ARCHIVES OF CIVIL ENGINEERING, LVII, 4, 2011

DOI: 10.2478/v.10169-011-0030-4

THE INF-SUP CONDITION TESTS FOR SHELL/PLATE FINITE ELEMENTS

W. GILEWSKI!, M. SITEK?

Development of high-performance finite elements for thick, moderately thick, as well as thin shells
and plates, was one of the active areas of the finite element technology for 40 years, followed
by hundreds of publications. A variety of shell elements exist in the FE codes, but “the best”
finite element is still to be discovered. The paper deals with an evaluation of some existing shell
finite elements, from the point of view of the third of three requirements to be satisfied by the
element: ellipticity, consistency and inf-sup condition. It is difficult to prove the inf-sup condition
analytically, so, a numerical verification is proposed. A set of numerical tests is considered for
shell and plate problems. Two norm matrices and a selection of the stiffness matrices (bending,
shear and membrane dominated) are analysed. Finite elements from various computer systems can
be evaluated and compared with the use of the proposed tests.
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1. INTRODUCTION

Shells/plates are widely considered in engineering applications. The corresponding
discretization procedures are not yet sufficiently reliable, in particular as regards shell
structures. A major cause of these difficulties lies in the numerical locking phenome-
na that arise in such formulations (Hughes, Hinton [15], Kardestuncer, Norrie [17],
Taylor, Zienkiewicz [20], Radwanska [18]). It is extremely difficult to obtain a shell
finite element that is optimal. In the optimal formulation we should aim to satisfy the
following conditions (Arnold et all [1], Chapelle, Bathe [9], Chapelle, Paris Suarez
[11], Bathe et all. [3],[4]), Brezzi, Bathe [6], Brezzi, Fortin [7], Gilewski [13]):

Ellipticity. This condition ensures that the finite element model is solvable, and
physically means there are no spurious zero energy modes. This condition can easily
be verified by studying the zero eigenvalues and corresponding eigenvectors of the
stiffness matrix of a single unsupported finite element (Brezzi, Fortin [7], Gilewski
[13], Taylor, Zienkiewicz [20] for example).
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Consistency. The finite element solution must converge to the solution of a mathe-
matical problem with the element size & close to zero. The bilinear forms used in the
finite element discretization must approach the exact bilinear forms of the mathematical
model as & approaches zero (Brezzi, Fortin [7], Gilewski [12,13]).

Inf-sup condition. Satisfying this condition implies uniform and optimal conver-
gence in bending-dominated shell problems (Bathe [2], . The shell element is released
from shear and membrane locking with solution accuracy independent of the shell
thickness parameter. In general it is very difficult to prove analytically whether a shell
or plate finite element satisfies this condition, and numerical tests are to be employed
(Bathe [2], Bathe et all. [3,4,5], Brezzi, Bathe [6], Chapelle, Bathe [8,9,10], Hiller,
Bathe [14], Iosilevich at all [16], Sitek [19]).

A variety of shell finite elements exist in commercial FE codes and, according to
the authors opinion, it is the right time to compare and evaluate them. It is not easy
because the theoretical details of the formulations are not always available. The tests
presented below can be used for this evaluation and comparison.

The present paper is dedicated to the numerical verification of the inf-sup condition
(Sitek [19]) for shell/plate finite elements in general. A detailed evaluation of standard
plate finite elements, as well as the elements available in the commercial programme
Abaqus, is presented. The advantage of the inf-sup tests is that they can be used for
displacement based finite elements, as well as for mixed models. Finite element models
classified as “tricks” (strain energy multipliers, reduced integration, etc.) can be also
evaluated by the tests.

2. THE INF-SUP CONDITION

Shell elements in the finite element systems are based on the displacement, mixed,
assumed strain or other formulation. Details of the inf-sup conditions, difficulties to
fulfil it and the concept of the inf-sup test can be found in the papers of Bathe [2],
Bathe et all. [3,4,5], Brezzi, Bathe [6], Chapelle, Bathe [8,9,10], Hiller, Bathe [14],
Tosilevich at all [16], Sitek [19]).
Effective numerical implementation of the inf-sup test is based on the following
steps:
e A sequence of Nfinite element meshes should be chosen for a selection of bending
dominated problems, with decreasing characteristic element size H (k=1,2,...,N).
It is preferably to use the element sides not aligned on the asymptotic lines of the
mid-surface. y
e For every k in the sequence, establish the stiffness matrix K and the norm matrix
S¥ and calculate the smallest eigenvalue /lfnin of the generalized eigenvalue problem

qu _ /lkskq
e Plot log (/lfnin) versus log (1/N) .
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e If the curve clearly flattens out as h* decreases, and the A, value stabilizes at
some positive level, then the inf-sup condition is satisfied.

e If the right behaviour is observed for all test problems, the element passes the
inf-sup test.

There are three crucial decisions in the above evaluation procedure:

1. Selection of shell/plate geometry for the test,

2. Selection of the stiffness matrix K¥ (bending or shear/membrane dominated),

3. Selection of the norm matrix S¥.

These aspects will be discussed below.

3. A SET OF PLATE/SHELL TESTS

In order to perform the inf-sup analysis of a particular shell/plate finite element, a
suitable set of well-chosen bending dominated problems should be selected (Bathe [2],
Bathe et all. [3,4,5], Brezzi, Bathe [6], Chapelle, Bathe [8,9,10], Hiller, Bathe [14],
Iosilevich at all [16]). Five shell and three plate tests are proposed (Fig. 1-8), from the
point of view of bending energy value (versus membrane/shear energy) corresponding
to the first eigenvector of the structure, as well as of Gaussian curvature sign (positive,
negative or zero) for shells. The balance of strain energy is calculated for the first
eigenvalue (with the use of the most effective finite elements. Rectangular plate element
with the so called physical shape functions is used for plate problems (Gilewski [13])
and the S4 Abaqus shell element for shell problems. The balances are presented in
Fig. 9,10 (& is plate thickness, a is a typical mid-plane dimension).
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Fig. 1. Cantilever hyperbolic paraboloid.
Rys. 1. Wspornikowa paraboloida hiperboliczna

The proposed set of tests is an extension of the tests proposed in the literature of
the subject.
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Fig. 2. Cantilever conoid.
Rys. 2. Wspornikowa konoida

Fig. 3. Cone with symmetry boundary conditions: u,= f,=f,=0 on AB; u,= f;= f;=0 on CD.
Rys. 3. Stozek z warunkami brzegowymi symetrii: u,= f,=f,=0 na AB; u,= f,= ;=0 ona CD
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Fig. 4. Sphere with symmetry boundary conditions: u,= f,=f,=0 on AB; u,= f;= f:=0 on CD.
Rys. 4. Sfera z warunkami brzegowymi symetrii: u,= f,=f,=0 na AB; u,= f,= f,=0 ona CD
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Fig. 5. Cylindrical shell with symmetry boundary conditions: u,= f,=f.=0 on AB; u,= f;= f;=0 on CD.
Rys. 5. Powloka walcowa z warunkami brzegowymi symetrii: u,= f,=f,=0 na AB; u,= f.= f,=0 na CD

Fig. 6. Simply supported (pinned) plate.
Rys. 6. Plyta swobodnie podparta

Fig. 7. Cantilever plate.
Rys. 7. Plyta wspornikowa
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Fig. 8. Clamped plate.
Rys. 8. Plyta utwierdzona
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Fig. 9. Bending energy contribution in total energy depending on plate thickness (h/a=1/100, 1/50, 1/10,
1/5, 1/3, 1/2, v=0.3).
Rys. 9. Udzial energii zgigciowej w energii catkowitej w zaleznosci of grubosci plyty (h/a=1/100, 1/50,
1/10, 1/5, 1/3, 172, v=0.3)
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Fig. 10. Bending energy contribution in total energy depending on shell thickness (k/a=1/100, 1/50,
1/10, 1/5, 1/3, 1/2, v=0.3).
Rys. 10. Udziat energii zgieciowej w energii calkowitej w zaleznoS$ci of grubo$ci powloki (#/a=1/100,
1/50, 1/10, 1/5, 1/3, 1/2, v=0.3)

4. STIFFNESS AND NORM MATRICES FOR THE INF-SUP TESTS

Two displacement norms are considered: L, — norm (associated with the displacements)
and H; — semi-norm (associated with the first derivatives of displacements):

(1) i, = [ [ u" e wu o
Q

4.2) uli, = f f (Au (1, 32, x3))T (At (x1, %2, 53)) 0.
Q

Following the plate/shell theory assumptions (2D models) and standard finite element
approximation u = Nq (with the use of displacement shape functions matrix) one can
receive quadratic forms

(4.3) lul7, =q" - S0 -q,

(4.4) Iz, =q" - S1-q.
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with corresponding norm matrices named SO and S1. The norm matrix SO is equivalent
to the mass matrix (M) of a structure with unit material density and is easy to use in
commercial programs. The use of complex norm matrix

4.5) S01 = SO + &°S1,

where a is characteristic dimension of plate/shell mid-surface, it is more complicated
and needs separate programming of the matrices.

The second crucial aspect of the inf-sup tests is the form of the stiffness matrix K.
Full stiffness matrices (K) as well as shear or membrane oriented (K;, K,,) matrices
are considered in the examples presented in the paper.

5. EVALUATION OF SOME PLATE/SHELL FINITE ELEMENTS

The first set of examples is the analysis of well known plate rectangular finite elements
with 4 corner nodes and 12 degrees-of-freedom. Full, selectively reduced and uniformly
reduced integration is applied (see Gilewski [13], Taylor, Zienkiewicz [20] for detailed
description of the finite elements). All matrices are calculated by the authors in a
separate programme and included to the Abaqus commercial code. The objectives of
those examples are to compare the use of SO and SO1 norm matrices as well as the
evaluation of those finite elements. The results are presented on Fig. 11-19.
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—4—h-a=1-100 —@—h-a=1-20 —&—h-a=1-5 —¢—h-a=1-100 —W—h-a=1-20 —&—h-a=1-5

Fig. 11. Inf-sup test — cantilever plate % = 1/100, 1/20, 1/5. Plate element with linear shape functions and
full integration. Norm matrices SO = M(left) and SO1 (right).
Rys. 11. Test inf-sup — plyta wspornikowa % = 1/100, 1/20, 1/5. Element ptytowy o liniowych funkcjach
ksztaltu i calkowaniu petnym. Macierze normowe SO = M (po lewej) i SO1 (po prawej)

Rectangular plate finite element with linear shape functions and full integration
does not satisfy the inf-sup condition for three plate test problems. Locking effect is
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Fig. 12. Inf-sup test — clamped plate % = 1/100, 1/20, 1/5. Plate element with linear shape functions and
full integration. Norm matrices SO = M(left) and SO1 (right).
Rys. 12. Test inf-sup — ptyta utwierdzona % = ]/100, ]bo, 1/5. Element ptytowy o liniowych funkcjach
ksztattu i catkowaniu pelnym. Macierze normowe SO = M (po lewej) i SO1 (po prawej)
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Fig. 13. Inf-sup test — simply supported plate h/a = 1/1 00 1/20, 1/5. Plate element with linear shape
functions and full integration. Norm matrices SO = M(left) and SO1 (right).

Rys. 13. Test inf-sup — plyta swobodnie podparta % = 1/100, 1&0, l/5. Element ptytowy o liniowych

funkcjach ksztattu i calkowaniu petnym. Macierze normowe SO = M (po lewej) i SO1 (po prawej)
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Fig. 14. Inf-sup test — cantilever plate h/a = 1/100, 1/20, 1/5. Plate element with linear shape functions and
selective/reduced integration. Norm matrices SO = M(left) and SO1 (right).
Rys. 14. Test inf-sup — plyta wspornikowa % = 1/100, IQO, 1/5. Element ptytowy o liniowych funkcjach
ksztaltu i calkowaniu selektywnie zredukowanym. Macierze normowe SO = M (po lewej) i SO1 (po

prawe;j)
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Fig. 15. Inf-sup test — clamped plate % =0.01,0.05,0.2. Plate element with linear shape functions and
selective/reduced integration. Norm matrices SO = M(left) and SO1 (right).
Rys. 15. Test inf-sup — ptyta utwierdzona % =0.01,0.05,0.2. Element ptytowy o liniowych funkcjach
ksztaltu i catkowaniu selektywnie zredukowanym. Macierze normowe SO = M (po lewej) i SO1 (po
prawej)
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Fig. 16. Inf-sup test — simply supported plate h/a = 1/1 00 1/20, 1/5. Plate element with linear shape
functions and selective/reduced integration. Norm matrices SO = M(left) and SO1 (right).
Rys. 16. Test inf-sup — plyta swobodnie podparta % = ]/100, 1/20, 1/5. Element ptytowy o liniowych
funkcjach ksztattu i catkowaniu selektywnie zredukowanym. Macierze normowe SO = M (po lewej) i
SO01 (po prawej)

observed for thin plates. Qualititatively similar graphs are received for SO = M and
S01 norm matrices.

Rectangular plate finite element with linear shape functions and selective/reduced
integration satisfy the inf-sup condition for three plate test problems. No locking ef-
fect is observed for thin or moderately thick plates. Qualititatively similar graphs are
received for SO = M and SO1 norm matrices.

Rectangular plate finite element with linear shape functions and uniformly redu-
ced integration satisfy the inf-sup condition for three plate test problems. No locking
effect is observed for thin or moderately thick plates. Qualititatively similar graphs are
received for SO = M and SOl norm matrices.

To conclude the first group of tests: looking for the results it is well seen that the
norm matrices SO=M can be used for the inf-sup tests.

After careful selection of the norm matrices, the following finite elements are
analysed in this chapter: S4, S4R and S4R5 ABAQUS/Standard shell elements which
are based on assumed strain concept. The norm matrices SO=M are used for all tests
and full (K) or restricted shear/membrane (K;, K,,) stiffness matrices are used for the
shell . The results for various test problems and several geometrical parameters are
presented in Fig. 20-28 for plate problems and in Fig. 29-34 for shell problems.

Abaqus shell/plate finite element S4R5 satisfy the inf-sup condition for three plate
test problems. No locking effect is observed for thin or moderately thick plates.

Abaqus shell/plate finite element S4R satisfy the inf-sup condition for three plate
test problems. No locking effect is observed for thin or moderately thick plates.
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Fig. 17. Inf-sup test — cantilever plate h/a = 1/1 00 1/20, 1/5. Plate element with linear shape functions and
uniformly reduced integration. Norm matrices SO = M(left) and SO1 (right).
Rys. 17. Test inf-sup — plyta wspornikowa % = 1/100, 1&0, 1/5. Element ptytowy o liniowych funkcjach
ksztaltu i catkowaniu zredukowanym. Macierze normowe SO = M (po lewej) i SO1 (po prawej)
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Fig. 18. Inf-sup test — clamped plate % = 1/1 00 1/20, 1/5. Plate element with linear shape functions and
uniformly reduced integration. Norm matrices SO = M(left) and SO1 (right).
Rys. 18. Test inf-sup — plyta utwierdzona % = 1/100, 1/20, 1/5. Element ptytowy o liniowych funkcjach
ksztaltu i catkowaniu zredukowanym. Macierze normowe SO = M (po lewej) i SO1 (po prawej)
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Fig. 19. Inf-sup test — simply supported plate h/a = 1/100, 1/20, 1/5. Plate element with linear shape
functions and uniformly reduced integration. Norm matrices SO = M(left) and SO1 (right).
Rys. 19. Test inf-sup — plyta swobodnie podparta % = 1/100, 1&0, 1/5. Element ptytowy o liniowych
funkcjach ksztaltu i catkowaniu zredukowanym. Macierze normowe SO = M (po lewej) i SO1 (po prawe;j)
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Fig. 20. Inf-sup test — cantilever plate % = ]/100, 1/20, 1/5. S4R5 Abaqus element. Norm matrix SO = M.
Rys. 20. Test inf-sup — plyta wspornikowa % = 1/100, 1/20, 1/5. Element Abaqus S4R5. Macierz normowa
S0=M
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Fig. 21. Inf-sup test — clamped plate % = 1/] 00> 1/20, 1/5. S4RS5 Abaqus element. Norm matrix SO = M.
Rys. 21. Test inf-sup — plyta utwierdzona h/a = 1/1 00 1/20, 1/5. Element Abaqus S4RS. Macierz normowa
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Fig. 22. Inf-sup test — simply supported plate % = 1/100, IQO’ 1/5. S4RS5 Abaqus element. Norm matrix
SO =M.
Rys. 22. Test inf-sup — plyta swobodnie podparta h/a = 1/100, 1/20, 1/5. Element Abaqus S4R5. Macierz
normowa SO = M
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Fig. 23. Inf-sup test — cantilever plate % = 1/100, lbo, 1/5. S4R Abaqus element. Norm matrix SO = M.
Rys. 23. Test inf-sup — plyta wspornikowa % = 1/100, 1/20, 1/5. Element Abaqus S4R. Macierz normowa
S0=M

-1,5 -1 -0,5 0

log(imin)

log(1/N)

——h-a=1-100 —#—h-a=1-20 —&—h-a=1-5

Fig. 24. Inf-sup test — clamped plate % = 1/100, 1/20, 1/5. S4R Abaqus element. Norm matrix SO = M.

Rys. 24. Test inf-sup — plyta utwierdzona % = 1/1 00> I,QO, 1/5. Element Abaqus S4R. Macierz normowa
S0=M
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Fig. 25. Inf-sup test — simply supported plate % = 1/100, 1/20, ]/5. S4R Abaqus element. Norm matrix
SO =M.
Rys. 25. Test inf-sup — ptyta swobodnie podparta }7a = 1/1 00 1/20, 1/5. Element Abaqus S4R. Macierz
normowa SO = M
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Fig. 26. Inf-sup test — cantilever plate % = 1/100, IQO, 1/5. S4 Abaqus element. Norm matrix SO = M.
Rys. 26. Test inf-sup — plyta wspornikowa % = 1/1 00 lbo, 1/5. Element Abaqus S4. Macierz normowa
S0=M
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Fig. 27. Inf-sup test — clamped plate % = 1/1 00 1/20, 1/5. S4 Abaqus element. Norm matrix SO = M.
Rys. 27. Test inf-sup — plyta utwierdzona % = 1/100, 1/20, 1/5. Element Abaqus S4. Macierz normowa
S0=M
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Fig. 28. Inf-sup test — simply supported plate% = ]/100, l/20, ]/5. S4 Abaqus element. Norm matrix
SO0 =M.
Rys. 28. Test inf-sup — plyta swobodnie podpartah/a = 1/1 00 1@0» 1/5. Element Abaqus S4. Macierz
normowa SO = M
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Abaqus shell/plate finite element S4 satisfy the inf-sup condition for three plate
test problems. No locking effect is observed for thin or moderately thick plates.
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Fig. 29. Inf-sup test — sphere, cone, cylinder, paraboloid, conoid. % = 1/] 000- S4RS Abaqus element.
Norm matrix SO = M. Full stiffness matrixK.
Rys. 29. Test inf-sup — sfera, stozek, walec, paraboloida, konoida. }7(1 = 1/1000. Element Abaqus S4RS5.
Macierz normowa SO = M. Pelna macierz sztywnosci K

Abaqus shell/plate finite element S4RS satisfy the inf-sup condition for sphere,
cone, cylinder and conoid if full stiffness matrix is used. Locking effect is observed
for hyperbolic paraboloid geometry.

Abaqus shell/plate finite element S4R satisfy the inf-sup condition for sphere, cone
and cylinder. Locking effect is observed for hyperbolic paraboloid geometry as well as
for conoid, if the shear oriented matrix K, is used.

Abaqus shell/plate finite element S4 satisfy the inf-sup condition for sphere, cone
and cylinder. Locking effect is observed for hyperbolic paraboloid geometry as well as
for conoid, if the shear/membrane oriented matrix K, is used.
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Fig. 30. Inf-sup test — sphere, cone, cylinder, paraboloid, conoid. % = 1/100. S4RS5 Abaqus element.
Norm matrix SO = M. Full stiffness matrix K.
Rys. 30. Test inf-sup — sfera, stozek, walec, paraboloida, konoida. % = 1/100. Element Abaqus S4RS.
Macierz normowa SO = M. Pelna macierz sztywnosci K
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Fig. 31. Inf-sup test — sphere, cone, cylinder, paraboloid, conoid. % = 1/1000. S4R Abaqus element.
Norm matrix SO = M. Full stiffness matrix K(left) and shear oriented stiffness matrix K; (right).
Rys. 31. Test inf-sup — sfera, stozek, walec, paraboloida, konoida. % = 1/1000. Element Abaqus S4R.
Macierz normowa SO = M. Pelna macierz sztywnosci K (po lewej) i macierz sztywnosci na Scinanie K;
(po prawej)
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Fig. 32. Inf-sup test — sphere, cone, cylinder, paraboloid, conoid. % = 1/100. S4R Abaqus element. Norm
matrix SO = M. Full stiffness matrix K(left) and shear oriented stiffness matrix K, (right).
Rys. 32. Test inf-sup — sfera, stozek, walec, paraboloida, konoida. % = ]/100. Element Abaqus S4R.
Macierz normowa SO = M. Pelna macierz sztywnosci K (po lewej) i macierz sztywnosci na Scinanie K;
(po prawej)
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Fig. 33. Inf-sup test — sphere, cone, cylinder, paraboloid, conoid. % = 1/1000. S4 Abaqus element. Norm
matrix SO = M. Full stiffness matrix K(left) and shear/membrane oriented stiffness matrix K, (right).
Rys. 33. Test inf-sup — sfera, stozek, walec, paraboloida, konoida. % = 1/1 000- Element Abaqus S4.
Macierz normowa SO = M. Petna macierz sztywnosci K (po lewej) i macierz sztywnosci na
Scinanie/rozciaganie K, (po prawej)
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Fig. 34. Inf-sup test — sphere, cone, cylinder, paraboloid, conoid. % = 1/100. S4 Abaqus element. Norm
matrix SO = M. Full stiffness matrix K(left) and shear/membrane oriented stiffness matrix Kj,, (right).
Rys. 34. Test inf-sup — sfera, stozek, walec, paraboloida, konoida. % = 1/] 00- Element Abaqus S4.
Macierz normowa SO = M. Petna macierz sztywnosci K (po lewej) i macierz sztywnosci na
Scinanie/rozciagganie K, (po prawej)

6. CONCLUDING REMARKS

Three requirements should be satisfied during development or evaluation of shell/plate
finite elements: ellipticity, consistency, and inf-sup condition. The inf-sup condition
is the most difficult to evaluate. The authors followed and extended the concept of
numerical verification of this condition developed by Bathe et al.

A set of shell and plate problems for this evaluation is proposed and analysed:
rectangular plate with various boundary conditions, spherical shell, cylindrical shell,
hyperbolic paraboloid, conoidal shell, and conical shell. The most demanding test is
based on the hyperbolic paraboloid shell geometry.

Two norm matrices are analyzed — based on the L, displacement norm and H;
semi-norm. It is proved that the norm matrix based on the L, norm is sufficient for
the inf-sup tests. This matrix is equivalent to the mass matrix with unit density of the
material, and is easy to evaluate shell/plate finite elements used in commercial codes.

It is also shown that it is possible to use a part of a stiffness matrix related to mem-
brane and shear strains (for non-displacement models), as well as full stiffness matrix
for evaluation of the inf-sup condition numerically with no qualitative differences of
results.

S4, S4R and S4R5 ABAQUS/Standard shell elements which are based on assumed
strain concept, and four-noded rectangular plate elements with linear shape functions,
and full reduced or selective integration are evaluated.
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The only finite element that do not pass the tests for plates is four noded plate

element with linear shape functions and full integration. The other finite elements pass
the tests.

The locking effects are observed on S4R5, S4R, S4 Abaqus element for thin

hyperbolic paraboloid geometry if the full stiffness matrix K as well as for conoid, if
the shear/membrane oriented matrix K; or K, is used. No locking effects are observed
for other shell geometries. No differencies in convergence the inf-sup parameter are
observed for plate problems if full o restricted stiffnes matrices are used.
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TESTY WARUNKU INF-SUP DO OCENY PLYTOWYCH I POWLOKOWYCH ELEMENTOW
SKONCZONYCH

Streszczenie

Elementy skoriczone plyt i powlok powinny spetniaé trzy warunki poprawnosci sformutowania: warunek
eliptycznos$ci, warunek zgodnos$ci i warunek inf-sup. Najtrudniejszy do sprawdzenia jest warunek inf-sup.
W pracy rozwinieto i zweryfikowano koncepcje numerycznej weryfikacji tego warunku, zaproponowanej
w pracach Bathego i wspdtpracownikow.

Przedstawiono i zweryfikowano szereg testow plyt o réznych warunkach brzegowych, oraz powlok
o réznych krzywiznach Gaussa, w ksztalcie sfery, walce, paraboloidy hiperbolicznej, stozka i konoidy.
Najbardziej wymagajacym testem okazata si¢ wspornikowa paraboloida hiperboliczna.

Zaproponowano i przeanalizowano dwie macierze normowe, bazujace na normie przemieszczen w
sensie L, i semi-normie H;. Wykazano, ze macierz zbudowana na bazie normy L, jest wystarczajaca
do badania warunku inf-sup. Macierz ta jest réwnowazna macierzy mas elementu skoriczonego, przy
jednostkowej gesto$ci materialu, co oznacza ulatwione badania elementéw skoniczonych w programach
komercyjnych.

Przedstawiono takze stosowno$¢ wykorzystania petnej macierzy sztywnosci, oraz macierzy ograni-
czonych do opisu stanu poprzecznego Scinania lub stanu membranowego.

Zweryfikowano poprawnos¢ klasycznych prostokatnych elementéw ptytowych o liniowych funkcjach
ksztaltu i catkowaniu pelnym lub zredukowanym, oraz elementéw powlokowych S4, S4R and S4RS statemu
ABAQUS/Standard.
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