝛥𝑋 = 1/(𝑛 − 1),    𝑖 = 1, … , 𝑛. (106) 

According to the FVM method, Eq. (89) is integrated in the 

range from (Xi – ΔX/2) to (Xi + ΔX/2): 

 ∫ {
𝑑

𝑑𝑋
[(1 + 𝜀𝜃)

𝑑𝜃

𝑑𝑋
] − 𝑁2𝜃}

𝑋𝑖+Δ𝑋/2

𝑋𝑖−Δ𝑋/2
𝑑𝑋 = 0,  

 𝑖 = 1, … , 𝑛 − 1. (107) 

Integrating Eq. (107) gives: 

 [(1 + 𝜀𝜃)
𝑑𝜃

𝑑𝑋
]|

𝑋𝑖+Δ𝑋/2
− [(1 + 𝜀𝜃)

𝑑𝜃

𝑑𝑋
]|

𝑋𝑖−Δ𝑋/2
− 𝑁2𝜃𝑖Δ𝑋 = 0, 

 𝑖 = 1, … , 𝑛 − 1. (108) 

Approximating the derivatives in Eq. (108) by forward dif-

ference quotients, one obtains after transformations: 

 𝜃𝑖 =
1

2+𝜀
𝜃𝑖−1+2𝜃𝑖+𝜃𝑖+1

2
+𝑁2(Δ𝑋)

‧  

 [(1 + 𝜀
𝜃𝑖−1+𝜃𝑖

2
) 𝜃𝑖−1 + (1 + 𝜀

𝜃𝑖+𝜃𝑖+1

2
) 𝜃𝑖+1], (109) 

 𝑖 = 1, … , 𝑛 − 1.  

The equation for the first node is derived taking into account 

the boundary condition (91). Approximating the derivative in 

Eq. (91) with the central difference quotient gives: 

 
𝜃2−𝜃0

2Δ𝑋
= 0. (110) 

It follows from Eq. (110) that: 

 𝜃0 = 𝜃2. (111) 

Considering Eq. (111) in Eq. (109) for i=1 gives: 

 𝜃1 =
2(1+𝜀

𝜃1+𝜃2
2

)𝜃2

2+𝜀(𝜃1+𝜃2)+𝑁2(Δ𝑋)2. (112) 

It follows from Eq. (90) that: 

 

Fig. 4. Division of the fin into finite volumes. 
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 𝜃𝑛 = 1. (113) 

The system of equations consisting of Eq. (112), Eq. (109) 

for i = 2, …, n−1 and Eq. (113) was solved using the Gauss-

Seidel iterative method [15,29]. The temperature in the fin was 

determined at n = 51 nodes, i.e., the fin was divided into 

(n−1) = 50 finite volumes. As a first approximation, it was as-

sumed that the temperature of the fin at all nodes is equal to the 

temperature of the fin base, i.e., 𝜃𝑖
(0)

= 1.0, i = 1, …, n. Then, 

after determining the temperature distribution, the efficiency η 

of the fin is determined  

 𝜂 = ∫ 𝜃𝑑𝑋 =
𝜃1Δ𝑋

2

1

0
+ ∑ 𝜃𝑖Δ𝑋𝑛−1

𝑖=2 +
𝜃𝑛Δ𝑋

2
. (114) 

The rectangle method was used to calculate the integral in 

Eq. (114). 

In Section 5, HFIM and HBIM are compared using the ex-

amples of determining the transient temperature field in a plate 

and the steady-state temperature field in a straight fin of constant 

thickness made of a material with a temperature-dependent ther-

mal conductivity. The temperature distributions and fin effi-

ciency determined by HFIM and HBIM were also compared 

with numerical solutions. 

5. Comparison of temperature distributions in the 

plate and fin obtained by HFIM, HBIM and FVM 

5.1. Comparison of the unsteady temperature 

distribution in the plate obtained by HFIM, HBIM 

and numerical method of lines 

The transient temperature distributions in the plate determined 

using HFIM and HBIM were compared with the numerical so-

lution. The temperature distributions obtained from HFIM and 

HBIM during the first (Figs. 5−7) and second phase (Figs. 8, 9) 

of heat penetration were analysed. Temperature changes across 

the plate thickness are shown in Figs. 5a−7b for the first phase 

of heat penetration at Fourier number values of Fo = 0.004, 0.03, 

0.05, and in Figs. 8, 9 for the second phase at Fo = 0.2 and 0.8. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a)                           b)  

Fig. 5. Temperature distribution in the plate during the first phase of heat penetration for Fo = 0.004. 

a)                          b)  

Fig. 6. Temperature distribution in the plate during the first phase of heat penetration for Fo = 0.03. 



Taler J., Taler D. 
 

36 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

An analysis of results presented in Figs. 5−9 shows that 

HFIM provides more accurate results compared to HBIM. Both 

HFIM and HBIM are more accurate in determining the temper-

ature distribution for β = 0.5 when the thermal conductivity in-

creases with increasing temperature, compared to the case 

β = −0.5 when the thermal conductivity decreases with increas-

ing temperature. The difference between the plate temperature 

calculated numerically θi,num and analytically θi,app using the 

HFIM or HBIM is given by: 

 𝑒𝜃,𝑖 = 𝜃𝑖,𝑛𝑢𝑚 − 𝜃𝑖,𝑎𝑝𝑝 ,          𝑖 = 1, . . . , 𝑛, (115) 

where the symbol n denotes the number of nodes in the thickness 

of the plate (Fig. 2) when determining the transient temperature 

in the plate using the finite volume method (FVM). 

An inspection of the results presented in Figs. 10a–10e 

shows that HFIM proposed in the paper gives more accurate re-

sults than HBIM. The mean-square temperature difference 𝑒̄𝜃 

between the temperature values θi,app calculated by the approxi-

mate analytical method, HFIM or HBIM, and the numerical 

method θi,num was obtained using the formula: 

 𝑒̄𝜃 = √
1

𝑛
∑ 𝑒𝜃,𝑖

2𝑛
𝑖=1 , (116) 

where (n+1) denotes the number of nodes in the thickness of the 

plate (Fig. 2).  

In Table 1, the mean square errors 𝑒̄𝜃 and the maximum er-

rors εθ,max among all n errors calculated using Eqs. (116) and 

(115) are compared for HFIM and HBIM.  

It can be seen from an inspection of Table 1 that both the 

mean square errors 𝑒̄𝜃 and maximum errors εθ,max are signifi-

cantly smaller for the plate temperature determined using HFIM 

than for those determined using HBIM. In the following exam-

ple, the temperature distribution and efficiency of a straight fin 

with a constant thickness and a temperature-dependent thermal 

conductivity were determined using HFIM, HBIM and the 

method of lines. 

a)                          b)  

Fig. 7. Temperature distribution in the plate during the first phase of heat penetration for Fo = 0.05. 

 

Fig. 8. Temperature distribution in the plate during the second phase  

of heat penetration for Fo = 0.2. 

 

Fig. 9. Temperature distribution in the plate during the second phase  

of heat penetration for Fo = 0.8. 
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a)                          b)  

c)                 d)  

e)  

Fig. 10. The difference between the plate temperature calculated numerically θi,num and analytically using HFIM or HBIM;  

a) Fo = 0.004, b) Fo = 0.03, c) Fo = 0.05, d) Fo = 0.2, e) Fo = 0.8. 

Table 1. The mean-square temperature difference 𝑒̄𝜃 between the temperature values θi,num calculated numerically using the method of lines and tempera-

tures θi,app obtained by approximate analytical methods, HFIM or HBIM. 

Fo Method 
𝒆̄𝜽 |𝒆𝜽,𝒎𝒂𝒙| 

β = 0.5  β = −0.5  β = 0.5  β = −0.5  

0.004 
HFIM 0.0068 0.0207 0.2005 0.0780 

HBIM 0.0196 0.0205 0.0652 0.0754 

0.03 
HIFM 0.0113 0.0336 0.0206 0.0278 

HBIM 0.0327 0.0333 0.0641 0.0750 

0.05 
HIFM 0.0129 0.0387 0.0207 0.0786 

HBIM 0.0372 0.0372 0.0664 0.0750 

0.2 
HIFM 0.0316 0.0212 0.0508 0.0353 

HBIM 0.0966 0.0648 0.1638 0.1067 

0.8 
HIFM 0.0060 0.0036 0.0076 0.0061 

HBIM 0.0306 0.0300 0.0446 0.0392 
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5.2. Comparison of the temperature distribution 

in the fin and the fin efficiency obtained by HFIM, 

HBIM and FVM 

Figure 11a shows a comparison of the temperature distribution 

obtained using the analytical approximate HFIM presented in 

the article and using the numerical method FVM. Both methods 

yield nearly identical results, which demonstrates the high accu-

racy of HFIM. Inspection of the results presented in Fig. 11b 

shows that the accuracy of the classical HBIM method is signif-

icantly lower than that of the proposed HFIM method, as the 

differences in fin temperature calculated using FVM and HBIM 

are greater, especially for ε = −0.6 and ε = 0.6. The reason for 

the low accuracy of the HBIM method is that the thermal con-

ductivity K(θ) in the heat balance equation is calculated only at 

the temperature θn of the fin base, i.e. a constant thermal con-

ductivity K(θn) appears in HBIM. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The comparison of the fin efficiency η determined using 

HFIM and HBIM, with the efficiency determined numerically 

using FVM as a function of the coefficient ε for different values 

of the N parameter is presented in Fig. 12.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

The comparison analysis presented in Fig. 12 shows that the 

efficiency values determined using HFIM are significantly more 

accurate than those obtained using the HBIM method. The dif-

ferences between the values η obtained using HBIM and FEM 

are significant, especially for larger values of the coefficient ε. 

To show the differences in fin efficiency ηanal determined us-

ing HFIM or HBIM and fin efficiency ηnum determined using 

FVM, the relative difference eη was calculated: 

 𝑒𝜂 =
𝜂𝑎𝑛𝑎𝑙−𝜂𝑛𝑢𝑚

𝜂𝑛𝑢𝑚
⋅ 100%, (117) 

where ηanal is the fin efficiency determined using the approxi-

mate analytical method HFIM or HBIM, and ηnum denotes the 

fin efficiency determined numerically using the FVM. 

The relative differences eη for HFIM and HBIM are pre-

sented in Figs. 13 and 14, respectively. Figs. 13 and 14 confirm 

the higher accuracy of HFIM compared to HBIM. 

The maximum difference value |𝑒𝜂| for HFIM is approxi-

mately 2.9% (Fig. 13), while for HBIM, it is approximately 13% 

(Fig. 14). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a)       b)  

Fig. 11. Comparison of temperature distributions in the fin determined using approximate analytical methods HFIM and HBIM  

with the temperature distribution determined using the numerical method FVM: a) comparison of temperature distributions  

determined using HFIM and FVM, b) comparison of temperature distributions determined using HBIM and FVM. 

 

Fig.12. Comparison of the efficiency of the fin determined using HFIM 

and HBIM with the efficiency determined numerically using FVM 

as a function of the coefficient ε for different values of parameter N. 

 

Fig. 13. The relative difference between 𝜂𝐻𝐹𝐼𝑀 and  𝜂𝑛𝑢𝑚  

calculated using Eq. (129). 
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6. Conclusions 

This paper presents a new formulation of the method of 

weighted residuals for Fourier's law of heat conduction. In the 

case of one-dimensional heat conduction, when the weighting 

factor equals unity and the concept of a heat penetration depth 

is applied, the method simplifies to the heat flux integral method 

(HFIM) proposed. The paper also presents a comparison of the 

heat balance integral method (HBIM), developed by T.R. Good-

man, with HFIM. In HBIM, the transient heat conduction equa-

tion is integrated with respect to the spatial coordinate, whereas 

in HFIM, Fourier's law is integrated over the spatial coordinate. 

The advantage of HFIM over HBIM is the greater accuracy of 

determining the temperature distribution, especially in bodies 

whose thermal conductivity depends on temperature or position. 

The greater accuracy of the proposed method is illustrated by 

the determination of the transient temperature distribution in  

a plate and the steady-state temperature distribution in the fin, 

both of which involve temperature-dependent thermal conduc-

tivity. The temperature distribution in the plate and fin, as well 

as the fin efficiency, were also determined using the FVM to 

assess the accuracy of the approximate analytical methods em-

ployed in the paper. The advantage of the proposed HFIM is the 

simplicity of the calculation formulas and the ability to deter-

mine the temperature distribution and, if necessary, thermal 

stresses for arbitrarily small times, i.e., at the beginning of the 

heating or cooling process of a body. Due to the short calculation 

time required for computer calculations, the HFIM method can 

be used to calculate the transient temperature field in thermal 

stress monitoring systems for pressure components of boilers 

and turbines. 

7. Future work 

The proposed weighted residual method for Fourier's law will 

be applied to approximate the transient temperature and thermal 

stress distribution in the pressure components of power engi-

neering machinery and equipment. In addition, the application 

of the proposed method for the approximate determination of 

two-dimensional steady-state and transient temperature fields in 

flat, cylindrical and spherical components will be presented. 
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Appendix. Methods for determining one-dimen-

sional steady-state temperature distributions 

in solids  

The purpose of this appendix is to show two different methods 

of determining temperature distributions in solids. In the first 

method, the temperature distribution is determined from the en-

ergy conservation equation, accounting for Fourier's law. In the 

second method, the temperature distribution is determined from 

Fourier's law, and the heat flux is obtained from the energy con-

servation equation. 

In analogy to the second method of determining the temper-

ature distribution, an MWR for Fourier's law has been formu-

lated. The advantage of this approach is that it provides greater 

accuracy in approximating the temperature distribution than the 

classical MWR, while requiring a similar amount of work. 

Two methods for determining steady-state temperature dis-

tributions are presented and illustrated by examples of a cylin-

drical wall (Fig. A.1) and a spherical wall (Fig. A.2). 

In analogy with these methods for determining temperature 

distributions, two MWRs are formulated: the first based on the 

law of energy conservation and the second on Fourier's law. 

The steady-state temperature distribution in a solid is defined 

by the equation of energy conservation: 

 ∇ ⋅ 𝐪̇ = 𝑞̇𝒗. (A.1) 

The symbol 𝑞̇𝒗 denotes the volumetric heat source density in 

W/m3. The heat flux 𝒒̇ is defined by Fourier's law: 

𝐪̇ = −𝑘∇𝑇, (A.2) 

where the symbol k denotes the thermal conductivity in 

W/(m∙K). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
To determine the temperature distribution, it is necessary to 

specify appropriate boundary conditions on the body's surface. 

In one-dimensional heat conduction, the energy conservation 

equation in cylindrical and spherical coordinate systems takes 

the following form: 

 
1

𝑟𝑚

𝑑

𝑑𝑟
(𝑟𝑚𝑞̇) = 𝑞̇𝑣, (A.3) 

where m = 1 for a cylindrical wall and m = 2 for a spherical wall. 

The heat flux q  is given by Fourier’s law:  

 𝑞̇ = −𝑘
𝜕𝑇

𝜕𝑟
. (A.4) 

The temperature distribution is determined in a cylindrical 

and spherical wall under the following boundary conditions: 

 −𝑘
𝜕𝑇

𝜕𝑟
|𝑟 = 𝑟𝑖𝑛 = 𝑞̇𝑖𝑛, (A.5) 

 𝑇|𝑟=𝑟𝑜𝑢𝑡
= 𝑇𝑜𝑢𝑡 . (A.6) 

The heat flux 𝑞̇𝑖𝑛 is specified at the inner surface of the cy-

lindrical or spherical wall, and the temperature Tout is specified 

at the outer surface. The boundary problem (A.3)−(A.6) was 

solved for cylindrical and spherical walls using the above-men-

tioned approaches. In the first method, the temperature distribu-

tion was determined by applying the energy conservation equa-

tion (A.3), taking into account Fourier's law (A.4). In the second 

 

Fig. A.1. Long hollow cylinder subject to heat flux 𝑞̇𝑖𝑛  

at the inner surface and temperature Tout at the outer surface. 

 

 

Fig. A.2. Hollow sphere with prescribed heat flux at the inner surface 

and temperature Tout at the outer surface. 
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method, the temperature distribution was determined by apply-

ing Fourier's law (A.4), taking into account the energy conser-

vation equation (A.3). 

A.1. Determination of the temperature distribution in 

a cylindrical and spherical wall using the first method 

Substituting Fourier's law, given by Eq. (A.4), into Eq. (A.3) 

yields the following heat conduction equation: 

 
1

𝑟𝑚

𝑑

𝑑𝑟
(𝑟𝑚𝑘

𝜕𝑇

𝜕𝑟
) = −𝑞̇𝑣. (A.7) 

Using Eq. (A.7), the temperature distributions in the cylin-

drical wall (m = 1) and spherical wall (m = 2) were determined 

separately: 

 Cylindrical wall (m = 1): 

After multiplying Eq. (A.7) by r and dividing by k on both 

sides and integrating twice, the temperature distribution in 

the wall is obtained: 

 𝑇 = −
1

4

𝑞̇𝑣𝑟2

𝑘
+ 𝐶 𝑙𝑛 𝑟 + 𝐶1. (A.8) 

Determining constants C and C1 from boundary conditions 

(A.5) and (A.6), and then substituting them into the solu-

tion (A.8) gives: 

 𝑇 = 𝑇𝑜𝑢𝑡 +
1

4

𝑞̇𝑣𝑟𝑜𝑢𝑡
2

𝑘
(1 −

𝑟2

𝑟𝑜𝑢𝑡
2 ) +  

 + (
𝑞̇𝑣𝑟𝑖𝑛

2

2𝑘
−

𝑞̇𝑖𝑛𝑟𝑖𝑛

𝑘
) 𝑙𝑛

𝑟

𝑟𝑜𝑢𝑡
 . (A.9) 

 Spherical wall (m = 2): 

Multiplying Eq. (A.7) for m = 2 by r2 and dividing by k and 

then integrating it twice gives: 

 𝑇 = −
1

6

𝑞̇𝑣𝑟2

𝑘
−

𝐶3

𝑟
+ 𝐶4. (A.10) 

After determining constants C3 and C4 from boundary con-

ditions given by Eq. (A.5) and Eq. (A.6) and substituting 

them into Eq.(A.10), one gets: 

 𝑇 = 𝑇𝑜𝑢𝑡 +
1

6

𝑞̇𝑣

𝑘
(𝑟𝑜𝑢𝑡

2 − 𝑟2) +
1

3

𝑞̇𝑣𝑟𝑖𝑛
3

𝑘𝑟𝑜𝑢𝑡
(

1

𝑟𝑜𝑢𝑡
−

1

𝑟
) +  

 +
𝑞̇𝑖𝑛𝑟𝑖𝑛

2

𝑘
(

1

𝑟
−

1

𝑟𝑜𝑢𝑡
). (A.11) 

Next, the temperature distributions in the cylindrical and 

spherical walls were determined using the second method. 

A.2. Determination of the temperature distribution 

in a cylindrical and spherical wall using the second 

method 

In the second method, the temperature distribution is determined 

using Fourier's law (A.4). First, the heat flux is determined from 

Eq. (A.3). After multiplying Eq. (A.3) by rm and integrating it 

on both sides, one gets: 

 𝑞̇ =
𝑞̇𝑣

𝑚+1
𝑟 +

𝐶5

𝑟𝑚. (A.12) 

The boundary condition given by Eq. (A.6) can be written 

as:  

 𝑞̇|𝑟=𝑟𝑖𝑛
= 𝑞̇𝑖𝑛. (A.13) 

Substituting Eq. (A.12) into Eq. (A.13) yields the constant 

C5. Substituting the constant C5 determined in this way into  

Eq. (A.12) gives: 

 𝑞̇ =
𝑞̇𝑣

𝑚+1
𝑟 + (𝑞̇𝑖𝑛𝑟𝑖𝑛

𝑚 −
𝑞̇𝑣

𝑚+1
𝑟𝑖𝑛

𝑚+1)
1

𝑟𝑚. (A.14) 

Substituting Eq. (A.14) into Eq. (A.4) representing Fourier's 

law, the following differential equation is obtained: 

 
𝑑𝑇

𝑑𝑟
= −

𝑞̇𝑣

(𝑚+1)𝑘
𝑟 − (

𝑞̇𝑖𝑛𝑟𝑖𝑛
𝑚

𝑘
−

𝑞̇𝑣

(𝑚+1)𝑘
𝑟𝑖𝑛

𝑚+1)
1

𝑟𝑚. (A.15) 

Equation (A.15) will be used to determine the temperature 

distribution in the cylindrical and spherical walls: 

 Cylindrical wall (m = 1): 

Integrating Eq. (A.15) for m = 1, results in: 

 𝑇 = −
𝑞̇𝑣𝑟2

4𝑘
− (

𝑞̇𝑖𝑛𝑟𝑖𝑛

𝑘
−

𝑞̇𝑣𝑟𝑖𝑛
2

2𝑘
) 𝑙𝑛 𝑟 + 𝐶6. (A.16) 

By determining the constant C6 from the boundary condi-

tion given by Eq. (A.6), Eq. (A.9) is obtained for calculat-

ing the temperature distribution in the cylindrical wall.  

 Spherical wall (m = 2): 

Integrating Eq. (A.15) for m = 2, results in: 

 
2 2 3

7

1

6 3

v in in v inq r q r q r
T C

k k k r

 
     

 
. (A.17) 

By determining the constant C7 from the boundary condi-

tion given by Eq. (A.6), Eq. (A.11) is obtained for calculat-

ing the temperature distribution in the spherical wall.  

Both methods then produce identical formulas for calculat-

ing the temperature distribution.

 


