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The unified theory of n-dimensional complex
and hypercomplex analytic signals

S.L. HAHN* and K.M. SNOPEK

Institute of Radioelectronics, Warsaw University of Technology, 15/19 Nowowiejska St., 00-665 Warszawa, Poland

Abstract. The paper is devoted to the theory of n-D complex and hypercomplex analytic signals with emphasis on the 3-dimensional
(3-D) case. Their definitions are based on the proposed general n-D form of the Cauchy integral. The definitions are presented in signal-
and frequency domains. The new notion of lower rank signals is introduced. It is shown that starting with the 3-D analytic hypercomplex
signals and decreasing their rank by extending the support in the frequency-space to a so called space quadrant, we get a signal having
the quaternionic structure. The advantage of this procedure is demonstrated in the context of the polar representation of 3-D hypercomplex
signals. Some new reconstruction formulas are presented. Their validation has been confirmed using two 3-D test signals: a Gaussian one
and a spherical one.

Key words: complex/hypercomplex analytic signal, hypercomplex Fourier transform, hypercomplex delta distribution.

1. Introduction 2. The complex and hypercomplex
multidimensional analytic functions defined

The theory of complex (CS) and hypercomplex (HS) signals by the Cauchy integral

is a subject of many publications involving mathematicians
and engineers [1-12]. Consider the n-D hypercomplex space C™ of hypercomplex

variables: z = (21, 22,...,2n): 2k = X + Yrer where eg
are imaginary units (in the domain of complex numbers they
are usually denoted as zr = x) + jyx). The space C"™ is a
Cartesian product of complex planes Cj, k = 1,2, ..., n, that
is, C" = C1 x Cy X ... x C,. We define a complex-valued
n-D function f(z), analytic (holomorphic) in the interior of
aregion D" = D1 x Dy X ... x Dy, D™ C C",Dy, C Cy.

The theory of n-D CS with single-orthant spectra is pre-
sented in [9] and [10] The evidence that these signals are
boundary distributions of n-D analytic functions is given
in [11]. This paper extends the evidence for HS which are
boundary distributions of hypercomplex analytic functions.
The case of n=2 has already been explored in [12] where the
theory of 2-D quaternionic HS has been presented. It has been

shown later in [13] that the polar representation of quaternion- Im=
3

ic signals can be derived starting with the polar representation 1
of 2-D CS. Here, we present an attempt to find similar rela- Y 4 ®
tions between polar representations of 3-D CS and HS. The s = e
organization of the paper is as follows. ¥ i
In Sec. 2, we define a new hypercomplex Cauchy integral ) N\ Re:
and show that both n-D CS and HS are boundary distribu- z c,
tions of complex/hypercomplex analytic functions. In Sec. 3,  Fig. 1. The closed contour OD of integration in the complex plane
selected algebras of basis vectors for 3-D octonionic signals (n=1
are presented. The Secs. 4 and 5 are devoted to relation-
ships between complex and hypercomplex 2-D and 3-D an- In [11], it has been shown that n-D analytic signals with

alytic signals. The Octonionic FT is introduced and the oc-  single-orthant spectra are boundary distributions of n-D an-
tonionic signal with a single-octant spectrum is defined. The  alytic functions represented by the n-D Cauchy integral. In
Sec. 6 is devoted to the polar representation of 3-D analyt-  this paper, we propose the unified representation of complex
ic CS and HS. Some relations for the case 2-D are recalled and hypercomplex analytic signals introducing the generalized
and some new results for 3-D signals are presented. In the form of the Cauchy integral:

next Sec. 7 the hypothesis about the polar form of an octo- 1

nionic signal is verified basing on numerical examples. The f(z) = (2mer) (2meq) . . . (2men) ?{

Sec. 8 is the overview of energy properties of analytic sig- dDy 9D, (1)
nals. The last Sec. 9 is the introduction to study of 4-D CS f&,. .., &) dE

and HS. (& =21 (G —2n)
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where 0D, are closed contours in Dy, (see Fig. 1 forn = 1).
For n = 1, inserting e; = j, 21 = z and 9D = 0D we
obtain the well known Cauchy integral

1 [
>—2ﬁj7§ —— @)
oD

In the complex case, all imaginary units in (1) are equal
and usually denoted with j and any order of integration can
be applied. In the general case, if {e;} form the basis of a
non-commutative algebra, the order of integration should be
defined. It can be shown by induction that if (1) is valid for
n — 1, it is also valid for n variables [11]. Therefore, starting
from (2) we can confirm the validity of (1).

It has been shown in [11] that the successive integration of
the classical Cauchy integral yields the following equivalent
two forms of the n-D analytic signal:

7) = o TL Uk fw @} + e fu @), 3
k=1

e () = —u(2) * ﬁ {5 (zx) +81L], @

2n baliet TLL

where [}, is the 1-D identity operator w.r.t. 3 given by

I {u(zp)} = u(zg) 0 (z) = u (zk) (5)
and Hy, is the 1-D Hilbert transformation operator w.r.t. zy:
1
Hi{u(zk)} =u(zg) x — = v (2) . (6)
Tk

Let us note that using of the factor 1/2™ in (3) and (4)
(in order to normalize the energy of a signal) is a matter of
convention.

According to [11], the 1-D analytic signal ¢ (¢t) = u(t) +
e1v(t) is a boundary distribution of the 1-D analytic function
along the 07 side of the real axis of the 2 = x + ey plane
and has the form

V() =I{u} +erH {u} =u(t)* [é(t) +e1%] NG
For n = 2, we have
O (zo,21) = T{u} — H{u} +e1 (Hy {u} + Hy {u}), (8)
that can be written as a product:

Y (z2,21) = (I {u} + er Hy {u}) (I2 {u} + er Hz {u}). (9)

The straightforward generalization of (3) for n-D hyper-
complex signals as boundary distributions of (1) is

= [[ L {u @)} + eiHi {u(z:)}).  (10)
i=1
We also have
P(x) = u(z) * U (z), (11)
where .
H (z;) + e;/ma;] (12)

i=1

is called the n-D hypercomplex delta distribution [14, 15].
Note that the signs of e; in (12) are all positive. As it will
explained in Sec. 4, it corresponds to the spectral support in
the 1°¢ orthant of the frequency space. An appropriate change
of signs defines spectral support in other orthants. The nega-
tive sign of a given e; defines a boundary distribution at the
0~ side of the real axis in Fig. 1 and the integral contour
included in the half-plane Im z < 0.

3. The choice of the algebra of basis vectors

The form of n-D analytic HS defined as boundary distribu-
tions of the analytic function (1) is not unique and depends
on the algebra of basis vectors {ey, e, ..., e,}. In this paper,
we apply the Cayley-Dickson algebra [16, 17]. For n = 3,
we have the non-commutative and non-associative algebra
of octonions satisfying multiplication rules presented in Ta-
ble 1'. We have e;e; = —eje; and e;(ejer) = —(esej)ek.
Table 2 shows that each e; has three different representations
e; = ejeg (—e; = exej).

Table 1
Cayley multiplication table, n = 3

X 1 el e es €4 es (<13] er
1 1 el e2 es eq es eq er
el el -1 es —e es —eq —er eg
e2 e2 —e3 -1 el eg ey —eq —es
es es e2 —eq -1 ey —eg es —eq
eq eq —es —eg -er -1 el e2 es
es es eq —er es -e1 -1 —e3 e2
eg eg er eq —es —e es -1 —eq
er er —eg es eq -e3 —e2 el -1

Table 2

Products of imaginary units in the Cayley-Dickson algebra, n = 3

€1 = €2€3 = €4€5 = €7€6 —€1 = €3€2 = €564 = €6€7

€2 = €3€] = €4€6 = €5€7 —€2 €1€3 €6€4 = €7€5

€3 = €1€2 = €4€7 = €6€5 —€3 = €2€] = €7€4 = €5€6

e4 = ese] = egey = eres —eyq = e1e5 = egeg = ezer

€5 €1€4 = €3€6 = €7€2 —€5 = e4€]1 €6€3 = €2€7

€6 = €1€7 = €264 = €5€3 —€6 = €7€] = €4€2 = €3€5

€7 = €2€5 = €364 = €6€] —€7 = €562 = €4€3 = €1€6

The author of [18] defined n-D HS using the Clifford al-
gebra with the basis formed by products of imaginary units:
{ei€iy ... 0 1<ig <...<ip<n, 0<k<n} The
Clifford algebra is non-commutative but associative with e? =
1 or e? = —1. It is usually denoted with Cl, ,(R) where p is
the number of elements of the basis satisfying e? = 1 and ¢
— the number of elements with e? = —1. So, Cly 1(R) is the
algebra of complex numbers, Cl; o(R) — algebra of double
numbers, Cly 2(R) — algebra of quaternions and Cly 3(R) —
algebra of split-biquaternions [19]. The multiplication rules in
Clo,3(R) are presented in Tables 3 and 4 where w = ejeqzes.
Note that for n = 1 and n = 2, the sub-algebras of Ta-
bles 1 and 3 are the same. As a consequence, it will be shown

The Table 1, originally invented by Cayley is an example of 480 possible multiplication tables defined as cross-products of basis vectors [20, 21].
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in Sec. 4 that definitions of Quaternionic Fourier transform
(QFT) and Clifford FT coincide for n =1, 2.

Table 3
Multiplication rules in Clg 3(R)

X 1 el €2 e3 e1es eies eses w

1 1 el €2 es e1es eies eses w

el el -1 ei1ea ejes -e2 -e3 w -eges

€2 €2 e1e2 1 eses el -w -e3 ejes

es es eijes -ezes -1 -w el eo eres
ejez  ereg e2 -e1 w -1 eges  -eres -e3
ejes eres es w -e1 -ege3 -1 eres -e2
ezes3  eges -w es -e2 ejes -e1eg -1 el

w w ege3  -ejesz  -e1eg es eo -e1 1

Table 4

Products of imaginary units in the Clifford algebra, n = 3

e1=ea(erez)=esz(eres) =(ezez)w e1=(er1ez)eas =(er1e3)es =w(ezes)

ea=eg(e2ez) =(e1e2)er =w(eies) ea=ej(er1ez) =(ezez)ez =(er1e3)w

ez =(ere3z)er =(eaez)ea=w(erea) ez=ei(erez)=ea(ezez)=(e1e2)w

ereg=ej-ep =ezw=_(e1e3)(ezez) er1ex = ez-e1 =wez=(eze3)(e1e3)

erez=ej-ez3=esw=(e2ez)(e1e2) erez =e3-e1 =wea = (e1e2)(ezez)

egez =ez-e3=(eje2)(erez) =wey ecez =ez-ex=(er1e3z)(erez) =ejw

w=ei(ezez)=(e1e2)es=(e1e3)ea -w=(ezez)e;1 =ez(eres) =e2(e1e3)

4. Complex and hypercomplex Fourier
transforms

As described in the next section, analytic signals can be al-
ternatively defined using inverse Fourier transforms of their
spectra. Let us define three basic FTs of a n-D real signal u(x),
x = (Tp,Tp-1,...,T2,x1) applied in this paper. The Fouri-
er transformations define respectively complex/hypercomplex

spectra: U(f), f = (fu, fn=1,---, f2, f1).

4.1. The complex n-D FT. The n-D complex Fourier trans-
form is given by the integral

Uc(f)= / u(x) H exp (—e12n fix;)d"x=Re + e Im (13)
An i=1

and its inverse is

u(x) =

/ () [[ exp (er2nfim) d*f. (14)

A i=1

Note that the choice of the imaginary unit e; in (13)-
(14) is arbitrary because there are two other options: es and
e3. However applying e;, we will see that definitions of the
complex FT, Cayley-Dickson FT and Clifford FT coincide for
n=1.

4.2. Two hypercomplex Fourier transforms. There are
many possible definitions of hypercomplex Fourier transforms
dictated by the choice of the algebra of imaginary units {e;,
€2, ..., €y}, as it has been mentioned in Sec. 3. In this paper,
the dominant role plays the hypercomplex FT with imaginary
units satisfying the multiplication rules of the Cayley-Dickson
algebra (see Tables 1, 2) [15]:

Bull. Pol. Ac.: Tech. 59(2) 2011

n—1
Uep(f) = /u(w) H exp (—e0i2m fip12541)d "  (15)
fn i=0
and its inverse

=0

n—1
u(m)z/(H exp (egni127Tfn_i$n_i)>UCD(f)dnf. (16)
Rn

Note that in (15), we apply in the exponent the following
sequence of imaginary units: e;, es, ey4, eg, .... Different-
ly, the sequence e, eg, es, ey, ...is applied in the Clifford
Fourier transform defined by the integral

Uci(f) = /u(af;) Hexp (—e2mfix;) d™a. 17)
A i=1

This name is not unique since we can apply different
Clifford algebras. Let us notice that for n = 1, the formu-

las (13), (15) and (17) define all the same 1-D complex FT:
vin- [

u(z) exp (—e127 fz)dx where x = t denotes usu-

R
ally a time variable. For n = 2, (15) and (17) define the same
Quaternionic Fourier Transform (QFT):

QFT(fz,fl)z/u(:vz,wl)e‘“?”fme‘ez?”fmd@dml. (18)
R2
Its inverse is

u(eaion) = [ QT(fa. fijer e osdpdfy. (19
R2
Note that due to the non-commutativity of quaternions,
the order of imaginary units in (17)—(18) is strictly deter-
mined and its change gives other definitions of hypercomplex
FTs.
Next for n = 3, (15) and (16) define the so called Octo-
nionic Fourier Transform (OFT) and its inverse:

OFT(f) _ /u(x)e—m?ﬂ f1m1e—ezZﬂ'fzmze—mefsmsd3x’ (20)

R3

U(I) _ /e€4QWfSISe€227Tf2IQe€12W jlzloFT(f)dgf (21)
R3

Again, the order of imaginary units in (20)—(21) is strictly
defined and its change gives another definition of the OFT.

4.3. The comparison of the 3-D CFT with the OFT. Let us
compare the 3-D FT and the OFT of a 3-D real signal u(zxs,
X9, x1) expressed as a union of eight terms (see Appendix A):
U(I& z2, $1) = Ueee T Ueco T Ueoe + UeooT (22)
+ uoee + uOBO + uooe + u0007
where the subscripts define even parity (e) and odd parity (o)
w.r.t. variables (x3, T2, £1). Note that if e represents a binary
“0” and o - a binary “1”, we get the binary sequence: 000,
001, 010, 011, 100, 101, 110, 111 of subscripts in (22). The
insertion of (22) into (13) yields the 3-D Fourier spectrum
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U(f37 f27 fl) = Ueee - ero - ero - Uooe+

+ e1(_Ueeo - ere - ere + Uooo) = (23)
= Re(fs, f2, f1) + eilm(f3, fa, f1).
The corresponding OFT of (22) is
OFT 5 P = Ueee - Ueeo - ere
(f3, f2, f1) el ea2Ueoc+ 24)

+ 63ero - e4ere + eSero + eg Uooe - e7Uooo'

Note also that 3-D signals symmetric w.r.t the origin,
e.g. the zero-mean 3-D Gaussian signals (see Appendix B),
have only the real spectrum (Im = 0). The imaginary part
of (23) exists only if the symmetric signal is shifted to
a new origin by x39, x99 and xjp along the axes z3, =2
and z; respectively. Due to the signal-domain shift prop-
erty of the FT, the resulting spectrum is multiplied by
e~ 127 famaog—e12m f2w20e—€127 fiz10 For symmetric signals,

the Eq. (24) reduces to
OFT(f37 .f2; fl) - Ueee + 83ero + e5er0 + eGUooe- (25)

Both the complex and hypercomplex FT give exactly the
same information about the frequency content of the n-D real
signal. The choice of a method is a matter of convention or
interpretation and is based on pure technical reasons.

4.4. Closed formulae enabling calculation of QFT and
OFT starting with the CFT. A good evidence of the above
statement is given by relations between the complex FT (13),
the QFT (18) and OFT (20). The QFT can be calculated start-
ing with the 2-D FT [6]:

1+es

QFT(f2, 1) = Ul for )52 4+ Uul—fo. f1) 5

Similarly, we have shown (derivation in Appendix C) that
the OFT is related to the 3-D FT by the following formula:

OFT(f3, f2, f1) = iUc (f3, fo, [1) (1 —e3 —e5 —e6) +

. (26)

1
+ ZUC(—J%, Jo, fi)(1 —es+e5 + es)+
(27)

+ %UC (f3y—fa, f1) (1 +e3 —e5 +eg) +

+ iUC (—f3,—fa, f1) (1 + ez +e5 —eq) .

It should be pointed out that if in (13) the imaginary unit
e1 were replaced with ey or e4 (see the remark following
(14)), the formulas (26)—(27) would change. A similar formu-
la exists also for the 3-D Clifford FT.

5. Complex and Hypercomplex 2-D
and 3-D analytic signals

5.1. Frequency-domain definitions. The notion of the ana-
lytic signal with a single-orthant spectra has been introduced
by Hahn [9] in 1992 and defined by the inverse FT (14) of
a single-orthant spectrum. Later, the same author has shown
that analytic signals with single-orthant spectra are boundary
distributions of analytic functions [11]. Let us recall that the
orthant is a half-axis in the 1-D case, a quadrant in 2-D, an
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octant in 3-D, etc. The frequency-domain definition of the
analytic signal with a single-orthant spectrum is

Y(z) = FT~! {Spectrum x Single — orthant Operator} , (28)

1 n
Single — orthant Operator = on H (1+ sgnf;).
i=1

(29)

Figure 2 presents the applied labelling of orthants in the
1-D, 2-D and 3-D frequency spaces (Notations: s; = sgnf;,
14 s; = 2-1(f;) where 1(f;) is a unit-step function). All
orthants in the half-space f; > 0 are labelled with odd num-
bers.

1-D case
1-s 1+ s,
| >
5 >,
2-D case
S
20-------1------ »1 .
i ! Single-quadrant operators
i E R 1 l+,s'1 x1+,\‘2
e l T I i)
G RUUUN W— .
4 3
3-D case
s
-»
12 S /T4 Single-octant operators
2 ! 3 1 (l +5 )(] +5, )(1 + “'3)
i S 3 (1 + .\'l)(l =5, )(1 + s3)
i g4t
,:0-----/J--- ;! 5 | (1+5)1+5,)-5;)
. .26 5 7 (l+.\'] )(l*.\'lefﬁ)
8 7

Fig. 2. Labelling of orthants in the 1-D, 2-D, 3-D frequency space
and single-orthant operators

The factor 1/2™ in (29) can be omitted since it only nor-
malizes the energy of a signal. So, if the energy of a real
signal is F,,, the energy of the corresponding analytic signal
is equal 2"FE,,. We observe that a suitable change of signs
of signum functions in (29) yields the spectrum in other or-
thants of the frequency space. Such a change corresponds
to the change of signs of corresponding basis vectors in the
Cauchy integral (1).

We see that the n-D frequency-space is divided into
N = 2" orthants. Therefore, Eq. (28) defines 2™ different an-
alytic signals. In consequence, due to the Hermitian symmetry
of the Fourier transformation, a n-D real signal is represented
by N/2 = 27! analytic signals. In this paper, we are fo-
cused on signals with spectra in the half-space f; > 0. As
mentioned above, a 2-D real signal is equivalently represented
by a single quaternionic analytic signal with a spectral support
in the 1/4 of the frequency-space. It is a consequence of the
quaternionic Hermitian symmetry of the QFT described in [2]
and [12]. In the hypercomplex 3-D case, the full information
about the frequency content of a real signal is included in the

1/8 of the (f3, fa, f1)-space.
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5.2. Signal-domain definition. Let us investigate details of
Eq. (11). All analytic signals, complex or hypercomplex, are
defined in the signal domain using the same real signal u(x)
and its total and partial Hilbert transforms as shown in (3)
and (10). In the 2-D case, the convolutions

(30)

v; (w2, 1) = u (T2, 1) * 1 /(7 2;)

define respectively two 2-D partial Hilbert transforms w.r.t.
x1 and x9: vy and vo. The total 2-D Hilbert transform v is
given by

v (z2,21) :u(l'g,l'l)**l/(ﬂ'QiCl{L'g) ) (31

In 3-D, we have three 1%¢-order partial Hilbert transforms
Vi, = 1, 2, 3:
v; (x5, 22, 1) = u (x3,22,21) * 1/(7x;) (32)

and three 2"?-order partial Hilbert transforms v;;, i < 7,
1,5=1,2,3:

Vij ($3, o, ,Tl) =Uu (1‘3, o, :vl) * *1/(7‘1’2,@1‘1']'). (33)
The total 3-D Hilbert transform is given by
v(xs, T, 1) = u(xs, To,T1) * * x 1/(71'3x1:172:c3). (34)

Complex analytic 2-D and 3-D signals. In the 2-D case,
the half-space f; > 0 is divided into 2 quadrants as shown
in Fig. 2. Therefore, we can define two analytic signals with
spectra in quadrants No. 1 and 3 respectively [9, 10]. Using
single-quadrant operators presented in Fig. 2 and applying the
definition (28) we get:

Y1 (2, m1) = F {1+ 1) (1 +52) U (f2, f1)} =

=u—v+e(v1+v2),

Y3 (9, 21) = F {1+ 1) (1 = 52) U (fa, 1)} =

=u+v+e (v1 —va).

(35)

(36)

Note that in (35) and (36) we omitted the normalization
factor 1/4 in order to simplify the notation.

In the 3-D case, in the half-space f; > 0 we have 4 oc-
tants as shown in Fig. 2. Therefore for a real signal u(zs,
Z9, x1), we get four different complex analytic signals with
spectral supports respectively in octants No. 1, 3, 5 and 7 (see
Fig. 2):

V1 (w3, 02, 1) =

=u—vig — V13 — V23 + €1 (V1 +v2 +v3 — V), (7
s (3,22, 21) =

=u+vi2 — Vi3 +vo3 +e1 (v —v2 +v3+v), (38)
/¢)5 ('r37x25:171) -

=u—vig + Vi3 + Va3 + €1 (V1 +v2 —v3+ V), (39)
T3, T2, T1) =

)y (x3, 22, 1) 40)

ZU+U12+U13—U23+61(’U1—’U2—’U3—’U).

Bull. Pol. Ac.: Tech. 59(2) 2011

Hypercomplex analytic 2-D and 3-D signals. The 2-D
quaternionic analytic signals given by the inverse QFT (19) of
the single-quadrant quaternionic spectra (in quadrants No. 1
and 3) are [2, 7]:

Vi (z2, 1) =
= QFT " {(1+s1) (1 +52) Uy (S, 1)} = (4D)
= U+ e1v] + eV + e3v,
Vg (22, 1) =
=QFT ' {(1+51)(1—52) Uy(fo, 1)} =  (42)

= U+ ejv; — eaVy — e3v.
We see that (35), (36), (41) and (42) are defined exactly
by the same functions.
The 3-D octonionic analytic signal with the 1%%-octant
spectral support is equal to the inverse OFT (21) of the 1%¢-
octant octonionic spectrum:

Y7 (w3, x2, 1) =
= OFT ' {(1+ s1) (1 4 s2) (1 4 53) U, (f3, f2, 1)} =
= u -+ e1v; + eavs + e3vi2 + e4U3 + e5v13 + egv23 + erv
(43)

which can be expressed as a complex sum of two quaternionic
signals:
Y] = u+ ey + eqvz + e3vig +

P
q1 (44)
+ (v3 + e1v13 + eav23 + €3v) -e4
wQQ
or as a union of four complex signals:
Y] = u+ erv1 + (v2 + €1v12) -€2 + (v3 + €1v13) -€q
~——
wc wC wC
' ? ° (45)
+ (’U23 + 61’0) -€g.
—_————
11104

Using the same reasoning, we get octonionic signals with
spectral support in next octants labelled 3, 5 and 7 (the sub-
script indicates the octant number):

wg = wcl - wcg ez + ng, €4 — w04667 (46)
1/’; = "/101 + "/10262 - ("/10364 + 1/10466) 9 (47)
V7 = e, — Peye2 — (Yesea — Pe,6) - (48)

5.3. Notion of the ranking of complex/hypercomplex ana-
Iytic signals. Let us explain the notion of ranking using the
example of a 3-D signal. Let us assign to the four signals 1)y,
1 = 1,3,5,7 the highest rank R = 3. The idea is based on
addition of two signals defined by (45) and (47) (respectively
(46) and (48)) in such a way that its spectral support is dou-
bled forming a so-called space quadrant. A space-quadrant is
a union of two octants having a common plane in 3-D. We

get
o Q/JO + wo
Y] 5 (23,22, 71) = % _ w

=g = u+ e1v1 + eav2 + e3v12
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and e
(R (x3,22,21) = 377 _ 0

=u-+ev — (62’1}2 + 63’012)

i.e., two signals of rank R = 2 which have a quaternionic
structure. The signal with the lowest rank R = 1 having a
complex structure is

B O o T - Bl
N 4

Its support is limited to the half-space f; > 0. The no-
tion of ranking is useful especially in the context of the polar
representation of signals. Let us note that the authors of [7]
applied to (51) the name “partial analytic signal”.

=u+ejv;. S

2/’f,3,5,7 (w3, 2, 21)

6. Polar representation of 3-D analytic signals

The polar representation of 1-D and 2-D signals is widely used
in science and technology [25-27]. For a given real signal,
there are many ways of defining a corresponding complex sig-
nal. This yields many possible definitions of its polar form.
The polar representation of a real signal using its analytic
form with single-orthant spectrum is unique. The evidence
for 1-D signals is presented in [9, 10]. In order to define the
polar form of octonionic signals, we need to recall some facts
concerning the 2-D complex and quaternionic signals.

6.1. Polar representation of 2-D complex and quaternion-
ic analytic signals. The 2-D analytic signals (35) and (36)
can be written as

1 (22, 21) = Ay (w2,21) €91 @20 (52)
Y3 (22, 21) = As (w2, 21) e #3(0), (53)
where the local amplitudes (squared) are
A2 (zo.21) = u? + 02 + 02 + 02 + 2 (vivg —uv), (54)
A2 (r9.21) = u? 4+ 07 + 03 +v? = 2(vivg —uv)  (55)
and local phase functions are given by
V1 + v
tan @y (2, 21) = ﬁ, (56)
V1 — Vg
t = . 57
an @3 (2, 1) o (57)

According to the definition introduced in [12], the 2-D
quaternionic analytic signal (41) is defined in the following

polar form:
T2,X1) = Ag€ ge ge g,
» AnefP1eesdsac2¢ (58)

where

AOZ\/UQ-FU%-FU%-FUQ (59)

is the amplitude and ¢{, ¢, ¢ are Euler angles represent-
ing three different phase functions. The Euler angles can be
calculated from

(60)
(61)

tan 2¢(11 = R32/R22,
tan 2¢g = R13/R117
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sin 204 = Ry / A3, (62)

where R;; are elements of the Rodriguez matrix: M (¢q) =
(le) [2], i.e.,

2, .2 .2 2
Ry = u’ +vi —v5 — 07, Rz = 2 (uv — v1v2),

Riz3=2 (’Ul’l} + ’U/UQ), Ro1 =2 (’Ul’l}g + ’U/U)7

Roy = u? —Uf—i—vg — 2, Ros = 2 (v9v — uwy), (63)

R31 = 2(’()1’1}—’(1,’(}2), R3o = 2(U2U+U’U1),

Q—Uf—vg—i—vQ.

R33 =Uu

It has been proved in [13] that there are closed formulae
enabling conversion from complex to quaternionic approach
based on the equality: tan (o + 8) = % The full
derivation is presented in the Appendix D. As shown in [13],

we have

PHEE St | (64)
] (69
o3 = 5 (61— 69, (66)
sin 2¢% = A%A;(%Ag. (67)

Reconstruction of a 2-D real signal. The real signal
u(xa, 1) can be reconstructed from its complex polar repre-
sentation (52)—(53) (two amplitudes and two phase functions)
using the formula [9]

Aj cos 1 + As cos @3
2

or from the quaternionic polar representation (58) (one am-
plitude and three phases) as follows:

Urec ($27 xl) = (68)

Uree (T2, 21) = Ao (cos ¢ cos ¢ cos ¢ —

69
— sin ¢ sin ¢4 sin @) . 62)
6.2. Polar representation of 3-D complex and octonionic
analytic signals. The 3-D complex signals (37)-(40) with
single-octant spectra have the following polar forms

Y1 (3, 72, 21) = A1e“ %1, (70)
V3 (23,72, 21) = Aze™¥?, (71)
Vs (r3, 72, 71) = Ase”¥?, (72)
Y7 (23,02, 21) = A7e“¥7, (73)

i.e., are defined by four amplitudes and four phase functions.
Having in mind (52)—(53) and (70)—(73), we can now formu-
late a lemma:

Lemma. The total number of amplitude and phase functions
of n-D complex/hypercomplex analytic signals is M = 2™.

The above lemma is evident for complex analytic signals.
Let us assume that it is also true for hypercomplex analytic
signals. It has been already proven for n = 2 in [13] (complex
case 2 + 2, quaternionic: 1 4 3)). The case of 3-D hypercom-
plex analytic signals will be studied below.

Bull. Pol. Ac.: Tech. 59(2) 2011
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The polar representation of the octonionic signal is actu-
ally only a partially solved problem. Having in mind the rela-
tions between octonions and the 7-dimensional cross-product
[23], we are looking for its resolution in the exceptional Lie
group G — a subgroup of rotations in seven dimensions SO(7)
[24, 25].

Assuming that the polar form of an octonion can be the
most probably derived starting with the four amplitudes and
four phase functions of complex signals given by (70)—(73),
we posit (with an indirect evidence) that such a derivation
should be based on the formula of the tangent of a sum of
four angles (in analogy to the 2-D case, as described in Ap-
pendix D). Such a procedure yields a formidable algebraic
representation of the eventual 7-D extension of the Rodriguez
matrix (see Appendix E). At present, we have been unable to
derive such a matrix and received no advice from any experts
working in the field. However, using deduction supported by
the 2-D case and partly derivations, we arrived to the follow-
ing polar representation of the octonionic analytic signal:

1/’? ('r37x27x1) =

74
_ Aoee1¢7;(f383¢§ee2¢§ee7¢?ee4¢iees¢gee5¢§, (74)

where

Aoz\/u2+v%+v§+v%2+v§+v%3+v§3+v2 (75)

is the amplitude and ¢¢, 7 = 1,2, ...,7 are seven phase func-
tions. Let us explain the structure of (74). The order of ex-
ponents e1?1ec3?5ec2%2 and e4?iecsPecs % s similar to the
order used in (58). The central position of e*”®7has been posit-
ed arbitrary. The seven phases ¢9, ..., ¢ form two groups:
{63, 09, 8%, 2} and {43, 2, #9}. The first group is defined
as linear combinations of four phase functions ;, © =1, ...4,
of 3-D complex analytic signals (see (70)—(73)):

¢7 = (1 + 3+ @5 + 97)/4, (76)
¢5 = (1 + 3 — @5 — p1)/4, 7
¢3 = (1 — 3+ s — p7)/4, (78)
¢5 = (1 — 3 — 5 + p7)/4. (79)

In the case of separable 3-D signals, i.e., u (23,22, x1) =
f1(x1) fa(x2) f5 (x3), the corresponding complex signal is
V1 (z3,22,21) = Yo (21) Yo (72) Yo (23) With P (71) =
Age iy (z2) = Ape®®2, . (x3) = Ace®?s. All four
amplitudes are equal: Ay = A3 = A5 = Ay = A ApA. and
four phase functions are

p1 = o1 + oz +as, (80)
p3 = o1 — g + Qg, (81)
5 = a1 + a2 — as, (82)
Y7 =1 — a2 — as. (83)

The insertion of (80)—(83) into (76)—(79) yields ¢f = o,
95 = a9, ¢ = a3, ¢ = 0. In this case, we get identi-
cal polar forms of the 3-D complex and octonionic signals:
Ager?ec2?2e°1%1 . Such a simplification is possible only if

Bull. Pol. Ac.: Tech. 59(2) 2011

the phase functions of the second group: ¢35, ¢g,¢% have a
similar structure as the phase functions of the 2-D quater-
nionic signal given by (67). They should be functions of four
amplitudes A;, Az, As, A7 and vanish if these amplitudes
are equal. Having this in mind, we posit the following forms:

. A2 — A2
S (4¢3) A2 A2 ’ (84)
A2 A2
sin (4¢8) = A2 yr (85)
2 2 A2 g2
sin (499) = AL A = A = A7 (86)

AT+ A3+ A2+ AZ
1. Reconstruction of a 3-D real signal

The 3-D real signal can be reconstructed from its complex
analytic signal (four amplitudes and four phase functions) by

Uree (23, T2, 1) =
§ cos pf + A§ cos p§ + AE cos pf + AS cos pF
1 .
In the hypercomplex case, the polar form (74) yields the
following reconstruction formula of the 3-D real signal u(xs,
T2, 1‘1)2

(87)

Uree (T3, T2, 21) =Ag [c1¢2¢3C4C5C6¢7 + S15253CaC5C6C7

—51C2€35485C6CT7 1 C152535455C6CT — 5152C354C556C7

+51€98354C5S86C7 — €1C253C4S556CT — S152C3C4S5S6C7  (88)

+C1C28384C5C6S7 + 8152C384C5C6S7 + €182C3C4S5C6S7
—C1C2C354555657 — 51525354555657

with ¢; = cos¢? and s; = sin ¢¢. For 3-D separable signals
(87) and (88) are reduced to a common form

Uree (T3, T2, 1) = Ap COS (1 COS (g COS (3. (89)

Let us mention that (74) could not be defined using the
Clifford 3-D analytic signal, since the amplitude (75) differs
by the sign of v2. This is caused by the multiplication rule
w? =1 (see Table 3).

7. Verification of the polar form
of octonionic analytic signals

Let us verify the polar form of the octonion analytic signal
(79) using numerical calculations of the amplitude and seven
phase functions of two test signals: the 3-D Gaussian signal
(the most smooth one of all signals) and the signal in form
of a sphere with a sharp edge. The verification compares the
original signal u(x) with the signal reconstructed using the
amplitude and seven phase functions defined by (76)—(79)
and (84)—(86) basing on cross-sections u (x3 = 0, x2, 21) and
Uree (23 = 0,29, x1). We proceeded as follows:

1. We calculated four amplitudes and four phase functions of
complex analytic signals (70)—(73). The signal u(x) and
its seven Hilbert transforms are calculated using the in-
verse FT of their spectra. Note that due to the constraints
of numerical calculations, it is not advisable to calculate
the signal u(x) directly from its representation in the signal
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domain x and the Hilbert transforms using the inverse FT
of the spectra.

2. In the next step we calculate the amplitude and seven phase
functions using (76)—(79) and (84)—(86) and compare the
reconstructed signal given by the formula (88) with the
original signal u(x).

Case 1. Non-separable Gaussian signal: 01 = g2 = 03 = 0.5
and p12 = p13 = p23 = 0.7.

The cross-section of the original signal u (z5 = 0, z2, 21)
is shown in Fig. 3 and its reconstructed replica (88)
urec (r3 = 0,22, x1) in Fig. 4. Their difference illustrated in
Fig. 5 is small but not negligible. We failed to find an alterna-
tive modification of phase angles (84)—(86) giving a smaller
difference.

b )
AR
A PATNS

Fig. 3. Cross-section u (z3 = 0, z2, x1)of the real Gaussian 3-D non-
separable signal

Fig. 4. The signal reconstructed using (88). It differs only slightly
from the original signal of Fig. 3

Fig. 5. The difference between the signal reconstructed using (68)
and the original signal of Fig. 3

Case 2. A separable Gaussian signal: p12 = p13 = p23 = 0.

The difference of both cross-sections, as expected, equals
zero. The case 2 validates (76)—(79) and (84)—(86). Let us
have a comment on the non-separable case. We have two al-
ternatives: Firstly, (84)—(86) could be improved and secondly,
such an improvement is impossible. This dilemma could be
solved only by theoretical derivation of (73).
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Case 3. Non-separable Gaussian signal of Case 1. Compar-
ison of cross-sections for quaternionic 3-D signal of rank 2.
Here the reconstruction is perfect as shown in Fig. 6.

Fig. 6. The difference between the non-separable real 3-D Gaussian

signal and its reconstructed versions defined by (49) (rank-2 hyper-

complex) and (69) (complex). In both cases the reconstruction is
perfect

Case 4. The original signal has the form of a sphere (see Ap-
pendix F). Its cross-section for 3 = 0 is illustrated in Fig. 7.
However in calculations, we used the signal derived by the
inverse Fourier transform of the spectrum. Differently to the
Gaussian case, this signal differs from the original one due to
the Gibb’s and edge effects. The corresponding cross-section
is shown in Fig. 8 and the difference in Fig. 9. The cross-
section e (23 = 0,29, x1) of the signal reconstructed using
(88) is shown in Fig. 10 and the difference in Fig. 11. We see
that the difference is large only at the edges.

(F1)

Fig. 8. The cross-section u (z3 = 0, z2, z1) obtained by the numeri-
cal calculation of the inverse Fourier transform of the spectrum given
by (F2)

Bull. Pol. Ac.: Tech. 59(2) 2011
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Fig. 9. The difference of cross-sections of the signal calculated in the
signal domain (Fig. 7) and calculated using the inverse FT (Fig. 8)

Fig. 10. The cross-section urec (3 = 0,2, x1) of the sphere recon-
structed using Eq. (88)

Fig. 11. The difference of cross-sections from Figs. 8 and 10

Case 5. We repeated the reconstruction of the sphere using
the rank-2 quaternionic 3-D representation (49) and its polar
form (58). Figure 12 shows the cross-section of the recon-
structed signal and Fig. 13 the difference of Figs. 8 and 12.
The error is negligible.

Fig. 12. The cross-section urec (z3 = 0, 22, 21 )obtained from rank-
2 octonionic signals (50)

Bull. Pol. Ac.: Tech. 59(2) 2011

Fig. 13. The difference of cross-sections from Figs 8 and 12

8. Energies of signals with single-othant spectra

The energies of signals with single-orthant spectra can be
calculated either in signal- or in frequency domains. Here we
present the frequency domain approach. It is well known that
the complex spectrum defined by the FT (13) is redundant.
Due to the Hermitian symmetry of FT, we have to consider
only a half-space spectrum, in this paper a half-space f; > 0.
The energy of a given signal is defined by the integral of the
energy density over the volume V' of a given orthant:

E;, = / (energy density) dV, (90)

14
e.g., in the half-space f; > 0, for orthants labelled 1, 3, 5,
7,.... (see Fig. 2).

The energies of complex and hypercomplex signals are
different. Let us present examples for 2-D and 3-D signals.
For convenience of presentation, let us consider signals with
a real spectrum defined by (13) (e.g. zero-mean Gaussian sig-
nals).

8.1. Case 2-D. We have the following spectra

Ul (f27f1) = Uee - Uoo; (91)

U3 (_f27 fl) = Uee + Uoo-

The energy densities are defined by U7 and U3. Evidently,
we have

92)

El = Eee + Eoo - 2E607 (93)

ES = Eee + Eoo + 2E607 (94)

i.e, the energies of signals with spectra in the 1% and 37¢
quadrants differ by the amount of the mutual term 2FE.,,.

The authors of [12] have shown that the spectra of quater-
nionic 2-D signals have the property of quaternionic Her-
mitian symmetry. In our example we have

U (f2, f1) = Uee — e1Uoo, (95)
U (= f2, f1) = Uee + e1Uco. (96)
Evidently, the energy densities are
Ui (U)" = U{ (U§)" = UZ, +Ug, o7
so the energies in both quadrants are the same.
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8.2. Case 3-D. For signals with a real spectrum we have

Ui (f3, f2, [1) = Ucee = Ueoo — Uoco — Uooe, (98)
Us (f3, = f2, f1) = Ucee + Ucoo = Uoco + Uooes  (99)
Us (—f3, f2, f1) = Uecee = Ucoo + Uoco 4+ Uooe, ~ (100)
Uz (—f3, = f2, f1) = Ueee + Ucoo + Uoeco — Upoe-  (101)

The energy densities in successive octants differ having
the form

U2 =y?

eee

+U?

ooe

+U?

oeo

+U?

€00

+ Mutual terms, (102)

where mutual terms may be different in successive octants. In
consequence, the energies F1, F3, E5 and F; may differ.
For the hypercomplex octonic spectra:

UY (f3, f2, f1) = Uecee + €3Ucoo + €5Use0 + €6Uooe, (103)

U3 (fs, — f2, f1) = Ucee — €3Ueco0 + €5Uoco — €6Usoe, (104)

Us (= f35 f2, f1) = Uecce +€3Uco0 — €5Uoco — €6Uo0e, (105)

U7 (= f3, = f2, f1) = Ucee —€3Uco0—€5Uocot+e6Usoe (106)
all energy densities in all octants are the same and equal

(U9)? =U2, +UZ, +UZ, + U? (107)

8.3. Rank-2 signals. Despite the fact that energies of all four
rank-3 octonionic signals are the same, the energies of rank-2
signals with space-quadrant spectral support are different and

depend on the orientation of space quadrants (two posibili-
ties). For the orientation along the f3 axis, we have

Ug + Ug

U =
5,7 5

= Ucee — €5Ucoc- (111)

For these two pairs of conjugate rank-2 signals, the energy
densities may be different and then yield different energies.
Note the fact that though we assumed for complex signals
a real spectrum, the corresponding spectra of hypercomplex

signals are hypercomplex.

9. 4-D analytic signals

The general formula (28) defining the n-D complex signals
with single-orthant spectra can be used to derive eight 4-D
analytic signals with spectra in 8 octants of the half-space
f1 >0 (labelled 1, 3, 5, 7, 9, 11, 13, 15), representing a 4-D
real signal u(x4, x3, 22, 21). Such a signal has in general 16
terms of different parity w.r.t. variables x4, =3, x2, 1. We
have

u(x) = ueeee —"_ UEEEO + A + uOOOE —"_ uOOOO’ (1 12)

where subscripts represent successive binary numbers (ac-
cording to the convention: e — “0”, o — “1”). The 4-D FT
yields the following complex spectrum

U(f) = Ueeee - Ueeoo - eroe - ereo - eroe_
_ereo - Uooee - Uoooo - el(Ueeeo + Ueeoe+ (1 13)
“I‘eree — Ueooo + eree + eroo + Uooeo + Uoooe)

Applying (15) for n = 4 and the multiplication rules of

e, — Uy +U¢ = Unoe + €500, (108) the algebra of sedenions (see Table 4), we obtain the corre-
’ 2 sponding hypercomplex spectrum:
(o] (2]
Ué)_j = w = Ueee — €3Uec00 (109) UCD(f) = Ucece — €1Ueccco — €2Uccoe + €3Ucco0—
and for the orientation along the f> axis ~€aleoce + €5Ucoco + €6Ueooe — €7Uc000— (114)
Ue + Ue _68eree + eQereo + elOeroe — €11 eroo+
Uf,S =13 = Uecee + e5Ucoe, (110) +eq5U, — e12U —e4U, +e5U.
2 12V oo0ee 13Yo00eo0 14Y 000e 15Y 0000-
Table 4
Cayley multiplication table, n = 4
X 1 el €2 e3 €4 es €6 er es €9 €10 e11 €12 €13 e14 e1s
1 1 el €2 es3 e4 es €6 er es €9 €10 ei1 €12 €13 €14 €15
el el -1 €3 —e2 es —eq —e7 €6 €9 -eg —e11 €10 —e13 €12 e1s —e1q
€2 €2 —e3 -1 el €6 er —eq —es €10 e11 -es —€9 —€l4 —€l5 €12 €13
€3 €3 €2 —e1 -1 er —e6 es —eq el —e1o €9 -es —e15 €14 —e13 €12
€4 €4 —es —e6 -e7 -1 el €2 €3 €12 €13 €14 e1s —es —e9  —elp —ell
es es €4 —e7 €6 -e1 -1 —e3 €2 e13  —e12 e1s —€14 €9 -es e11 —e10
€6 €6 er [ —es —e2 e3 -1 —e1 €14 —e€l5  —e€12 €13 €10 —e1 -eg €9
er er —e6 es [ -e3 —e2 el -1 €15 €14 —e13  —el2 e11 €10 —eg -eg
es es —eg —elp —€11 —el2 —€l3 —€ld —e€lp -1 el €2 €3 [ es €6 er
€9 €9 es —e11l €10 —e13 €12 €15 —e14 —el -1 —e3 €2 —es [ er —e6
€10 €10 €11 es —e9  —el4 —els €12 €13 —e2 €3 -1 —e1 —e6 —er [ es
€11 el —elo €9 es —el5 €14 —e13 €12 —e3  —e2 el -1 —er €6 —es [
e12 €12 €13 €14 €15 es —eg —elp —€11  —e4 es €6 er -1 —e1 —e2 —e3
€13 €13 —el2 €15 —el4 €9 es e1l —el0  —es  —ed er —e6 el -1 €3 —e2
€14 €14 —e15  —€ei2 €13 €10 —e1l es €9 —es  —er —eq es €2 —e3 -1 el
€15 €15 €14 —e13 —el2 €11 €10 —eg es —er €6 —es —eq €3 €2 —e1 -1
176 Bull. Pol. Ac.: Tech. 59(2) 2011



=

www.czasopisma.pan.pl P N www.journals.pan.pl

The unified theory of n-dimensional complex and hypercomplex analytic signals

The inverse FT (27) with eight different single-orthant
operators yields 8 different complex analytic signals. Let us
present only two of them: ¢; and 1)g:

¢1:U—U12—U13—U14—U23—U24—U34+U

+e1 (V1 + V2 + V3 + Vg — V123 — V124 — V134 — V234) ,
(115)
P9 = U — V12 — V13 + V14 — V23 + V24 + V34 — v

+ €1 (v1 4+ v2 + v3 — Vg — V123 + V124 + V134 + V234) .
(116)

The inverse hypercomplex FT (15) yields the following
sedenionic signals:

Y} = u+ e1v1 + e2vz + e3v12 + e4v3 + esviz+

+egva3 + e7v123 + €gvs + egv14 + €10v24+ (117)
+e11v124 + €12V34 + €13V134 + €14V234 + €157,
Yy = u+e1v1 + eav2 + e3v12 + e4v3 + esviz+

+egUa3 + €7V123 — €8Vy — €9U14 — €10V24— (118)

—€11V124 — €12VU34 — €13V134 — €14V234 — €150.

Let us rewrite signals (115)—(118) as unions of eight com-
plex signals. We have

1 = (u+evr) + (—vi2 + e1v2) +
+ (—v13 + €1v3) + (—va23 — e1v123) +

(119)
+ (—via + e1v4) + (—v24 — €1v124) +
+ (—v34 — €1v134) + (v — e1v234) ,
g = (u+evr) + (—vi2 + e1v2) +
+ (—v13 +e1v3) + (—v23 — €e1v +
(—v13 103) + (—v23 1V123) (120)

+ (via — e1vs) + (voa + €1v124) +
+ (v34 + €1v134) + (—v + e1v234)

Y] = (u+e1v1) + (v2 + e1vi12) ez + (vs + e1v13) €a
(vo3 + €1v123) €6 + (V4 + e1v14) es + (Vaa + €1v124) €10

(v3a + €1v134) €12 + (Vaza + €10) €14,
(121)
vy = (u+e1v1) + (v2 + e1v12) ea+

+ (v3 + €e1v13) eq + (va3 + €1v123) €6—
— (v4 + e1v14) s — (V2a + €10124) €10—

— (v34 + e1v134) €12 — (V234 + €10) €14.

(122)

The sedenionic signals ] and 1§ can be equivalently
represented as unions of two octonionic signals

] = (u+ e1v1 + eqva + e3v12 + e4v3 + esviz+

+egu23 + erv123) + (V4 + e1v14 + e2v24+ (123)
+e3v124 + €434 + €5V134 + €6V234 + €70) €3,
5 = (u+ e1v1 + eava + e3v12 + e4v3 + esviz+
+egu23 + e7v123) — (V4 + 1014 + e2v24+ (124)

+e3v124 + €4U34 + €50134 + €6U234 + €70) €.

It is known [9, 10] that the polar representation of eight 4-
D analytic complex signals defines 8 amplitudes and 8 phase
functions. We have not tried to find the polar representation of
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a sedenionic signal. Most probably, it would be very compli-
cated or even impossible. However, the polar form can be de-
rived for rank-3 signals. Signals 1, ..., %15 and Y7, ..., 975
have all the rank 4. The hypercomplex signal of rank 3 is

s 1/}5 +1/}s
Pio = % =u+ e1v; + exva+ (125)

+e3vi2 + e4v3 + e5v13 + egv23 + e7v123

and has exactly the same form as the octonionic signal (45).
Therefore, the procedure of calculating of a single amplitude
and seven phase functions in (74) can be applied to (125).
The difference is that here we deal with 4-D functions instead
of 3-D.

10. Conclusions

The presented generalization of the theory of com-
plex/hypercomplex signals can be summarized as follows:

1. The n-D CS and HS with single-orthant spectra are bound-
ary distributions of complex/hypercomplex signals of n-D
complex/hypercomplex analytic functions defined by the
generalized Cauchy integral (1). The definition of the hy-
percomplex analytic function is not unique. It depends on
the choice of the algebra of basis vectors e;. This paper has
shown some advantages of applying of the Cayley-Dickson
algebra for the case n > 3.

2. The n-D CS/HS with single-orthant spectra have the com-
mon form of a convolution of the real signal u(x) with the
complex/hypercomplex delta distribution.

3. In the frequency domain, the CS/HS are defined by the in-
verse complex/hypercomplex FT of a single-orthant spec-
trum.

4. The choice between the complex or hypercomplex repre-
sentation is a matter of convenience in derivations and in-
terpretations. For example, the laws of electromagnetism
can be described using complex or hypercomplex repre-
sentation [28, 29].

5. We defined the notion of lower rank complex/hypercomplex
analytic signals. For example, 3-D signals have the rank
R = 3. The addition of two signals with single octant spec-
tra produces a rank-2 signal with a space quadrant spectral
support.

6. Each step in the derivation of a lower rank signal halves
the number of terms of the analytic signal with no change
of its dimensions. For example, the rank of a sedenionic
signal is R = 4. The signal with R = 3 is a 4-D octonionic
one, with R = 2 — a 4-D quaternionic one and with R =1
— a 4-D complex signal.

7. We deduced (partly derived) the polar representation of
the octonionic analytic signal. Numerical calculations us-
ing two test signals, a 3-D Gaussian and a sphere, validated
this formula with a difference between the original and re-
constructed signals of the order lower than 10%. However,
the reconstruction using a rank-2 signal has been perfect.
As well, the reconstruction is perfect for a rank-3 separable
Gaussian signal. The formal derivation of the polar form
of an octonion is still an unsolved problem.
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8. As regards possible applications, we should look for them
in the domain of HS in general or in the domain of HS hav-
ing single-orthant spectra. We have found in many math-
ematical and physical publications some applications of
quaternions and octonions and partly sedenions. Name-
ly, the quaternions are used with success in color image
processing and computer graphics. However, we have not
come across any applications of analytic signals presented
in this paper. Therefore, the perspectives of this work in-
clude further research on the applications of analytic com-
plex and hypercomplex n-D signals.

Appendix A

Decomposition of a 3-D real signal into even-odd parts
A 3-D real signal u(x3, z2, £1) may be resolved into a
sum of eight terms
U(CE:J,,CEQ,!El) = Ueee T Ueeo T Ueoet (Al)
+u€00 + quB + uOBO + uooe + uOOO)
where
Ueee () = 1/16 {u (x5, 22, 21) + u (x3, X2, —21) +
+u (I3; —x2, Il) +u (I3; —x2, _xl) +
—xl) +

—x2, 1) +u(—x3, —x2, 1)},

A2
+u (—x3, 2, 21) + u (—3, T2, (A2)

+u (—xs,
Uceo (+) = 1/16 {u (w3, 22, 71) — u (3, 02, —71) +
+u (x3, —x2, 1) — u (X3, —T2, —21) +
+u (—x3, 22, 21) — u(—x3, T2, —21) +
+u(—x3, —x2,21) —u(—x3, —22,21)},
Ueoe () = 1/16 {u (x3, 2, 21) + u (x3, 2, —T
—u (z3, —Z2,—21)+
+u (—x3, 2, 71) + u(—T3, T2, — 1) —

u (_I3a —Z2, Il)},

(A3)

1) —
_x27$1)_u($37 (A4)

—u (_I37 _I27x1) -
1) —
(AS)

Ueoo (+) = 1/16 {u (3,72, 71) — u (T3, T2, —
—u (x3,—x2,21) + u (23, —22, —1) +
+u (—x3,22,71) — u(—x3, T2, —21) —
—u (—x3, —xo,x1) + u (—x3, —T2,21)},

Upee () = 1/16 {u (v3, 2, ©1) + u (T3, T2, —71) +
+u (x5, —x2,21) + u (23, —22, —21) —

—u (—x3, 2, 21) — u(—x3, T2, —T1) —

—u (_I37 _I27x1) —u (_I35 —X2, Il)},

(A6)

Upeo (1) = 1/16 {u (23, 2, 21) — u (23,22, —21) +
+u(x3, —x2,21) — u (XT3, —T2, —T1) —
—u (—x3, 2, x1) + u(—x3, T2, —21) —
—u(—x3, —22,21) + u(—2x3, —22,21)},
Upoe (1) = 1/16 {u (3, 2, 21) + u (23, T2, —x

—u (x3,

(AT)

1) —
—T2,T —u\r3, —r2,—T —

2, 1) (x5, —x2 1) (A3)
—u (—x3,72,71) — u (23, T2, —71) +

+u (—z3, —x2, 1) + u(—x3, —x2, 1)},
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1) —
(A9)

Uooo () = 1/16 {’LL (I3;x25x1) —u (I37x27 —T
_I27x1) +U($3,—I2,—I1)—
—u(—x3,22,21) +u (—x3, 22, —21) +

+u(—x3, —x2,21) — u(—x3, —22,21)} .

—u (x3,

Appendix B
The 3-D Gaussian signal
The 3-D Gaussian signal is defined by

u ($3,$2,$1) =

3
(BI)
— (2m) 32 M|V exp 2|M| > M| i g

1,7=1

where

(M| = oi0303 (1 + 2p12p23p13 — pla — P33

—Pfs),
|Mu| = (1 - P23) 02037
|Mao| = (1 — p3) o
| M| = (1 — pi,) oio3,
|Mia| = [ M| = 010203 (p23p1s — p12) ,
|Mas| = |Msa| = 030203 (p12p13 — p23)
and

|Mi3| = |Ms1| = 010503 (p12p2s — p13) -

The parameters 012, i1 =1, 2, 3 are called variances and

pij, 4,7 = 1,2,3,4 # j are cross-correlation factors. If all
pi; = 0, we have a 3-D separable Gaussian signal. The Fouri-
er spectrum U (w3, wa, w1 ), w; = 27 f; of (B1) is

U (w3, w2, w1)
= exp [—% (w%a% + w%ag + wgagﬂ .

(Wiw2p120102 + Wiw3p130103 + Wawszp230203)] .
(B2)

cexp [—

Appendix C

Derivation of the formula (27) relating 3-D FT and OFT
A. Formula relating the 3-D FT and the OFT
Let us recall the definition of the 3-D FT given by (13):

U(f37f2,f1) = /u(:v) e €101 g—€1az—€103 d3:I:, 1)
RS
where oy = 27Tf1$1, Qg = 27Tf2$2, ag = 27Tf3£[:3, a3 =
27 fsxs and x = (x3, 2, z1). Let us calculate the sum

LU o for )+ U (oo )] =

C2
= /u(m) e 1 MeT % (cosag) dox ©
R3
and the difference
1
3 U (f3, f2, f1) = U (=f3, f2, f1)] =
(C3)

= /u(w) e “1MeT 4% (e sinag) dox.
R3
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Multiplying (C3) from the right by (—e5) and applying
the multiplication rules from Table 1, we get

%[U (f3; f2, [1) = U (= f3, f2, f1)] (—e5) =

(C4)
= /u(:z:) e “1MeT % (e sinag) dix.
R3
Now adding (C2) and (C4) we obtain
1
U (fs; f2, /1) (1 —e5) +
SU(=f3,f2, /1) (1 + e5) = (C5)
= /u(:v) g 1120 @3y,
R3
To simplify the notation, let us introduce
1
Vi (fs, f2, [1) = §U(f37f27f1) (1—e5)+
(Co)
;U (_f37 .f27 fl) (1 + 65)
and calculate once again two sums
1
5 [V (f37f27f1) +V(f37_f27f1)] =
C7
= /u(x) e 1 (cosag)e 4 Py, ©D
R3
1
3V (fso fo f1) =V (f3, = f2, fi)] =
C8
/ e 4 (—e;p sinag) e %% @3z, €8)
R3

We notice in (C8) that the multiplication of
e 1M (—ey sinag) e~ from the right by (—e3) is equiv-
alent to e (ejezsinay) e | and in consequence we
obtain

SV oo for F1) =V (f— s )] e =

= /U(:I}) e*&lal (—62 sinag)e84°‘3 dg.’lt. (C9)
R3
Now, we add (C7) and (C9):
%[V (f3s fos f1) + V (f3, — fo, f1)] +
+%[V(f37f27f1)_V(f3,_f2,f1)]e3_ (ClO)

= /u(m) e 101gT 202 Ca0s g,

R3
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Finally, from (C6) and (C10) we get the formula (27).
OFT (f37.f25f1) =
1
=1 {Uec (f35 f2, f1) (1 —e5) +

+Uec (= f3, fo, f1) (1 +e5) +
Uec(f3y—f2, f1) (1 —e5) +
Uc (_f37 _f25 fl) (1 + 65)}+

+ ies{ Ue (f3, f2, —=f1) (1 —e5) +

Ue(=f3, f2, = f1) (1 4+ e5) —
—Uc(f3,—=f2,—f1) (1 —e5) —
—Uc(=f3,—f2,—f1) (1 +e5)}.

(C11)

Appendix D

Relations between 2-D analytic quaternionic
and complex signals

Let us recall the phase functions of the analytic 2-D CS
given by (56) and (57): tan ¢; (72, 71) = (v1 + v2)/(u — v),
tan ¢z (z2,21) = (v1 —v2)/(u+ v). The addition of (56)
and (57) yields

tan o1 + tan g3 = v1 + v2 i V1 —v2
U—v u—+v (D1)
2 (v1u + vav)
- w2 — v2
and the subtraction
v +v2 U — U2
tan ¢ — tan s = - =
U —v u+v
(D2)
2 (11 + vau)
- u2 — 2 ’

From (60)—(62) it is known that the quaternionic phase
functions ¢7, ¢4, ¢3 are defined by

2 (vav + uwy)

tan 2¢7 = D
an ¢1 UQ—U%+U§—1)27 ( 3)
2 (v1v + uwe)
q _
tan 2¢2 = u2 + ’U% — ’U% — ’U27 (D4)
. 2 (uv — v1v9)
201 = . D5
Sin ng ’U,2+’U%+’U§+’U2 ( )
Introducing (D1) into (D3) we get
2 (vov + uwvy)
tan 2¢7 = =
an2¢; u? — v} 4+ v3 —v?
_ (tangy + tangps) (v —0?)
= 2_ 2
(u? —v2) (1 — U12 Ui)
us —v (D6)
_ tangy +tangps
1 — 01t 2) v)
U — v u+v
_ tangp; + tanps
1 —tanyp; tangps’
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In (D6) we recognize:

tan a 4 tan 8
ta = -
n(a+6) 1 —tanatan g

and finally we get

201 = 1 + 3. (D7)
Analogously, from (D2) and (D4) we have
t —t
tan 264 = an ¢y an ys _
- (1t v2) (v —vs)
uU—v u+v (D8)

tan p1 — tan 3

- 1 + tan ¢; tan @3

and 265 = 1 — 3.

Formulas (D7) and (D9) confirm relations (65) and (66):
¢1 = 3 (61 +¢3) and 3 = L1 (¢ — ¢3). The relation (D5)
is trivial to prove by adding and subtracting (54) and (55).
Using (59), we have

AT+ A5 =2 (v 4+ 0} + 0] +0v°) =247,
AT — AZ =2 (uv — v1v3)

(D10)
(D11)

which prove the relation (D5).

Appendix E

Formidable algebraic representation of the tangent of
a sum of four angles defined by the polar form of 3-D
complex analytic signals

Consider the Eq. (76) written here again

7 = (o1 + @3 + @5 + ¢7) /4.

The four angles are defined by the polar form of four 3-D
complex analytic signals given by (36)—(39). We have

v +v2+v3—0 Ny

(ED)

tanp; = = =, (E2)
u—vip —v13 —v23 D1
V1 +v2 —v3 40 N3
tan g = = —, E3
73 u—vi2 +v13 +v23 D3 &)
V1 — Vg —|— V3 + v N5
tan = = —, E4
& u+wvi2 —v13 +v23  Ds =
— N
tanp; = it tvs—v N (ES)
u—vig —v13 —v23 Dy
The tangent of a sum of four angles is
tan (o1 + @3 + 5 + @7) =
tan 1 + tan o3 tan ps + tan o7
(E6)

1 —tanyp;tanyps 1 —tanystaner
tan ¢ + tan g3 tan @5 + tan @7
1 — tan ¢; tan @3 "1—tan s tan 7
The insertion of (E2)—(ES) into (E6) yields after arrange-
ment of terms a formidable algebraic expression in the form
of a quotient of a nominator and denominator each being a
sum of a big number of terms, each term in the form of a
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product of four terms defined by nominators and denomina-
tors in (E2) to (E5). This shows how complicated could be
the eventual matrix representation of the seven phase angles
in (75).

Appendix F

The sphere and its 3-D spectrum
The sphere is a spherically symmetric function

u(r) =0.5—0.5sgn(r —ry). (F1)
Its Fourier transform is
ar .
Uw)= e [sin (r1p) — r1pcos (r1p)], (F2)

where p = |lw]| [30].
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