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by the Roesser model
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Abstract. A new class of fractional 2D Lyapunov systems described by the Roesser models is introduced. Necessary and sufficient conditions
for the positivity and asymptotic stability of the new class of systems are established. It is shown that the checking of the asymptotic stability
of positive 2D fractional Lyapunov systems can be reduced to testing the asymptotic stability of corresponding positive standard 1D discrete-
time systems. The considerations are illustrated by a numerical example.
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1. Introduction

The most popular models of two-dimensional (2D) linear sys-
tems are the models introduced in [1-3] and [4]. These models
have been extended for positive systems in [5-8]. An overview
of 2D linear systems theory is given in [9-12] and some recent
results in positive systems have been given in the monographs
[6, 13]. The asymptotic stability of positive 2D linear systems
has been investigated in [14—17]. The problem of positivity
and stabilization of 2D linear systems by state-feedbacks has
been considered in [18].

Mathematical fundamentals of fractional calculus are giv-
en in the monographs [19-23]. The notion of fractional 2D
linear systems has been introduced by Kaczorek in [24] and
has been extended in [25, 26]. The problem of positivity and
stabilization of 2D fractional systems by state-feedbacks has
been considered in [27, 28].

Controllability and observability of Lyapunov systems
have been investigated in [29]. Positive 1D Lyapunov systems
have been considered in [30-34] and positive 2D Lyapunov
systems have been analysed in [35].

In [36] a new fractional Lyapunov model has been intro-
duced and has been extended in [37]. The positivity, stability,
observability, reachability and controlability to zero problems
for this model have been formulated and solved.

In this paper a new class of 2D fractional Lyapunov sys-
tems will be introduced and necessary and sufficient condi-
tions for the positivity and asymptotic stability will be estab-
lished.

To the best knowledge of the author 2D fractional Ly-
punov systems, its positivity and stability has not been con-
sidered yet.

2. Preliminaries

Let R} be the set of n x m matrices with all nonnegative
elements and R} := R’}er. The set of nonnegative integers
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will be denoted by Z and the n X n identity matrix will
be denoted by I,,. A matrix A = [a;;] € R}*™ will be
called strictly positive and denoted by A > 0 if a;; > 0 for
i=1,2,...,nand j=1,2,...,m.

A square real matrix A = [a;;] is called the Metzler ma-
trix if its off-diagonal entries are nonnegative, i.e. a;; > 0 for
i # .

Definition 1. [38, p. 80] The Kronecker product A ® B of

matrices A = |:aijj| € R™*™ and B € RP*? is the block
matrix
A®B = a;B| ., e R, ()
J=1.n
Lemma 1. [38, p. 82] The equation
AXB=C, ()

where A € R™*", B € R¥*P, C' € R™*? and X € R"*4 is
equivalent to the following one

(A ® BT):c =, 3)
where .
T = [ Tr1  To Ty } ,

(4)
c:= [ c1 Co Cm ]T

and z; and ¢; are the i-th rows of the matrices X and C,
respectively.

Lemma 2. [38, p. 385] If A1, Ao, ..., A, are the eigenvalues of
the matrix A € R™*" and pq, pio, . . ., fin, are the eigenvalues
of the matrix B € R™*", then \; + p; for ¢, =1,2,...,n
are the eigenvalues of the matrix

A=A®I, +1, ® BT.

The following notions of fractional differences of 2D hor-
izontal and vertical matrix functions will be introduced.
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Definition 2. The «-order fractional difference of an 2D hor-
izontal matrix function Xihj € RmxN . J € Zy4 is defined
by the formula

%

ACXE =" calk)X] ) ;) (4a)
k=0
wherea €R, n—1<a<neN={1,2,...} and
1 fork=0
Coz(k): .
(—1)F(2) = (-1kelesllohtl) - for >
(4b)

Definition 3. The 3-order fractional difference of an 2D ver-
tical matrix function X;; € R2*N 4 € Z, is defined by
the formula

J
APXE = es()XY; (52)
1=0
where € R, n—1<f<ne€Nand
0 1 forl =0
cg(l)= .
B (_1)l([li) _ (_1)lﬁ(ﬁ—1)"l'!(ﬁ—l+1) forl >0
(5b)

Definitions 2 and 3 are a generalization of fractional par-
tial differences of 2D discrete functions given in [23] and [28].

Lemma 3. [28] If n —1 < a <n e N = {1,2,...}
(n—1<ﬁ<n) then

> ca(k) =0 <Z cg(k) = 0) : (6)
k=0 k=0

3. Fractional 2D Lyapunov system
and its solution

Consider the fractional 2D linear Lyapunov system described
by the state equations

sext, ][ an an [ x0T,
APXY, A9 Ay, || xy e
+ XZ A%l A%Q + B1 []ZJ7
Xy AL, AL, B,
Xh
ywz[cl 02} [ +DUs ez ()
ij

where Xihj € R xN, Xi; € R %N are horizontal and verti-
cal state matrix at the point (4, j) respectively, U;; € R™* is
input matrix, Y;; € RP*¥ is output matrix at the point (i, 5)
and A}, € R**™ fork,l =1,2andr = 0,1, B; € R™*™,
By € R™2x™m () € RP*™M Oy € RP*™2 D € RP*™ and
N =nq + no.
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Using Definition 2 and Definition 3 we may write the
Eq. (7a) in the form

—0

[ Xih-i-l,j ‘| — All A((I;Q XZ +
Xij+ A9 Ay X3
L[] AL AL
X;; A21 A22 (8)
i+l
an(/‘?)Xi}ikH,j B
— k_:2 + 1 U
Jj+1 B, ij
ZCQ(Z)X5j7l+1
1=2

where A}, = A%, + all,,, Agy = AY, + AL,
The boundary conditions for the Egs. (7a) and (7b) are
given in the form

Xl forj € Z, Xy fori € Z,. )

Lemma 4. The 2D Lyapunov system (7) can be transformed to
the equivalent fractional 2D Nm-input and N p-output system
described by the Roesser model in the form [28]

T?.H,j _ Eu 212 IZ _
T; i1 Ag1 Ag T;;
i+l
Ca(k)fz;kﬂ 7 — (102)
k=2 7 By | _
Jj+1 Bg K
Z cp(DT7 5111
1=2
_ zh _
yz] |: Cl CQ :| _7,;] +Dﬂi]7 7/7] € Z+7 (lOb)
Ty
where
h T N-
7= [ axl X, mXly | e RN,
T N
= [ AXG WXy . WXy | eRV™
. (11)
Uij = { Ui 22Uy mUij } e RNV™,

T
Yij = [ 1Yij 2V pYij } eRNP

and L X"

YR kXU

R k
X?

i3

Uij, 1Yi; denote the k—th rows of the

matrices X" Uij;, Yij, respectively,

R

Bull. Pol. Ac.: Tech. 59(2) 2011



=

www.czasopisma.pan.pl P N www.journals.pan.pl

Positivity and stability of fractional 2D Lyapunov systems described by the Roesser model

Al Al
Ay Al
c ]R(N-nl)x(N»nl)7

A = A11 @Iy +1,, ®

212 = A?Q ® HN S R(N'nl)X(N'nz),
Ay = A @ Iy € ROV m2)x(Vom),
A Ab
A§1 Al
c ]R(N-ng)x(N»ng)7

Agy = A22 @Iy +1,,®

12)

By = By @ Iy € RO m)x(Nom)

By = By @ Iy € RO m2)x(Nem)

Cr =0, @Iy € RVPIX(N 7).
Co = Cy @ Ty € RVPIX(Nm2)

D =D®ly e RWVP>*Nm),
Proof. Using Lemma 1 for the Eq. (8) we obtain immediately
(10).
The boundary conditions for the Eq. (10) are given in the
form
for j€Zy,
(13)

T
=h _ h h h
Toj = [ 1Xg;  2Xg; n X0; }

T
v
aniO :|

Theorem 1. The solution of Eq. (10) with boundary condi-
tions (13) is given by

3]-fel

—’U — v v
= [ 11X 2Xip

,LJ for 17 S Z+.

j_ zh
+ZT7J q[ Oﬂ
q=

(14a)
—01
"’ZZ(Zplan "’TlpaqlB ) Pq
p=0 ¢q=0
where -
— B —
BY = | 7', BOl_[_O ] (14b)
B,

and the transition matrices T, € RN *N” are defined by the
formula

Tn2 for p=0,¢=0
Tpg={ Tpq for p+¢>0(p,g€Zy) (140)
0 (zero matrix) for p <0 and/or ¢ <0
where
P
— - = ca (KN —
qu = TlOTpfl_,q - Z [ ( )O(N 1) 0 Tpfk,q‘F
=2 (14d)
_ 10 0 _
+T01Tpg—1— Tp.q—i
P ; [0 C,B(l)]]:(N'nz) P4
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and

0 0

Z21 Z22

Proof. The theorem results directly from the state-space equa-
tion solution of the fractional 2D linear system described by
the Roesser model (10), see [28].

A
M ) TOl =

Z12

T =
10 0

(14e)

4. Positivity of the fractional 2D Lyapunov
system
Definition 4. The system (7) is called the (internally) pos-
itive fractional 2D Lyapunov system if X ho e R”IXN
Xy € € RN and Vj; € RTN, i, € Z+ for any non-
negative boundary conditions X&- € RTXN ,J € Z4 and
X5 € RTXN, i € Z and all input sequences U;; € RT*Y,
1,] € Zy.
Theorem 2. The fractional 2D Lyapunov system (8) for
a,f eR 0<a<10< <1 is positive if and on-
ly if

Al = [ija;khjzl _____ L for E=121=01 (5
are Metzler matrices satisfying
iady +a+a, >0 for i, j=1,...,m
ii@?l‘f'a'i‘jja%QZo for i=1,...,m, j=1,...,n9
ii09e + B+ a1, >0 for i=1,...,n2, j=1,...,m
09y + B+ jja3, >0 for i,j=1,...,n

(15b)
and
w ERPXM for k1=1,2; k#1; r=0,1;
B, e RP*™™, Cp e RE*™  for k=1,2; (15¢)

D e REX™.
Proof. The fractional 2D Lyapunov system (8) is positive if
and only if the equivalent fractional 2D system (10) is posi-
tive. By the theorem of the positivity of fractional 2D linear
system described by the Roesser model [28] we have
An Ay
A9 Asp

By

— RIVxN?
Bj

_ NZx(N-m)
=R} ,

)

[ 61 62 } :RSFN-p)xNz, D
Using (12) we obtain (15).

RSFNP) X (N-m) '

5. Asymptotic stability of fractional

2D Lyapunov systems
Definition 5. The positive fractional Lyapunov system (7) is
called asymptotically stable if for any bounded boundary con-
ditions X/, € RN for j € Zy, X3 e R>*N fori € Zy
and zero inputs U;; = 0 for 4, j € Z; we have

Xh
lim [ 15 1 = 0. (16)
ii—ee | XY
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Theorem 3. The positive fractional 2D Lyapunov system (7)
is asymptotically stable if and only if one of the following
equivalent conditions is satisfied:

1. the positive 1D system

Ay A
v = | = 2 (17)
Asr Ag
where
~ Al Al
Akk - Agk + ]I'n, ®HN + Hn X 1 12
( ) AR Ay (18)

fork=1,2

and Ajo, Ay are given by (12) is asymptotically stable,

|Ni +py| <1 fori,j=1,2....N (19)
where A1, A2, ..., Ay are the eigenvalues of the matrix
AV + 1, AY,
A, A9y + T,
and p1, po, ..., un are the eigenvalues of the matrix
Ay Al
Agy A

3. there exists a strictly positive matrix A € Rf *N Such that
Al
Az

1
A12

0 0
All A12
0 1
A22

A+A
A9 A

<0. (20

Proof. By Lemma 4, the asymptotic stability of the fractional
2D Lyapunov system is equivalent to the asymptotic stabil-
ity of the system (10). Note, that this system is the system
with delays. The number of delays increases for ¢,j — oo.
In [39, 40] it was shown that the asymptotic stability of the
positive discrete-time linear system with delays is independent
of the number and values of the delays and depends only on
the sum of the state matrices. Therefore, the asymptotic sta-
bility of the positive 2D fractional system (10) is equivalent
to the asymptotic stability of the positive 1D standard system
with the matrix

Ay — Z Ca(k)I(N.ny)
k=2

A1

o - (2D
Ao Ay — Z (DN .ny)
1=2
Using Lemma 3 and from (4b), (5b) we obtain
Y calk)=a-1 and > cs(k)=p-1. (22)
k=2 k=2

Substitution of (22) into (21) yields (17).

It is well-known that 1D discrete-time system (17) is as-
ymptotically stable if and only if all eigenvalues of the sys-
tem matrix have moduli less than one. Using Lemma 2 we
obtain (19).
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In [41], it was shown that the positive 1D system (17)
is asymptotically stable if and only if there exists a strictly
positive vector \ € Rf such that

Z12

All - ]I(an)
A22 - ]I(Nng)

A21

1 A<O0

Applying Lemma 1 and from (18) we obtain (20).
Let us denote

Ar. AT
e forr=0,1  (23)
A21

= ot
Al kt kl=1,...,N

and
(24)

Theorem 4. The positive fractional 2D Lyapunov system (7)

is asymptotically stable only if

agk —i—alll S [—a,O)
fork=1,2,...,n1;1=1,2,...,N;

(25)
ajy, +ay € [=6,0)
fork=ni1+1,nm+2,...,N; [=1,2,...,.N
Proof. The inequality (20) can be written in the form
N N N N
Doapdit Y Mg =D aA+ D Ajag+
j=1 j=1 j=1 j=1 (26)

J#k i
+ (ady + aj) g <0 fork,1=0,1,...,N.

By Theorem 2 we have that the inequality (26) can be satisfied
only if the conditions of Theorem 4 are hold.

Example 1. Consider the fractional 2D Lyapunov system (7)
for o« = 0.8, 8 = 0.5 with matrices

Ay A | _ |05 0

A9, A9, 03 —02]|’

Al Al 02 0.1 @n
i e Il R R
oAb, 0 -0.1

By Theorem 2 this system is positive since the matrices
Af;, Ab, for r = 0,1 are Metzler matrices satisfying

1ad +a+1ak, =01 >0,
1101 + o+ 11a3, = 0.2 > 0,
116L82 + B8+ 110%1 =0.1>0,
11099 + B+ 1103 = 0.2 >0

and the remaining matrices of the system have all nonnegative
entries.

Applying Theorem 3 we obtain the following results.

Bull. Pol. Ac.: Tech. 59(2) 2011
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. The 1D system with the matrix

All
A21

An open problem is extension of the considerations for
2D Lyapunov systems described by the models with structure

0.3 0 0 0 similar to the Kurek model [4].

01 04 0 O
03 0 06 O
0 03 01 0.7

Z12
A22
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