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Checking of the positivity of descriptor linear systems
with singular pencils

TADEUSZ KACZOREK

A method for checking of the positivity of descriptor continuous-time and discrete-time
linear systems with singular pencil is proposed. The method is based on elementary row and
column operations on the matrices of descriptor systems. Necessary and sufficient conditions
for the positivity of the descriptor systems are established.
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1. Introduction

A dynamical system is called positive if its trajectory starting from any nonnega-
tive initial state remains forever in the positive orthant for all nonnegative inputs. An
overview of state of the art in positive theory is given in [6, 9, 10]. Variety of mod-
els having positive behavior can be found in engineering, economics, social sciences,
biology and medicine, etc.. The Drazin inverse of matrix to analysis of linear algebraic-
differential equations has been applied in [4, 5, 8]. Standard descriptor control systems
have been addressed in [7, 11]. Positive descriptor linear systems have been analyzed in
[1-3, 14]. A method based on shuffle algorithm for checking of the positivity of descrip-
tor linear systems with regular pencil has been proposed in [13].

In this paper a method for checking of the positivity of descriptor linear systems with
singular pencil will be proposed and necessary and sufficient conditions for the positivity
of the systems will be established.

The paper is organized as follows. In section 2 basic definitions and theorems con-
cerning positive standard linear systems are recalled and the problem formulation is
given. The main result of the paper is presented in section 3 and 4. The proposed method
for checking of the positivity of descriptor continuous-time linear systems with singular
pencil is presented in section 3 and its extension for discrete-time systems in section 4.
Concluding remarks are given in section 5.
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The following notation will be used: R — the set of real numbers, R — the set
of n x m real matrices, R’ — the set of n x m matrices with nonnegative entries and

R" = KR!, M, — the set of n x n Metzler matrices (real matrices with nonnegative
off-diagonal entries), I, — the n X n identity matrix.

2. Preliminaries and the problem formulation

Consider the descriptor continuous-time linear system with singular pencil
Ex(t) = Ax(t) +Bu(i), x(0)=xg (1)

where x(t) € R", u(t) € R™, are the state and input vectors and E,A € RI*", B € RT*™,
rank E < min(g,n) and

rank [Es —A] < min(g,n) for some s € C (the field of complex numbers).  (2)

Let U,y be a set of all given admissible inputs u € R™ of the system (1). A set of all
initial conditions xo € R" for which the equation (1) has a solution x(¢) for u(t) € U,q is
called the set of consistent initial conditions and is denoted by X°. The set X° depends
on the matrices E, A, B but also on u(t) € U,y [11].

Theorem 1 [11] The equation (1) has a solution x(t) for all u(t) € Uyq and zero initial
conditions if and only if

rank [Es —A] = rank [Es — A, B] for some s € C. 3)

Definition 1 The descriptor system (1) is called (internally) positive if x(t) € R,
for every consistent nonnegative initial condition xo € R’ and all admissible inputs
u(t) e R, 1 >0.

Consider the standard continuous-time linear system
x(t) = Ax(t) + Bu(i), x(0)=xo 4)

where x(1) € R", u(r) € R™, are the state and input vectors and A € R"*", B € R,
The system (4) is called (internally) positive if x(z) € R", r > 0 for every nonnegative
initial condition xo € R’ and all inputs u(r) € R, ¢t > 0.

Theorem 2 The standard continuous-time linear system (4) is positive if and only if
AeM, BeRy" (5)

where M, is the set of n X n Metzler matrices.
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The following elementary row (column) operations will be used:

1. Multiplication of the ith row (column) by a real number c. This operation will be
denoted by L[i x ] (R[i X c]).

2. Addition to the ith row (column) of the jth row (column) multiplied by a real
number c. This operation will be denoted by L[i + j X c] (R[i+ j X c]).

3. Interchange of the ith and jth rows (columns). This operation will be denoted by
L[i, j] (R[i, j].

A method for checking the positivity of the descriptor linear system will be proposed.
The method is based on elementary row and column operations.

3. Checking positivity of descriptor systems
Performing elementary row operations on the array
EAB (6)

or equivalently on the equation (1) we obtain

E, A By
(7)
0 Ay By
and
E]X(t) :Alx(t)—i—B]u(t) (8a)
0= Ax(t) + Bou(t) (8b)

where E; € R"*" has full row rank. If rank E; = r then there exists a nonsingular matrix
P € R™" of elementary column operations such that

EP=[E 0], E,eR™, 0€ R, detEy £0. 9)
Defining the new state vector

(1) =P x(t) = [ i

_ ) ] , )f](l) S g{r’ )Zz(l) S 9{("7’) (10)
XQ(Z‘
and using (9) we may write the equations (8) in the form

E]PPil)é(t) = E]LX] (t) :Alppilx(l) —I—Blu(t) :Allfl (l) +A_]2f2(l) —I—Blu(t) (11a)

0= AgPPilx(t) +Bou(t) = Ay % (1) —}—A_zzfz(l‘) + Bou(t) (11b)



www.czasopisma.pan.pl P N www.journals.pan.pl
N

80 T. KACZOREK

where

AP=[Ay Ap ], AneR™, ApeR0),

_ B _ _ (11c)
AP=] Ay Axn ], A€ gt(qfr)xr7 Ay € Rla—r)xn=r),
Case 1.
If
g>n and rankAyp =n—r (12)
then performing elementary row operations on the array
Ay Ap B (13)
or equivalently on (11b) we obtain
A3 An B
. . (14)
Az 0 By
and } )
0=A31x (l) +A32f2(l)+Bzu(l) (15a)
0= A3 % (t) + Bou(r) (15b)
where
ASI e m(n—r)xr’ A32 e EK(n—r)X(n—r)’ BZ e SR(n—r)Xm, dCTA32 ?é 0
15¢
A31 S ER(‘]_”)X’, Bz € g{(q—n)xm' ( )
From (15a) we have o o
fz(l‘) = —A3_21A31)f1 (t) —A;lezu(t). (16)
Substituting of (16) into (11a) yields
Eljcl (l‘) = (All —A12A3_21A31))31 (l‘) + (B] —Alzggzléz)u(t) (17)
and after premultiplying of (17) by E|° ! we obtain
fcl(t):&il(t)+1§1u(t) (18a)

where

Al :Efl(All *A12A3_21A31) e R, El :El_l(Bl *Alzzi;zlgz) e R (18b)
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From (15) it follows that the consistent initial condition Xy = [ 10 ] and the admissible

X

inputs u(z) should satisfy the conditions B
0 = A3 %10 +As¥0 + Bou(0) and 0= A3%0+ Bou(0). (19)

Note that by (10) Xy € R, for any xo € R', if and only if P le R

Case 2.

If the condition (12) is not satisfied then from (11a) we have
f](t) =A1f1(l) +AA2)52<[)+B\114<[) (20a)

where . )
Ay =E[ Ay, Ay=E'Anp, B =E'B. (20b)

In this case the consistent initial condition %y and the admissible inputs u(z) should sat-
isfy the conditions . ) .
0 = A1 %10+ A% + Bou(0). (21

Note that choosing arbitrary %, (¢) € R, r > 0 from (20a) we can find

t
%1(1) = eMEg+ / A [A% (1) + Byu(t)]dr (22)
0

for given X0 and u(t).
By Theorem 2 the system (18) is positive if and only if

Ay €M,, By R} (23)
and the system (20) is positive if and only if
AreM,, AyeR7"™ and By e R 24)
Therefore, the following theorem has been proved.

Theorem 3 Let the descriptor system (1) satisfy the assumptions (3). The system
satisfying the condition (12) and P~' € R'" is positive for nonnegative consistent
initial condition and admissible inputs if and only if the condition (23) is met. If the
condition (12) is not satisfied then the descriptor system is positive if and only if the con-
ditions (24) are met and %,(t) € R"~7", t > 0 can be chosen arbitrarily so that (11b) holds.
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The presented method of checking of the positivity of descriptor systems (1) will be
illustrated by the following two simple numerical examples.

Example 1 Consider the descriptor system (1) with the matrices

0 -2 0 1
0], A= 0 1 , B= 0o |. (25)
0 I -1 -1

Inthiscaseq=3,n=2,m=1,rankE =1

s+2 0
rank [Es — A] = rank 0 —1|=2 forall seC (26)
—1 1

and

Ei=[10], A, =[-2 0], B, =[1], Azzl(l) 11], 32:[_01]. 27)

1 0| - t
The matrix P = JEL=1],x(t) =x(t) = x1(0) and the equations (11) have
0 1 XQ(I)
the form
x1(t) = =2x1(¢) + u(r) (28a)

BRHEN G .-

_ 1
Note that the condition (12) is satisfied since rank A, = rank [ ] =n—r=1.

Performing on the array

_ _ 0 1 0
A A B, = 29
21 An B | -1 —1 (29)

the elementary row operation L[2 + 1 X 1], we obtain

Az; Ax B 01 O
a1 An Dy (30)
A1 0 By 1 0 —1

and
x(t) =0, x1(t) =u(t). (31)
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From (28a) and (31) we have X (t) = —x;(¢) and
xi(t) = e 'x10 = u(t). (32)

Therefore, the consistent initial condition and admissible input should satisfy (32) and
X10 = M(O), X20 = 0.

Example 2 Check the positivity of the descriptor system (1) with the matrices

Ezlloole:[—zo 0173211]' a3
000 0 1 —1 -1

Inthiscaseq=2,n=3,m=1,rankE =1

s+2 0 0

rank [Es —A] = rank -

] =2 forsome se€C (34)

and
E;=[1 00], Ai=[-200], Bi=[1], A2=[0 1 —1], Bp=[-1]. (35

Note that in this case the condition (12) is not satisfied since ¢ = 2 < n = 3. The matrix

100 x1(t)
P=|0 1 0 |,E =[1],x(t)=x(t)=| x2(t) | and the equations (20a) and (11b)
00 1 x3(t)

have the forms
x1() = =2x1(t) +u(t), xa(t) =x3(t) 4+ u(t). (36)

From (36) it follows that the descriptor system with (33) is positive for any x3(¢) > 0 and
u(t) > 0, r > 0 and consistent initial condition x19 > 0 and xp¢ = x39 + u(0).

4. Extension to the descriptor discrete-time linear systems

The presented method can be easily extended to the descriptor discrete-time linear
systems
Exiy1 =Axi+Bu;, i€Z, ={0,1,...} (37)

where x; € R", u; € R™ are the state and input vectors and E,A € R, B € R Tt is
assumed that rank £ < min(g,n) and

rank [Ez —A] < min(g,n) forsome z & C (the field of complex number).  (38)

The descriptor system (37) is called (internally) positive if x; € R’., for every consistent
nonnegative initial condition xo € R’ and all admissible inputs u; € R, i € Z,.
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The standard discrete-time linear system
Xi 1 =Ax;i+Bu;, Ac R, BeR"", ieZ, (39)
is called (internally) positive if x; € R’} for any xo € R’} and all inputs u; € R}, i€ Z,.
Theorem 4 [10] standard discrete-time linear system (37) is positive if and only if
AeRT", Be R (40)
Remark 1 From comparison of Theorem 2 and 4 it follows that for descriptor discrete-
time systems (37) in Theorem 3 the conditions A; € M,, A; € M, should be substituted

by the conditions A} € R and A; € R

With slight modifications (see Remark 1) the considerations presented in section 3
can be extended to the discrete-time systems (37).

Example 3 Consider the descriptor discrete-time linear system (37) with the matrices

0 1 0 2 1
E=|0 0 |, A=|1 -1, B=| -1 |. (41)
0 —1 1 -3 2

Inthiscaseq=3,n=2,m=1,rankE =1

0 z-2
rank [Ez —A] =rank | —1 1 =2 forsome zeC. (42)
-1 —z+3
Performing on the array
0o 1 0 2 1
E AB=0 01 -1 -1 (43)
0 -1 1 -3 -2

the elementary row operation L[3 + 1 x 1], we obtain

010 2 1
=001 -1 -1 (44)
001 -1 —1

E, A B
0 A B
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and the equations

X1 = 2Xp+ui, X1;=2Xxp;+u;, i€Zy. (45)

X1,

where x; = [ ] , I € Z;. From (45) it follows that the descriptor system is positive

X2,1
for any input u; > 0, i € Z; and the consistent initial condition x19 = xp9 + 1o and the
arbitrary nonnegative x,.

5. Concluding remarks

A method for checking of the positivity of descriptor continuous-time and discrete-
time linear systems with singular pencil has been proposed. The method is based on
elementary row and column operations on the matrices E, A and B of descriptor system.
Necessary and sufficient conditions for the positivity of the descriptor systems have been
established (Theorem 3). The effecteveness of the proposed method has been demon-
strated on numerical examples. The method can be extended to positive descriptor 2D
linear systems.
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